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CHAPI'ER I 

13.l. 

for eve0y E > 0 there exists an N sach that l <î> c·s) - <P (s) 1 < E when-m n 

ever m > N , n > N and Re(s) = 0 • Accordingly, the sequence { cJ? (s)} 
n 

is a unifonnly convergent sequence of continuous functions for Re(s) = 0 • 

Thus lim 1ln(s) = <P(s) exists for Re(s) = 0 and <P(s) is a conr.inuous 
n ~· °" 

f\:in.ction of s for Re(s)::. 0. (We have i<P(s) - cïin(s)i < E if n > n 

and Re(s) = 0 .) 

First, we shall prove that <P(s) E: R . Let us choose an increasJng 

sequence of positive integers n1 , n
2

, ••• , n
5

, ••• such that li cïi - -ti ll <1/2'5 
_, n nj 

if n > nj 

tha'E 

'.fuen 1 <P -
nj+l 

<P li < 1/~ for· j = 1,2~ ... , and thi.s imp1ie0 
nj 

for k = 1,2, •... By making use of Lermia 3.2 we can conclude that 

and 

for k = 1, 2,... . 

that <P(s) e: H 

<P(s) - <P (s) 
nk = I [<Pn'+J(s) 

j=k J . 

Since <P (s) c R enl 
nk ""--

Hs) - 1' (s) E R , tt fol1.ows 
nk /"--. 
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If n > n1<. , then we have 

for k = 1,2, .... T'ni.s implies tr.iat ljm llct>- ct>nll = 0 · So we can 
n -+ oo 

conclude that the space R is complete. 
NV' 

13.2. Let 

CXl 

an (s) = L aicn) sk € A and 
k= _oo rVV> 

00 

!la Il = L la (n) 1 < 00 

n k- -<TJ k 

i 
1 

f or f=l,2, .... By assurnption, f or every € > 0 there exists a.'1. N 

such that 

11 a - a Il = I 1 a (m) - a (n) 1 < c: 
m n k= ·_

00 
k k 

if m > N and n > N • This implies that for each k (k == O, :!:l., ±_2, ... ) 

l{m)_ ~n) 1 < c: if m > N and n > N , that is, {~n) ; n = 1,2,".} is 

a C h Th th 1 . ·t llin' a(n) = a · t t· h k auc y sequence. _ us e irru k K exis s or eac. = 
11-+ CXI 

O, +1, .±_2, .... Now for any fixed K we have 

K l la(m) - (n) 1 
k= -K k ~ 

< c 

if m > N and n > N . Let rn -+ 00 • Then we obtain 

K ( 'i l 18K: - 8kn, 1 ~ E 
k= -K 
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f or n > N and f or any K . Let K + oo • Then we obtain 

for n > N • Si.nee l~I ~ I~ - ~n) 1 + l~n) 1 , j_t follows that 

< 00 • 

Accordingly, if 

00 

a(s) = l ~ sk , 
k= -00 

then a ( s) e: A and Il a - an Il á e: if n > N • This implies that 

lim 11 a - a 11 = 0 . n n-+ oo 

So we can conclude that the space A is complete. 
fV.A, 

13.3. We observe that cp(s) = E{e-sn} where n has the density 
/V'--

function f(x) = e-lxJ /2 for - 00 < x < 00 • Thus cp(s) ER and 
,..,.__ 

for Re(s) > -1 . 

In this case we can a1so apply (5.8) with 0 < e: < 1 to obtain 

~ + (s) s f __ ilil__ dz = _s_ J __ dz --
= 2ni c+ z(s-z). 21Ti c+ z(s-z) (1-z2) 

E e: 

for Re(s) > e: > 0 . In the right half-plane Re(z) > 0 , the integr-and 
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has ·two poles z == s and z = 1 , and by Cauchy 1 s theorem of residues 

(see e.g. W. Osgood [ 23 p. 162]) we obtain that 

+ 1 s 1 1 it> (s) = -- - ---- = - (1 + -) 
1_

3
2 2(1-s) 2 l+s 

for Re(s) > 0 . 

If we apply formula (5.J.), then we obtain that 

+ 1 
it> (s) = 2 + lim s 

2ni 
J dz = 
L z(s-z) (l-z2) 

1 =-+ 
2 

for Re(s) > O . 

e: -+ 0 

lim 
e: + 0 

-sv 

e: 

J3.4. Since it>(s) = E{e m} where 
,M.,, 

P{v = m - 2j} = (~)pj qni-j 
,,,.,.. m J 

for j = 0,1, ... , m, it follows that it>(s) e: R 
IV"' 

it>(s) ".'." I (mj)pj qrn-j e-(m-2j)s 
j=O 

and apply T term by term, then we obtain that 
fV""... 

= 

If we write 
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<P+Cs) = I C~)pj qm-j e-cm-2j)s + I c7)pj qm-j = 
2j<m 2j~ 

= 1 + I (~)pj qm-j [e-(m-2j)s -1] . 
2j<m J 

The same result can be obtained by using formula (5.1). Accordingly, if 

Re(s) > 0 , then 

<P+(s) = ~ <P(O) + lim 
E: + 0 

= _! <P (0) + lim 
2 ' 

= l 4>(0) + lim 
2 

E: + 0 

Thus we obtain that 

s f <P(z) dz = 
2ni L z(s-z) 

E: 

s I c <P(~y) _ <PC-:-iy) J s&.:: 
2ni 1 s-iy s+iy y 

E: 

00 

.ê. f s Im[ <P (iy)] + y Re[ <P (iy)] d· 
1T 2 2 y • 

e: (s + Y )y 

for Re(s) > 0 • If we take into consideration that 

oo -as f cos ay dy = _ne __ 
0 s2+ y2 2s 

oo -as 
and f sin ay d _ n(l-e ) 

2 2 y - 2 
O (s + y )y 2s 

for a ~ 0 and Re(s) > 0 , then it follows that 

whi.ch is in agreement with the previous result. 
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' 13. 5. ( ) -sn Since ~ s = E{e } where 
"""' 

1 x 2/2 
P{ n :::__ x} = -=: f e-u du , 

,w-. 121T -"" 

it fellows that ~(s) E R and 

+ 
~ (s) 

x2 
+ 00 -sx- -

_ E{ -sn } _ 1 + 1 f 2 dx _ - e -- - e -
"""" 2 &o 

1 s 2
/2 00 

- ~(s+x) 2 
1 s 2

/2 "" u2 ,,1 = 2 + e f e dx = -- + e --- J e - Ic._ du • 
& 0 2 /2n s 

' -

If wej introduce the function 

1 

w(s) 
s

2
/2 s -u212 = e f e du 

& 0 

for·any complex s , then we can write that 

2 
+ 1 + es /2 

~ (s) = - w(s) 
2 

for any complex s . We note that the function w( ri is) h/i has been 

tabulated by K. A. Ka.rpov [ 17 ] . 

13.6. Let ~ be a nonnegative randon1 variable for which E(e-s~}= 

~(s) if Re(s) > O . -ÀX Let !{ e < x} = 1 - e f or x > O , and 

P{e < x} = O for x < O . Then 
IV-- = 

-se À E{e }= , 
""" /\ + s 
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for · Re(s) > - À • If t;, and. 6 a-re independent, then 

for O ~ Re(s) < À • Accordingly, 

f or Re ( s ) ~ O • 

If x ~ 0 , then 

+ 
'I'{ "<P(s)} = E{e-s[s-8] } 

;v.., À-S ,..,_ 

E{e-s[s-eJ+ls = x} = À fx e-s(x-u)-Àu du+ À /'e-ÀU du=-= 
,..,,._ 

0 x 

-sx -ÀX Àe - s e f or s .,. À 
À - s ' 

= 
+ e ->,x f'or À s = 

Hence 

if s f À ' 

ÀE{se-Àsl + E{e-Àsl if s =À, 
,.,.., ,..,,,_ 

and Re(s) ~ 0 . 

Finally, 

if s f À,· 

if s = À ' 

and He(s) ~ 0 . The same result can be ob'cained by applying formula (5.8). 
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13.7. Let q =À+ h where À and 1 are real nurnbers. Since 

00 00 

f -qx+sx dx f -ÀX -hx+sx dx 1 e = e e =---
0 0 q - s 

for Re(s) = O , we can write that 

1 E{-e-i•n-s(-n)} = 1 
À""' s - q 

for Re(s) = O where n i.s a random va.riable with density function f(x) = 
-ÀX 

Àe : for x > 0 and f(x) = 0 for x < 0 • r.rnis shows at once that 

l/(s-q) E R . Thus by (5.1) 
1 ,._,._ 

i 

for Re(s) > O . 

T{ <P ( s ) } = - <P ( 0) + lim s • I q, ( z ) d 
rvv. s - q 2q 

0 
2Til z(s-z) (z-q)° z 

t: -+ Lt: 
Since 

1 1 [ 1 1 J 
....,..(s---z.,-.) (Z-qY = (s-q) s-z - q-z 

if s ~ q and z t: L , it follows that 
E 

T{<P(s) } = - <P(O) + 1 [<P+(s) - 1.2 <P(O)] 
{VV s - q 2q (s-q) 

for Re(s) > 0 and s 1 q . For Re(s) .::._ 0 we obta.in . the formula to 

be proved by continuity. 

JJ.8. Let t; be a nonnegative random variable for which E{e-ss} = 

~(s) if Re(s) > 0 • 
-ÀX 

Let P{ e ~ x} = 1 - e for x > 0 ar1d P{ e ~ :x} = 
;v.... """ 

O f or x < O . Then 
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À 

À + s 

for Re(s) > - À. If ~ and e are independent~ then 

~{ -s(e-s)} _ Àp(-s) :::.e - À+s 

for -À < Re(s) < 0 , and 

1 -- .P. (À)§_ 
À + 8 

for !Re(s) > -- À • For if x .:_ 0 , then 
1 
1 

1 
1 + x 00 -s (u-x)-Àu -· 

E{e-s[e-s] ls=x}=Àf e-Àudu+Àfe du·-
~ 0 x 

-ÀX -·ÀX À = 1 - e + e À~s , 

and unconditionally we have 

for Re(s) > - A • The same result can also be obtained by using forrrn.lla. 

(5.9). 

Note. + If it>(s) e: R, and cil (s) = T{<t>(s)} , then we can111rite that 
N'- ,.,..,. 

+ T{it>(-s)} = it>(-s) - ~ (-D) + it>(O) 

for Re(s) = 0 . This follows from the followtng identity 
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e
-s[-x]+ sx = e 

which holds f or any s and real x . 

+ 
es[x] + 1 

Thus we can deduce the soluti.on of Problern 13. 8 from the solution of 

Problern 13.6 if Re(s) = 0 and by analytic continuation we can obtain the 

solution for Re(s) > 0 too. 

13.9. Let ; be a nonnegative random variable for which E{e-sl;} = Hs) 

if Re(s) > O . Let 

if x > 0 ) 

P{e ~ x} 
"""' 

if x < 0 . 

Then 

-se m1 . \m 
E{e } ~ A (À+s; 

for Re(s) > - À • If t; and e are independent, then 

E{e
-s( ;._-8)} __ m m 

À <ji(s)/(À-S) 

for O ~ Re(s) < À , and 

for Re(s) ~ O • 

If x ~ 0 , then 
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Hence 

[ !':" e ]+ ' m x r ) , 1 m-1 À ( ' ) ,i ~{e-s ..,-· 1"' - /\ • -s ,x-u --1\u m- . . \' - x /\x 
~ ..,, = x} = ----. -

1 
) e u du -r- l e -_.-1 - = 

,..,,__ (m-1). 0 j=O J. 

À m-J. xj m . J. J. m 
Àm e-sx - e- x l -;-;- [À c~-s) - À (À-s) J 

j=O J. 

m j 
-ÀX \ X 

e l -;-;-
. j=O J. 

f or s ~ À , 

f or s = À • 

+ 
E{e-s[ç;-e] } -

(),-s)m 
if sf>,, 

m _(-l)j À_j -~-(j_) (.À) l . 1 
,j=O J. 

if ë ::: ). ' 

and Re ( s) _:::._ O . The same re sult can be obtained by using f orrnula ( 5. 8) . 

13.10. If we use the same notation as in the solution of Problem 

13.9, then we can write that 

m + 
T{ À ~(-s)} = E{e-s[e-ç;] } 

N>.... (À+s)m ""'" 

for Re(s) ~ O . If x ~ O , then we have 
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+ x m-J oo m-1 
E{e-s[8-Ç;J i" :: X} == r -ÀU (ÀU_) _- , .. 

1 
+ J -S(U-X)-ÀU _(lfu_) _ 'd 

/W- "' b e (m-l) ! /\ou x e (m-l) ! /\ u 

m-l -ÀX (ÀX)j m-l -ÀX (ÀX )'j À )m-j 
= 1 - l e · 1 + l e · I (À + s 

j=O J. j=O J. 

Hence it follows that 

for Re(s) ~ 0 

jl3 .11. In this case we can wri te that 
: 

nrn-1 (s) 
y(s) = ---m 

II (s+a.) 
j=l J 

for Re(s) ~ 0 where Trm-
1

(s) is a polynom.i.al of degree ~ rn-1 • Since 

jy(s)j <l for Re(s)_:::.O,itfollowsthat Re(aj)>O for j=l,2" .. ,m. 

By fo:rmula (5.8) we have 

T{~(s)y(-s)} = 
2
s. J ~(z)y(-z) dz 

M,- nl + z(s-z) 
c 

E 

for Re(s) > r. > 0 where E is a sufficiently small positive number. In 

the r1ght half-plane Re(z) > 0 , the integrand has poles z = s and 

z = aj (j = 1,2, ... , m) . lf a1 , a
2

, ... , am are distinct and s f. aj 

(j = 1,2,. ~., m) , then by Cauchy's theorem of residues we obtain that _ 
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T{cj> ( s )y (-s)} ,.,,.._. 

m 
= <j>(s)y(-s) + I 

j=l 

s <j> ( a j ) 1~ rri-: 1 (-a j ) _ 

(s-a. )a. 
<1 J 

for Re(s) 2:_ 0 and s f a. (j = 1,2, .•. , Irt) • a 

1 
IT(a.-a.) 

ifj J l 

If the nurnbers a1, a2, ..• , am are not distinct, then we car1 also 

apply Cauchy's theorem of residues to obtain T{<j>(s)y(-s)} . 
N-

13.12. As in the solution of Problem 13.11 we can write that 

1Trn-1 (s) 
Y (s) = m 

Il (s+a.) 
j=l J 

f or 'Re ( s) ~ 0 where 1T rn-l ( s) is a polynomial of degr:ee < m-1 and 

Re(a.) > 0 for j = 1,2, ... , m. 
J 

· By (5.1) we have 

s 
?'IT. 
L. l 

for Re(s) > 0 . If a1, a2, •.. , am are distinct and if we use partial 

f'raction expa.nsion in the integr:and and apply (5.l) repeated.ly, then we 

obtain that 

· TO(s)y(-s)} ,..,..,.. 

m 
= ~+(s)y(~s) + I 

j=l 

+ 
s~ (a.)ïî 

1
(-a.) 

1 "-- J rn- J -----
( s-aJ. ) aJ. Il ( aJ. - a

1
. ) 

i'lj 

for Re(s) ~ O and s t a. 
J 

(j = 1, 2, .... • m) where ~+(s) = T{~(s)} 

In general we can write that 

+ s Grn-l (s) 
T{~(s)y(-s)} = ~ (s)y(-s) + 

(s-a1)(s-a2) ... (s-am) 
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for · He(s} ~ 0 and S ~CL 
.J 

(j = 1,2, ... , m) where Grn-1 (s) is a 

polynomial of degree < m-1 • The polynomial Gm-l (s) is uniquely determined 

by the requirement that 

+ z G 1 Cz) - ~ (z)n J(-z) = 0 m- rn-. 

whenever z = a . (j = 1, 2, ... , m) and if the munber a . occurs r tirnes 
J J 

arnong a1, a2, ... , arn, then z = aj is a root of multiplicity r of the 

above equation. 

13.13. As jn the so1ution of Problem 13.11 we can write that 

y(s) = 
nm-l(s) 
m 
II (s+ a.) 

j=l J 

for. Re(s) > O where nm-l (s) is a polynomial of degree ~rn-1 ond 

Re(aj) > 0 for j = 1,2, ... , m. 

By (5.9) we have 

T{y(s)cp(-s)} 
,.,..__ 

= 1 + __E__ f y(z),H-z) ctz 
2ni z(s-z) 

c-
e: 

for Re(s) ~ 0 where e: is a sufficiently small positive number. In the 

left half-plane Re(z) < 0 , the integrand has poles z = - a. 
J 

f or 

j = 1,2, •.. , m. If a1, a2, ... , a
111 

are distinct, then by Cauchy's theorem 

of residues we obtain that 

T{y ( s) cp (-s)} 1 
II(a.-a.) 

ifj J l 
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for · Re ( s ) ~ O • 

If the numbers a
1

, a~, ... , a are not distinct, then we can also "'- m 

apply Cauchy's theorem of residues to obtain T{y(s)<P(-s)} . 

13.14. Let P{v = j} = pqj 

'"'-

v 
for j = 0,1,2,.~ .. Then E{s } = 

p/(1-qs) for Is! < l/q . If E;. and v are independent, then 

Er E;.-v} _ p s g(s) 
lS -· 

N.. s - q 

for q < !si < 1 . Accordingly, we have 

+ 
Il{ P s g(s)} = E{s[t;.-v] } 

,_,.._ s-q """' 

for !si < 1. If k = 0,1,2, ... , then 

[ ~ ]+ k · 
8
k-J. + qk+l 

E{s .,,-v 1 E;. = k} = P l qJ = 
-- j=O 

k+l (1 ) k+l ps - -sin - ~-for 
s - q s /. q ' 

= 
k (1 + kp)q f or s = q . 

If we multiply the above equation by P{t;. = k} and add for k = 0,1,2, ... , 

then we obtain that 

{

2._s g(s) - (1-s )q éill_2_ 
II { ~(s) }= s-q 

""" s-q 
. g(q) + p q g'(q) 

if s /. q , 

and 1 s 1 ~ l • The same resul t can be obtained by using ( 11.10) • 
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' 13.15. If we use the same not ation as in the solution of Problem 

13 .11+, then we can wri te that 

E{sv--~} = p g(l/s) 
,.,.... 1-qs 

for 1.::. jsj < l/q. Accordingly, we have 

+ 
Il{ P. g(l/~l} ~ E{s[v-~] } = 1 - q g(q)(l-s) 

""" 1-qs ,,,,.. 1-qs 

for 1 s 1 < 1/ q . For 

[ ]+ k . 00 • j k 
E{sv-~ l~=k}=p l qJ+p l qJs- = 

N- j=O j=k+ ]_ 

= 1 - k+ 1 + p qk+ l s 
q 1-qs 

wherte"'i.er k = 0,1,2, ... and is 1 < l/q . If we rmlltiply this equátion by 

P{~ = k} and add for k = 0,1,2, .•• , then we obtain the above forrnuJ.a. 
,;-.... 

The same result can also be obtained by using fonnula (11.12). 

Note. If a(s) E A and a+(s) = TI{a(s)} , then we can write that ,.,,..... ,.,._ 

1 1 + l TI{a(-)} = a(-) - a (-) + a(l) ""- s s s 

for !si = 1 . This follows easily from the following identity 

+ + [-k] -k -[k] s = s - s - + 1 

which holds for any s and k = O, +l, +2, •.•. 

. Thus we can deduce the solution of Problem 13.15 from the solution of 

Problern 13 .14 if 1s1 = 1 and by analytic contjnuation we can obtain the_ 

solution for !si .::_ 1 toa. 
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. 13.16. Let 

lrn+j-lj . 
P{v = j} = pm qJ 

l'vv- m-1 

f or j = 0, 1, 2, • . • . . E v m/(l ,m Then {s } = p -qs; f or 

v are independent random variables, then 

for q < 1 s 1 ~ 1 and 

m m 
E{s~-v} = p s g(s) 

r..... (s-q)rn 

m m + 
IT{ p s g(s)} = E{s[~-v] } 

""" (s-q)m ,__ 

for lsl ~ 1. If k = 0,1,2, ... , then 

1s 1 < l/q . If ~ and 

[ ]+ k rn+ . 1 . k . k rn+ . ] . 
E{s ~-v 1 ~ = k} = pm l ( J- )qJs -J+l-pm l ( m-J-J_, ·)qJ = 
~ '=O m-1 '=O ··- J- J-

m-1 m m+k _ \' 
p s l 

,j=O f or s t- q , 

= 

If we multiply this equation by P{~ = k} and add for k = 0,1,2, ... , then 

we obtain that 

mm 
rr{P s g(s)} = 

m ,,... (s-q) 

m m ( ) m-1 j m m j j m 
P s gms _ l ~ (d g ~(q))[P (s-g) -mp (s-q) ] 
(s-q) j=O J · dqJ (s-q) 

f or s 'f. q 

I ~ (djgm9(q)) 
j=O J. dqJ 

f ör s = q ~ 
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Note. In the above proof we used the following identity 

k+ 1 b a · b · k+ 1 b a+k+ 1 J0 b J0 

s l (.)(s-q)Jq -J - q l ( . )(s-q) q -I (ab+j )qj sk-j -· ·=o J ·=0 J 
·=0 ( )b+l J s - q 

which holds if s f. q and a and b are nonnegative integers. This 

f ollows from the relation 

l_ db (za ~ (qz)j sk-j) 1 db k+l ( )k+l l = ___ (za s - _ qz ) 
b .' d b . =O 1 b ·' dzb s - qz z=l z J- z= 

· 13.17. If we use the same notation as jn the solution of Problern 

13.16, then we can write that 

E{sv-~} = pm g(l/s)/(1-qs)m 
,...,.... 

for 1 < !si < l/q and 

m + 
II{ p g(l/s)} = E{s[v-~] } 

rv.... (1-qs)m ,.,._ 

for !si ,;,, 1 . If k = 0,1,2, ... , then 
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for 1s1 < l/q and henee it follows that 

m ( l/ ) m-1 j dj m ( ) m-j 
II {E_g_-iiï- } = 1 - I PJ. 1 ( q r-<11) [l - (-l~qs s) J 

- (~~) j~ . ~ 

for 1s1 < l/q . '.r'ne same result can also be obtained by using forrnula 

(11.12). 

Note. in the above proof we used the relations 

00 

(m-j-1) j j I 1 
m-1 q s ·-

m ' j=O (1-qs) 

k 
(m-j-l)qjsj 1 m-1 

cm:k) 
( )m+k-j 

I = - l qs 

j=O m-1 (1-qs)m j=O J (1-qs)m-j 

and 
00 

• 1 . j m-1 .. ( )m+k-j l (~;: )qJ S = l (m:K) qs . 
j=k+l j==-0 J (1-qs)m-j 

which hold for !si < l/q . 

13 .18. We can wri te that 

b(s) = 
1Tm-l(s) 

m 
II (1-8 .s) 

j=l J 

for !si _.::. 1 where 1fm-l (s) is a polynomial of degree < m-1 • Since 

jb(s)j .::_l for !si =~l, it follows that Is)< 1 for j_= 1,2, .•• , m. 

By fonnula (11.10) we have 

1 
1 l - s J g(z)b(~) 

~{a(s)b(s-)} = 21Ti - + (l~z)(s-z) dz 
c e: 
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for 1s1 < 1-E where E is a sufficiently small positive nu.rnber. In the 

unit circle 1 zl < 1 the integrand has poles at z = s 

j = 1,2, ... , m. If f31' f32, ... , sm are distinct arid 

then by Chaucy's theorem of residues we obtain that 

m 
AE{a(s)b(~)} .= a(s)b(~) - l 
,. j=l 

and z 

s t- sj 

= (3. f or 
.1 

(j = 1,2, ... , 

1 
(S.-S.) 

J l 

for !si < 1 and s t- Sj (j = 1,2, ... , rn). If Sp s2 , ... , Sm are not 

distinct, then we can obtain n{a(s)b(l)} in a similar way. 
' IV'- s 

113.19. As in the solution of Problem 13.18 we can write that 

'IT 1 (s) 
b(s) = __ m-_. __ 

m 
IT 

j=l 
(1-S s) 

j 

for !si~ 1 where 'lïm-l(s) is a polynomial of degree ~rn-1 and .lsjl:< l· 

for j = 1,2, ... , m. By (11.12) we have 

a(l) b(z) 
= 1 + 1-~ f z d 

2ni Îl-z )( s-z) z 
c-

E 

for !si ,;;,, 1 where e is a sufficiently small positive nurnber. In the 

domain 1z1 > 1 the jntegrand has poles at z = l/S. for j = 1,2, •.. , m . 
J 

If_ Sp s2, ... , Sm are distinct, then by Cauchy's theorem of residues we 

obtain that 

m)' 
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1 IT{a(-)b(s)} 
"""" s 

m 
- 1 - l 

j=l 

1 
11 (SJ.- Sl.) 

i;ij 

for jsj < 1. If s1, s2, ... , Sm are not distinct, then we can obtain 

1 IT{a(-)b(s)} in a similar way. 
/Vv- s 

13.20. Let { v } be a sequence of mutually independent random 
n 

variables for which P{v = j} = h. for j = 0,1,2, ... and n = 1,2, .... 
;v- n J 

Define a sequence of random variables ~n (n == 0,1,2, ... ) by the recurrence 

f o:rmula 

+ 
~ = [~ + 1 - v J n n-1 n 

where n = 1,2, ... and ~O is a random variable which takes on only non-

negative integers and which is independent of {v } n It can easily be 

seen that {~} is a horrDgeneous Markov chain with state space I = {0,1,2, ... } 
n 

and transition probability matrix 1T •. Accordingly, we can use the afore-. . 

mentioned representation of {~n} in finding the distribution of ~ f or 
n 

n = 1,2, •.•. Iet us jntroduce the notation 

~ 
U (s) = E{s n} 
n ""-

for n = 0,1,2, ... and is! < 1 and 

CX> 

h(s) = I h. sj 
j=O J 

for 1s1 .:::_ 1 • Then we can write that 

U (s) = IT{U 1(s)sh(l)} 
n "'- n- s 

for n = 1,2, .•.• By Theorem 10.1 we obtain that 
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00 n - rr {log[ J.- p sh ( l ) ] } 
l U (s)p = e rv-.. s 

n n=O 

II{log[l-psh(l)]} ,...,_ s 
II{Uo(s) _e 1 } 

""' 1 - psh(-) s 

for 1 s 1 < l and 1 p 1 < 1 . If, in particular, ,!'{ i;0 = 0} = 1 , that is, 

u0 (s) = 1 , then 

oo -IT{log[l-psh(l)]} \ n ,.,_ s 
l Un(s)p = e 

n=O 

f or 1 s 1 .::_ 1 and 1 p 1 < l . 

We observe that if IP! < 1, then the equation 

ph(z) = z 

bas exactly one root z = o(p) in the unit circle _ lzl < 1 . If we use 

the notation Nn = v1+ v2+ ... + vn for n = 1,2, ... , and N0 = 0, then 

by Lagr•ange' s expansion we obtain that 

k 
[o(p)J = I 

n=k 

for k = 1,2, ... -and Id< l 

k n - P{N = n-k}p n""' n ·. 

'Il1us by (12.2) we can write that 

1 + -1 - psh(s) = g (s, p)g (s, p) 

for !si = 1 and IPI < 1 where 

+ . 
g (s, p) = 1 - s8(p) 
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for !si ~ 1 and 

for Is! ?_ 1 . Hence by (12.13) we have 

00 n 1 u0(s)[l-so(p)] 
l Un(s)p = 1-so(p),!{ 1 } 

n=O 1 - psh(-) s 

f or 1 s 1 ~ 1 and 1 p 1 < 1 . If, in particular, l,'.{~0 = 0} = 1 1 then by 
1 

1 

(12.14) we have 

1 

00 

(l-p) \ U (s)pn = 1. - ó(p) 
n~O n 1 - so(p) 

f or . 1 s 1 < 1 and 1 p 1 < 1 , that is, 

(l-p) Ï Ï P{~ =ki~ = O}skpn = 1 - o(p) 
n=O k=O"""' n o 1 - so(p) 

Hence 

and 

00 k 
(1-p) ' P{~ ~ kl~o = O}pn = [o(p)] l M.- n -

n=O 

f or k = 0, 1, 2, . . . and 1 p 1 < 1 . Brom this f orrnula we can conclude that 

if k = 1,2, ... , then 
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n 
P{~ ~ki~ = 0} = I ~ P{N. = j - k} 

,.,._ n - O j =k J ,... J 

for n = k, k+l, .... 

If P{i; = i} = 1 where i = 0,1,2, •.. , then 
fÁ' 0 

00 00 i 
[l-sê(p)] l l P{ç = kjço = i}skpn =Il{ s [l - sê(p)]} 

n=O k=O,....... n ,.,... 1 - psh(!) 
s 

f or 1 s 1 ~ 1 a"ld 
i IP! < 1. If we rnultipJ.y this equation by w and add 

for i = 0,1,2, ... , then we obtain that 

IXJ co co 

[1-sê(p)] l l I P{~ = kj~ = i}skpnwi =Il{ 1 - sê(p) } 
n=O k=O i=O""' n O ,..,._ (1-sw)[l-psh(!)] 

s 

for Is! ~ 1, !PI < 1 and lwl < 1. Hence it fellows that 

_ s Il{ 1 - se (p) } 
(1-s)[l-sê(p)] N- (1-sw)[l-psh(l)] 

s 

for 1 s I ~ 1 , 1p1 <l and lwl < 1 • By (11.10) we can prove that 

IT{ 1- sê(p) } :--: 1- ê(p) +- -w(l-s) [w-ê(p)] .,_ 
""'"'(l-sw)[l-psh(~)] (1-w)(l-p) (1-w)(l-ws)[w-ph(w)] 

'.Ihe above fo:rmulas make it possible to find P{i; ~kji;0 = i} explicitly" ,,.,._ n -

If k = 1,2, ... and i = 0,1, ... , then we have 
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n 
-~{ ~n ~ k 1 ;o == i} = P{N < n+i-k} + l P{N. = j-k} P{N . > n+i-j} 
·~ ,.,,.,.. n = j=k,.,. J "" n-J 

for n = 1,2, ... 

If h0 > O and h0 + h1 < 1 , then {~n} is an irreducible and 

aperiodic Markov chain with state space I == {0, 1,2,... } . llius 

lim P{~ = k} =Pk exists for k = 0,1,2" ... and is independent of the ,..,.,. n 
n -:1' "" 
initial d:i.stribution. lliere are two possibilities: either Pk > 0 for 

co 

k = 0,1,2, ... and l Pk= l, or Pk= 0 for k = 0,1,2, .... In find:ing 
k=O . 

{Pk} ! we may assume without loss of generality that !{ ~O = 0} = l . llien 

by Adel's theorem we obtain that 

co 

l P
1 

sk = lim (l-p) 
k=O K p-++l 

<XI 

) U (s) n = 1 - o 
w n P 1 - so 

n=O 

where o = lim o(p) . Accordingly, Pk= (1-o)ok for k = 0,1,2, .... 
p ++l 

We can easily prove that o = O if a. ~ 1 , whereas O < o < 1 if a > 1 . 

CF...APTER II 
21.1. Denote by -rk = p1+ p2+ ... + pk (k = 1,2, ... ) the k-th ladder 

:index for k = 1,2, ..• and let -r0 = 0 . Then pl' p
2

, •.• , pk' •.. are _-_ 

.. mutually independent and identically distributed random varia.bles. Since 

P{ç > 0} = 1/2 for n = 1,2, ... , by llieorem 19.3 we obtain that 
""' n 

p 
E{z k} = TI(Z) 

"" n 
- ! l ~ 

2 n=l n 
= 1 - e = 1 - /I-z ,,.... 

for lzl < 1 . Hence 
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' Tk k 
E{z } == (1 - IL-z) - I 

co 

f'A.- j=k 

for lzl < 1 , and consequently 

l 2· k j 
-~ (.J-) -~ 
2j-k j 2j-k 

2 

P{ - . } - k (25-k) Tk - J ·- -2. k . 
~ ~ J- J 

1 = [ (2~-k-1) - (2j-;-k-l) J ____!._. -
22j-k J-1 J 22J-k 

f or 1 ~ k ,;, j . 

Obviously we have 

1 

1 

for k = 0,1,2, ..• and n = 1,2, ..•. 'lhis implies that 

f or O _i_ k _i_ n 

1 
2n-k 2 

- ~ Note ~ - 'lhe power series e:xpansion of [ TI ( z ) ]k can be proved ei ther 

by rnathernatical induction if we take into consideration that 

for k = 2,3, ... , or by Lagrange's e:xpansion if we take into consideration 

that w = TI(z) is the only root of w2- 2w + z = 0 ·in the unit ei.rele 

lw~ < 1 whenever lzJ < 1 . The Lagrange's e:xpansion of [nfa)]k is.as 

follows: 

k k co k' dn-1 k-1 r2n 
[n(z)] = z~ + \ ~· ( a a ) 

l n n-1 n=l 2 n! da a=z/2 

for lzi < 1 . 
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21.2. In this case the sequence {çn; n = 0,1,2, .•• } describes the 

path of a one-dimensional random walk on the x-axis and Tk = k+2m 

(m = 0,1, ..• ) if and only if the particle reaches the point x = k for 

the first time at the (k+2m)-th step. By Lemma 20.3 we have 

- k ck+2m) k+m m 
- k+2m m P q 

for k = 1,2, ..• and m = 0,1,2, ..•. The same result can also be obtained 

by using the reflection principle. See formula (36.49). 

We note that by the solution of Problem 21.1 we can write that 

T 00 k I 2k 
E{z k} =J!.I ~ (k~2m)(pqz2)m = [1- l-4pgz ] 

""" m=O 2qz 

for k = 1,2, .•. and 1z1 < 1 . This fonnula can be proved directly as 

follows. Since 

for m = 0,1,2, ... , therefore 

Tl oo 

E{z } = 2pZ l ( ~ ) ( l 2 m 1- / l-4nnz
2 

+l -lpqz ) = 2p ~ m 

·for 

IV-- m=O 

Tk 
lzl < 1 ,and the relation E{z } 

Finally, we note that 

proves the desired result. 
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y(s) 

'Tk = ~ - 21 pq.-90 k lim E(z } 
z_.1-0""' 

= 
1 

k (p/q) 

ÎI 
21.3. Let u (s) = E(s n} 

i:- n rr 
':>n -1 

= E(s } = ps + qs for 
,..,.,,.. 

for n = 0,1,2, ••• and Is[ :::; 1, 

s ~ O. We have u 0(s) = 1 and 

u (s) = TI(y(s) u 1(s)} 
n ,.,._ n-

if p~q, 

if p<q. 

and 

for n = 1,2, ••• and lsl :::; 1 where Il is defined in Section 9. If lsl = 1 

and lzl < 1, then we can write that 

where 

and 

satisfy 

+ 1 - z y(s) = g (s,z) g (s,z) 

+ g (s,z) = s -
1+'f1 - 4pgz

2 

2pz = s -

1 - -Y1 - 4pgz2 
= - - pz 2S 

2gz 

1 -1/1 - 4pqz2 

Theorem 12.2 we have 

f or 1 si 

or 

00 + 
1 - 2gz -"1 - 4pgz 

2 
(1-z) ~ n g (1, z) 

u (s)z = = 
n=O n + s - 2qz - s ') 1 - 4pqz 2 

g (s,z) 

:::; 1 and 1 zl < 1. Hence 

(1-z) ~ P(11 = k}zk =[1 -"1 - 4pgz2lk - [1 _1}1 - 4pgz2]k+l 
~0- ·h 2~ j 2~ 

00 

(1-z) ~ ,!(1\i ~ k} 
n=O 

zk = r]. --V1 - 4pgz2 l k 
L 2qz__ j 
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for k = 0,1,2, ••• and JzJ < 1. Hence by the solution of Problem 21.2 we 

get 

[n;kj 

P{'f\i ~ k} = ~ 
"""' m=O 

k 
k + 2m 

for k = 0,1,2, •••• 

We note that if (k = 1,2, ••• ) denotes the k-th ladder index for 

the sequence ç0, ç1, ••• , ~' and To= 0 then we have the obvious 

re lat ion !{'f\i ~ k} = -~( T k ::; n} for n > 0 and k ~ O. Tlms ,.!('f\i ~ k} can 

also be obtained innnediately by the solution of Problem 21.2. 
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21.4. For k = 1,2, ... we can write that Tk = p1+ p2+ ... + Pk where 

P1, P2, ... , pk, ... are mutually independent and identically distributed 

random variables. Since 

sn 
P{z;rl > 0} = P{ -;- > 0} = P{s > 0} = 1--R (0) :: q 

,...,,,.,. /Vw nl a ,,,_ 1 a 

is independent of n , by ·rneorem 19. 3 we obtain that 

oo n 

pk 
E{z } = rr(z) = 1 - e 

-q I ~ 
n=l n 

= 1 - (1-z)q 
N-

for 1 z 1 < 1 . Hence we obtain that 

P{p = j} = (-l)j-l (~) 
,.,.,.,,, k J 

for j = 1,2,... . Since 

it follows that 

for J = 1,2,... . Obviously !hk = j} = O for j < k . Accordingly, 

f or 1 < k < n . = = 
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·We note that by (42.192) we have 

q = 1
2 

+ L are tan(Stan a.ïT-) 
O'.ïT 2 • 

See also Problem 46. 7 " 

21. 5. Since P{ max (Nr- r) < k} = O if k < O , we can write that 
Nv- l<r<n 

== 

00 

E{ max (Nr- r)} = I [1-P{ rnax (Nr - r) < k}] = 
""- O<r<n k= l fVV.. 1 <r<n 

== == 

i 00 0 
= i I [1-P{ max (N - r) < k}] - I P{ max (N - r) < k} + P{ max (N - r) < Oi 

, IV> r ~ r ,.,.__ r 
ik=l l~r<n k= - 00 l~r<n l~r~p 
t --

and the· probabili ties in question can be obtained by ( 20. 8) and ( 20 .13) . -

Accordingly, we have 

n-1 n-j 
E{ niax (N -· r)}::: E{[N - n]+} + l l (1- --~)P{N - N. = .Q,, N. > .n -

,v... O<r~n r ,,.,.._ n j=l .Q.=O n-J ,..,._ n J J 

n-1 n-j 
- E{[n-N ]+} + \ \ (1- ~)P{N - N. = .Q., N. < J0

} + l E{[n-N ]+} ~ 
n l l n-J ,.,.... n J J = n """' n ,_ j=l .Q,=0 

n-1 N - N. ( ) \ n 1 + n-1 + = l E{[l- ----:U-] } + E{N - n} - -- E{[n-N ] } = 
j = 1 ,.,._ n-J ,,_ n n """' n 

n-1 N - N. n 
= l -~E{[l-- n .J ]+} + E{N - n} = I ~· E{[j-N. ]+} + E{N - n} = 

. j=O f'I'.. n-J ,.,.., n .. j=l J ,.,... . J tv- n 

n 
\ 1 - T 'l+} = l 7 E LN.- J~ 

j=l J ,.,._ J 
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because if E{v.} = y < oo 
r..... ,) 

, then E{[j-N. ]+} = E{j-N_.} + E{[N .-,i]+} = 
,..,... J M-o .l ""'- J 

j (l-y) + E{[N.- j]+} for . ,.,,,... J j = 1,2, ... , n. If y = 00 , then both sides 

of the equation to be proved are infin:i.te, 

21.6. Now max (r-N ) is a discrete random variable which may 
O,;f ~!1 r 

take on the integers O, 1, ... , n only. Tnus by (20.17) we have 

2i.?. 

n 
E{ rnax (r-N ) } = l P{ max (r-Nr) ~ k} = 

"-- O<r.:::.n r k=Î l<r~n 

~ nk . nl + 
l l -;- P{N. = J-k} = l -;- E{[j-N.] } 

k=:l j=k J ""' .) j=l J ""' J 

We have 

n 1 + 
E{n } = l -j E{ç.} . 

tv.. n j=l fV\,. J 

If E{ç;+} = 00 then both sides of the-above eqüation are infinitè. Iet us ,.,,.... n 
+ suppose that E{~} < 00 • 1hen E{n } < 00 for n = 1,2, ... because, ,..,._ n ,.,.. n 

+ obviously, ~{nn} 2_ n !_{ç;1 }. Since by (15.1) 

00 -sn n n l E{e }p = exp{ 
n=o·N'-

+ 
00 k -sç 
L ~~{e k }} 

k=l 

for Re(s) ~ O and !PI < 1, it follows that 

k + 
2-. E{ r } 
k ,.,..__. "'k 

for ·· 1 p 1 < 1 . If we form the coefficient of p n on the right-hand si de, 
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then we obtain. E{r1 } which was to be determined. ,..,._ n 

We note that in a similar· way we can express E{1{} for r == 1,2, ... 
tv- n 

with the aid of the moments E{[ç'.J8
} (s = 1,2, ... ,r and j = 1,2, ... , n) . 

tv'- J 

21.8. Let us introd.uce the following notation: !{\i ~- x} = H(x), 
-s\i -s11n 

P{x
1
+ ... + x ~ x} = H (x), E{e } == iµ(s), E{e } =<il (s) and let 

1v- • Tl - n I\'" N.... n 

00 k u 
~(À) = b e-Àu D~{- [

0
f (l- ~)cl\:(u)]Mu = 

= (-1 t-1 À k+ 1 dk·-1 ( [ 1jJ (À ) Jk) 

k! - ctl-1 À2 

for k = 1,2, .... 

By Theorern 15.3 we have 

[ ÀpijJ(s)] 
oo . -T{log 1- ---- } 
\' ( ) n ......... >. -s 
l <I> s p = e 

n=O n . 

for Re(s) > 0 and IP! < 1 • By the fj.rst exälTIPle in Section 18 we can 

also write that 

00 l 1 (s) n _ • A[y(p) - s] 
n=O n P - y(p)[À-S-ÀpljJ(s)] 

where s = y(p) is the only root of the equation 

À - s - ÀpljJ(s) = O 

in the dornain Re (s) ~ 0 whenever I p 1 < 1 . 
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By Iagrange' s expan:üon we obtain that 

co 
1 1 + 1 ~ k (') --=- -- i Pal\ 

y(p) À À ~l K 

for IPI < 1, and consequently 

for IÀp~(s)I < Is-À! and Re(s) ~ 0 • Hence 

n n n-k 
~ (s) = (Àp(s)) - ~ la (À)(Àp(s)) . 
n À - S À-S k.=l K À - S 

for n = 1,2, ... , Re(s) ~ 0 and s ~À . If we write s =À - (À-s) in 

front of the surn, then by inversion we obtain that 

n * 
P{n_ ~ x} = K (x) - l a (À)[K k(x) - K k(x)]-

rv-. n - n k=l K n- n-

f or any x where 

~-n co J * Àn+l Joo -ÀU n 
K (x) = J H (u+x)e-Àu un- - du and K (x)= -

1
- H (u+x)e u di n (n-1) ! 

0 
n - n n. 

0 
n 

* for n = 1,2, ... , K0 (x) = 1 for x > O, I~(x) = O for x < O, and K0 (x) = 1 

* ÀX for x _::.. O , K0(x) = e for x < O . Here we took into consideration that 

for n = 0,1,2, ... and 0 ~Re(s) <À • 
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lf x < 0 , then obviously i!{ nn ~ x} = 0 . Furthermore, ,!{ nn = 0} = 

lim 9 (s) = a (À) • n · n s -+ 00 

We can also write down that 

n 
= (-l)n I (x) + l (-l)n-k ~(À) [I*_k(x) + I ~k(x)] 

n k=l . n n 

f or x _:::_ 0 where 

, n-1 ÀX X , l _ A e J -Ay n-
- ( -1)' e (x-y) d.Hn(y) and 

* Àn eÀX x -Ày n . 
I (x) = -- J e rx.-y) dH (y' 

n . 0 n n! 
0 

' n · 

* for x > O and n == 1,2, ... , r0 (x) = 1 for x ~ O and r0 (x) = 

for ·x > 0. Here we used tha.t P{n = O} = a (À) 
,.,.... n n ' 

00 

f e-sx dI (x) 
O n 

r ) n = (Àfill) 
s - À 

oo * n+l[ ( )] and J e-sx dI (x) = À ijJ s 
o n (s-À)n+l 

for Re(s) > À , and 

00 n-1 n -J e-sX+ÀX (ÀX) Àdx = ( À ) 
(n-1) ! s-:=-À 

0 

for n = 1,2, ... and Re(s) > À • 

n 

21.9. Let us introrluce the following notation: ,,!{xn ~ x} = H(x) , 

.J{x1t': .. + xn < x} = Hn(x) , 1tJCx) = 1 for x ~ o , H0(x) = _o. for x < o 

and 
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F (x) = 
n 

-s\1 
Furhterrnore, let E{e ·} = 

Since ln this case 

-se 

. n-l -ÀX 
i - I e 

j=O 

0 

·-S~ 
tjl(s) and E{e } = <I> (s) 

-. n 

E{e n} = 
,...,.. 

for x ?__ 0 , 

For x < O • 

for Re(s) ?__ 0 

f or Re ( s) > - À and n = 1, 2, ... , we can apply the solution of the second 

exarnple in Section 18 to obtain-

for Re(s) > 0 and IP! < 1 where 

m roots of the equation 

s=y.(p) 
] 

in the domain Re(s) > 0 whenever !PI < 1 . 

(i = 1,2, ... , m) are the 

By forming the Lagrange expansion of the root y i ( p ) f or i = 1, 2, ... , m 

and IP! < 1 , we can write that 

for any s where ~,r (À) (k = 1, 2,".; r = O ,1, •.. , m) are appropriate 

functions of >. 



· If 1ÀmpïJ;(s)1 < 1 (;\.-s)ml and Re(s) ~ 0 , then obviously 

By using these expansions we can conclude that 

m n m n 
~ (s) =(À tjl(s)) + l l (>,)(-À-)(n-k+l)m-r[ijJ(s)]n-k 
n (À-s)m r=O k=l~,r À-s 

f or n = l, 2, ... , Re ( s) ~~ 0 and s -1- À . Hence lt follows by invers ion 

that 

m 
P{n < X} = K (x) + l 

IV'. n = n,mn r=O 

f or any x where 

j 00 

À J -ÀU j-1 
K . (x) = ·-c. l)I H (u+x)e u du n,J J-· . 0 n 

for n = 0,1,2, ... and j = 1,2, ... and K .
0

(x) = H (x) n, n for n = 0,1,2, ... ·. · 

Here we used that 

for 0 < Re(s) < À and n = 0,1,2, .•. ; j = 0,1,2, •... 

If x < 0 , then obviously rf{ nn ~- x} = O . Furthermore, P{nr. = 0} = 
No-. l 

.lim ~ (s) = a (À) • n n,m s -+ c;o 

We can also write down that 
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for x ;;::= O 

I .(x) 
n,J 

m n ( , ~l' -;- L L(-·l) n-K-r .;rn-r (À)I - (x) 
r=O k=l 8H:,r n-k, (n-k+ l)ru-r 

À
j-1 ÀX X À • l 

e f - y 1- ( ) = (j-1) ! 0 e (x-y )'"' dl-In y 

for x;:,, 0, n ~ 0, j ~-1 and In,O(x) = Hn(x) for n = 0,1,2, .... 

Here we used that 

00 

f e-sx clI .(x) = (À~S)j [~(s)Jn 
0 n,J -

for Re(s) >À and n~O, j > O, and that P{n. = O} = a (::1.). 
N- n n,m 

We note that 

m 
l 8H: r(À) == 0 

r=O '. 

for k = 1,2, ... and 

21.10. We shall prove that the probabllity in question depends only 

on n and k and thus we can denote this probability by P(n, k) = 

S(n, k)/n! where S(n, k) is the number of favorabJ.e cases. We shall 

prove that 

P(n, k) = 

. 1 ~ k if 0 ~ k < n , 
n 

o :.r k ~ n . 
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If ·n = 1 , then P(l, O) = 1 and P(l, k) = 0 for k ~ 1 • Let us 

suppose that the above forrrn..üa is true for every k if n fa replaced 

by n-1 (n = 2,3, ... ) . We shall prove that it i.s true for every k and 

n . rll1Us by rnathernatical induction we can conclude that it is true for 

n = 1,2, ... and k = 0,1,2, .•.. If k ~ n ,then obviously P(n, k) = 0. 

Let 0 .::_ k < n. Since the last number drawn nay be ki (i = 1,2, ... ,n) , 

we have 

or ir:i other words, 
1 

1 

n 
S(n, k) = I S(n-1, k-ki) , 

i=l 

1 n 
P(n, k) = - l P(n-1, k-k.) . 

n i=l i 

. If 0 < k < n , then by the induction hypothesis the right-hand side . = 

becornes 

1 n k-ki k k 
P(n, k) = - l (l- -1-) = 1 - n-Ï + n(n-1) = 

n i=l n-
k 1-­
n 

This proves that P(n, k) depends only on n and k and that the 

aformentioned forrrula is true. 



CHAPrER III 

27 .1. By Theorern 23 .1 we have 

P{A = j} = P{A. = j} P{A . = 0} 
!"""' n IV'- J ,.,,._ n-J 

for 0 < j < n and by Theorern 24.1 we have 

and 

f or 

oo oo n 
l P{A = n}pn = exp{ l E_ P{ç > 0}} 

n=O """ n n=-1 n """ n 

oo oo n 
I P{ll = O}pn = exp{ I E_ P{ç ~0}} 

n=O """ n n= 1 n ,"-- n -

Since in our case P{ ç > O} = 2
1 

,..,..__ n 

for n = 1,2, •.. , it follows that 

00 00 

l P{A = n}pn = l P{A = O}pn :: (1-p)-l/2 
n=O,.,... n n=O""' n 

for !PI < 1 • Thus 

P{ll = n} = P{ll = 0} = (2n) _L 
~ n _ n n 

2
2n 

and 

f or O < j < n • 

* We note that if ll denotes the nurnberof nonnegative elements in the n 

* sequence çl' then obviously P{ll = j} = P{ll = j} for 0 < j __ < n . 
~ n ~ n = 
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Remark. We can also obtain P{6 = j} for j = 0,1, ••• ,n in a simpler 
N'- n 

way. First, we observe that P{6 = n} = P{6 = O} 
""' n l'0J n 

for n = 0,1,2, •••• 

Since P{~ < x} = P{-s < x} 
"" '=>r - r"- r -

for r = 1,2, ••• ,n, we have P{6 = n} = 'Pfi* = O} "'- n ,._ n 

and since P(' = O} = 0 for 
"'" r 

r = 1,2, ••• ,n, we have P(6* = O} = P(6 = O}. 
i"" n ""- n 

Thus Wê can write that 

P{6 = j} = P(6. = O}P(6 . = O} 
,..... n ,.,.,. J ,..;:.. n- J 

f or 0 .:5 j .:5 n. Hence 

n 
(*) 6P{6.=0}P{6 .=0}=1 

j=O""" J ,.__ n- J 

for n = 0,1,2,... • From this equation we obtain step by step that 

for n = 0,1,2, •••• 

If we multiply (*) by 

that 

- 1 = (-l)n ( 2) 
n 

n 
z and add for n = 0,1,2, ••• , 

co 

L; P{ó = O}zn = 
0

,..,... n 
n= 

1 

~ 

for lzl < 1, and this also yields the above result. 

then we obtain 
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27.2. Since in this case P{ç > 0} = q for n = 1,2, •.• where ,,,.. n 

1 1 ( aTI) q = 2 + aTI are tan S tan 2 , 

in exactly the same way as in the solution of Problern 27.1 we obtain that 

and 

00 

l P{ó = n}pn = (1-p)-q 
n=O iv.. n 

00 

l P{ó = O}pn = (l-p)q-l 
n=O IV- n 

for !PI < 1. Thus 

P{ó = j} = P{ó. = j}P{ó = 0} = (-l)n(-;:i)(q-~) 
1v- n tvv J ,,.., n-j J n-J 

f or O < j < n • 

* We note that if 6 denotes the number of nonnegative elements in the n 

* sequence ç1, ç2, ... , çn' then we have P{ö = j} = P{6 = j} for 0 ~ j ~ n tv-n ,.,..,..n - -

because the random variables sl' s2, •.. , sn,··· have a continuous distribution 

function. 

27.3 By Theorem 22.1 we can write that 

P(b. = k} = P(b.k = k} P(6 = O} 
tv-- n ,..,.., """' 1\-k 

for 0 :5 k :5 n. 

Define P(b. = O} = a (p) for n = 0,1,2, •••• ,.,.... n n Since 
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P(~ = n} = P(t;1 = l} P(si - s1 2: 0 for 1,$ i _$ n} = 
N- n M· ,.,,,__ 

= p ,! ( - Ç r .$ 0 for 0 < r < n - 1) = p a n-l ( q) 

for n = 1,2, ••• , we can write that 

for k = 1,2, ••• ,n. Thus it remains only to determine 

and 0 < p < 1. 

By the solution of Problem 21.3 we have 

[n-1] 

an (p) = !(~n = 0) = 1 - P l:o ( ~~) 
for n = 1,2, ••• , and a0(p) = 1. 

a (p) 
n 

for n = 0,1,2, ••• 

(pg) m 

m+l 

Remark. We can also determine a (p) for n = 0,1,2, ••• and 0 < p < 1 
n 

as follows. Since 

we get 

n 

n 
~ P(~ = k} = 1 , 

k=O ,.,_ n 

P ~ ak_1(q)a k(p)=l-a(p) 
k=l n- n 

for n = 1,2,... and a0(p) = 1. If we introduce the generating function 

A(z,p) 
DO 

= L; a (p) zn 
n=O n 

for lzl < 1 and 0 < p < 1, then we get 

pz(l-z) A(z,p) A(z,q) + (1-z) A(z,p) - 1 = 0 
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If we interchange p and q in the above equation, then we obtain that 

qz(l-z) A(z,p) A(z,q) + (1-z) A(z,q) - 1 = 0 

Consequently,we have 

q A(z,p) - ~ = p A(z,q) - -i:z 

This implies that 

q a (p) - q = p a (q) - p 
n n 

for n = 0,1,2, ••• , and 

2 
q z(l-z)[A(z,p)] + (1 - 2qz) A(z,p) - 1 = 0 

Accordingly, 

2 
A(z,p) = - 4pqz - (1 - 2qz) 

2qz{l-z) 

f or 0 < p < 1 and lzl <-1. Finally, we obtain that 
[n+l] 

a (p) 
n 

1 1 2 . l. • 
= 1 - - + - 6 {-l)J (°?) (4pq)J 

2q 2q j=O J 

for n = 0,1,2,... and 0 < p < 1. This is in agreement with the previous 

result. -----------------------------------------------

27.4. The random variables v1, v
2

, ••• , vn are interchangeable random 

variables taking on nonnegative integers and having surn v1+ ••• + vn = n. By 

Theorem 26.3 we have 

* P{ti =j}= 
r...,. n 

n-1 
l "( 1.) P{N. = i+l} 

i=n-j l n-1 IV'- l 

n-1 
1- l 

i=l 
( 1.) P{N. = i+l} n-1 ,.,.,. l 

f or 1 < j < n - 1 , 

for j = n , 
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and evi.dently 

n i i+l . n-j_-1 
-- ( )(-) (1- ~) 

i+l ·n n 

for i = 1,2, ... , n-1 . 

'1.1!-1us we can wri te that 

for 1. ~ j ~ n • :för 1 < j ~ n-1 thl.s j_s obvious. For j = n we used 

that 

n r-1 n-r \ 1 n-1 r r ~ 
l -( )(-) (1- -) :: .L 

1 
r r-1 n n r= 

for n = 1,2,... . We note that 

* ( )n--1 
P{t,. = n} == _n_+_l~-

N.r n nn 

for n == 1,2}... . 

27.5. If we apply Theorem 22. 2 to the random variables i;. =- 1-v. 
l l 

(i = 1,2, ... , n) , then we obtain that 

. P{ó(c} = i} = P{N < r-c for j subscripts r = 1,2, ... , nl = 
tv..,. n ~ ""' r 

= P{i-N. > r-N - c for 0 __ < r < J. ,.,.._ •. J r 

If · t,. ( c) = j and j _?"_ l , then there ·is an r such that N = r-c . Hence 
n r 

Nj :;, j _ necessarily holds. Consequently, we can i;.rrite tr..at 



j 
p·· ti (c) - . } ::.~ \ PUJ.- N < J0 -r+c 

,..... t 'n - J o l - J r 
.<,=O 

f or = t, N -N. ~ r-j-c 
r J 

for j ~ r :__ n} = 

;, j-I1 .;... ( 9-i-c) . = l [P{N. = t} - 1- . . P{N. = i+c , N. = 
t=O ,_ J i=l J-J_ ,.,.. l J 

t}] . 

[l -
n 
l c+~ P{N - N. = r-c-llN. = t}] . 
+l+ . r-J /'+,. r J J r=c J 

In the sum the fJrst factor can be obtained by (20.13) and the second factor 

by (20.17) . Accordingly, we have 
1 

i 
1 

P{h(c) = j} = 
Nv n 

i [P{N.= t} 
t=O M- J 

n 
l c+~ P{N = t, N - N. = r-c-1}] -

r=c+l+j r-J r.. j r J 

J. j-1 . n 
- .l l (1- _t:i:-c)[P{N_. = i+c, Nj = t}- l c+~ P{Ni = i+c_, N. -· t, 

t=O i=l J-i "" 1 r=c+l+j r-J ..,... J 

for c = 0,1, .•• , n-1 and j = 1,2, ... , n-c . 
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CHAPrER IV 

34 .1. Denote by ti
11 

the munber of positive partial sums in the 

* sequence si, s2, ••• , Sn , and by i\i the munber of nonnegati ve pélrtial 

sums in the sequence sl' ç2, ••• , Sn • By Theorem 29.1 we have 

* P{<\ik = j} = l !{ti. = r}!{l'.ln-j = k-r} • 
tv-. max(O,j+k-n)<r~(j ,k) J 

By Theorem 23.1 we have 

P{ti = k} = P{L\ = k}P{l'.I = 0} 
,..,.. n /\ro- k !"- n-k 

and 

* * * P{A = k} = P{à = k}P{à = 0} 
Mr n ,._ k """ n-k 

for 0 ::__ k ::._ n . Furthermore, by Theorem 24.1 we have 

co n 
.e_ Pf ç > 0}} , 
n M-" n . l P{ 6 n = n} p n = exp{ l 

n=O .._ n=l 

co co n 
l P[ L\ = O}p n = exp{ l L P{ ç ~ O}} , 

n=O "N n n= 1 n ,...... n -

co * co n l P{à = n}pn = exp{ l .e_ P{ç ~ O}} , 
n==O ,,,.... n n=l n M n -

and 
co * co n l P{ 6 = 0} P n = exp{ l e_ P{ ç < 0} } 

n=Of'I'- n n=l n ,.,._. n 

f or 1 p 1 < 1 • Ae:cordingly, P{ a k = j} ,._ n is ~ompletely detennined by the 

probabilities ,!'.{çr > 0} and P{ç < 0} 
/V"' r 

for r = 1,2, ..• , n . 
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34. 2. It follows easi.ly from ( 31. 9) that 

w 

oo l ~nn(s)pn 
n n=k (l-p) l <Pnk(s)p = _oo ___ _ 

n=k l <Pnn (s)pn 
n=O 

fcr Re(s)~O and IP! <l. 

In our particular case, <Pnn(s) = <Pn(s) is given explicitly for Re(s) ~ 0 

and n = 0,1,2 1 ••• in the solution of Problem 21. 7. Thus by the above forrmla 

we can also dete:rmine explicitly <Pnk(s) for O ~- k 2_n. 

We note that by Theorem 31.2 and by the first example in Section 18 we 

obtain that 

"" n n k 
(1-w)(l-p) l k=Ol <Pnk(s)p w = 

n=O 

= l-w y(p)[y(pw)-s] [À-S-Àpip(s)] 
· y(pw)[y(p)~s] [À-S-Àpw~(s)]. 

for Re(s) > 0 , IP I <l , IPwl < 1 where s = y(p) is the only root of 

the equation 

À-S-Àp~(s) ::: 0 

in the domain Re (s) ~ 0 whenever 1 p 1 < 1 • 
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CHAP.IER V 

40.L We can write that 

* pn(a,b) = pP (n-1, a-1) 

for n = 1,2, ... where 

* * * P (n,j) = pP (n-1, j-1) + qP (n-1, j+l) 

* * for n = 1,2, ... and -b < j < a , P (n,a) = P (n,-b) = O for n = 1,2,.~., 

* * P (0,0) = 1 , and P (O,j) = 0 for j ~ 0 . See (37.29). Let 

co * . 
U.(z) = l P (n,j)zJ 

J n=O 

for -b ~ j < a . Then Ua(z) = U_b(z) = 0 and 

* Uj(z) = pzUj_1(z) + qzUj+l(z) + P (O,j) 

2 for -b < j < a. Since the equation qzw - w+pz ~ 0 has tworoots 

w = l+!'i-4pqz
2 

1 2qz 
and w = l-1"1-4pqz2 

2 2qz 

for . z ~ 0 and 2 j4pqz 1 < 1 , the general solution of the above difference 

equation can be expressed as 

where A .and B are arbitrary constants and ê (j ) = O for j ~ 0 and 

o(j) = l for j ~ 1 . The requirements · U (z) = U b(z) = O yield that a -
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Accordingly we have 

00 

l pn(a,b)zn = pz ua-l(z) 
n=l 

= (2pz)a{ [l + / l-4pqz
2

Jb - [l - / l-4pqz
2

Jb 1 
I 2 a+b r 2 a+b 

[l + l-4pqz ] - [l --1 l-4pqz ] 

for llipqz2 j < 1 • We can obtain p (a,b) explicitly either by (37.24) or 
1 n 

by (37.25). 

40.2. In exactly the same way as in the solution of Problem 40.1 we 

obtain that 

for j 4pqz2 I < 1 where 

co 

l P{p = n}zn = pz Ua_1 (z) 
n=l""" 

* U.(z) = pz U. 1 (z) + qz U.+1(z) + P (O,j) 
J ,J- J 

* * for - 00 < j < a , Ua(z) = 0 , P (0,0) = 1 and P (O,j) = 0 for j F 0 .· 

Since luj (z) 1 ~ 1/(1- I z 1) for all j < a and 1z1 < 1 , it follows that 

in the general solution B = O and A is determined by the conditJ.on 

Ua(z) = 0 • Thus we obtain that 
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f or 5 < a and l 4pqz2 I < 1 . Finally 

for j4pqz2
1 < 1 . The probability P{p = a + 2m} for m = 0,1,2, .•. 

is given explicitly by (36.42). 

40.3. Let us consider a one-dimensional symnetric random walk. Denote 

by n2n the position of the particle at the 2n-th step. Then n2n has 

the cha.ra.cteristic function 

&.nd 

itn 2n 
E{e 2n} = (cos t) 

""'" 

" 2ir 1T/2 
Q = P{n ~ 0} = (2n) _J._ = 1- J (cos t)2ndt = ~ J (cos t)2ndt 

2n rvv 2n n 
2

2n 2rr 
0 

1î 
0 

Thi.s relation can also be proved directly. Let us define 

11/2 k 
Ik = J (cos t) dt 

0 

for k = 0,1,2, .... Then r
0 

=; , .r1 = 1 and by iil.tegrating by partsJwe 

obtain that 

I = (k-1) l 
k k K-2 

for k = 2,3s·... . Hence 
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I = !.. 1.3_~ (2n--l) = !_r2n) _l_ == !.. Q 
2n 2 2 .4 . . . 2n 2 ' n 22n 2 2n 

which is jn agreement with the prece'""'d..irig formula. 

or 

1î 
SL~ce 0 < cos t < 1 f or 0 < t < 2 , theref ore 

1 

I 
.?:!l_ < -~ < 1 
2n+l 12n-l 

for n ;= 1,2, .•.. If we take into consideration that 

1 

I = 2. _4 ___ _,_( 2n_-_2.._) 7r 1 , 
2n-l 3. 5 (2n-l) = 4n I 2n = 2n Q2n 

then it follows that 

2n <n·Q22n<l 2n+l TI 

which implies the inequalities to be proved. 

From the last inequalities it follows that 

2 2 2 2 ~ 
~ _ i· 4 Q2 = lim 3 .5 ... (2n-3) (2n-l) _ 3.j.5.5.7.7 
7r n :n1oo n 2n n+ oo2.42.62 ... (2n-2)22n - 2.4.11.6.6.8 

This product representation of 4/rr was found in 1665 by ~. Wallis_ [ 66 ] . 

40.4. We have 
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or 

lf lxl :i.s sufflciently small, then we can write that 

Hence it .fellows easily the relation to be proved. 

We note that by the relation 

8 2 2 8 3 3 s1x+ 2 x + 3- x + ... = -log(a0- a
1
x+ ... +C-lPanxn) = 

2 n-1 n r -· Ï (~x- a2x + ..• +(-1) anx ) 

r=l r 

we can also express sk with the aid of a1 , a2, ... , an 

40.5. * Denote by ç;
1

, * ~'), ... , 
"-

* i:- the variables "'m 

in increasing order of magnitude. In general, we have 

and 

+ om = sup [Fm(x) - F(x)] 
-oo<x<oo 

sup 
-co<x<oo 

* * = max [F (ç; ) - F(ç; )] 
l~r<m m r r 

* * max [F(ç; ) - F (ç; - O)] r m r l<r<m 

If F(x) is a continuous distribution function, then in finding the distri.butions 

of o~ and 

0 ~ x ~ 1 . 

case 

o- we may assume without loss of generality that F(x) = x for m . . 
* * *-' r 'Ihen F(ç; ) = ç; and F (ç; ) = - with probability 1 . In this r r m r m 
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and o~ = * r-1 [ i; - -- J r m 

* * If in + om we replace l;r by 1 - i;m+l-r for r = 1,2, ... , m , then we 

obtain a new random variable which has exactly the sarne distribut:i.on as 

This new random variable 

is evidently o-­
m 

* * * 40.6. Denote by i;1 , ç2 , ... , i;m the random variables i;1 , i; 2 , ... , ~m 

* * * arranged in increasing order of magnitude and by n1 , n2, ... , nn the random 
i 
1 

variables nl' n2, ... , nn a:rranged in increasing order of magnitude . In 

general we have 

sup [Fm(x) - Gn(x)] 
-oo<x<oo 

= max 
12_r<m 

* * [F (ç ) - G (ç )] m r n r 

and 

* * o- = sup [G (x) - F (x)] = max [Gn(nr· ) - Fm(nr)] = m,n n m 
- 00<x<c.o l~< n 

::: max 
l~,311 

* * [G (ç ) - F (ç - O)] . n r m r 

Let us define v r (r = 1, 2, .•. , n+ 1) as · the ntnnber of. variables 

i;1 , i;2, ... , Em fall:ing in the interval 

* nn+l=.oo. 

* * * -Cnr-l' nrJ where n0 = - 00 and 

Clearly, 
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* 'llien F ( n ) = N lm m r r' 

with probability 1 , and we can write that 

N 
ó + = max [ __.!'_ - r-l] 
m,n l<r<n m n 

N 
r r] [-- -n m 

If F(x) = G(x) is a continuous distribntion function, then v1 , v2, ... , 

vn+l are interchangeable random variables. + If in ó we replace vr by m,n 

v +2 for r = 1,2, ..• , n, tben we obtain a new random variable which has n -r 

exactly the same distribution as This new random variable, 

is evidently ó­m,n 

N 
[~-r+l _ n+l-r] = 

n m 

* * * .The random variables i:- i:- i:- are the coordinates "l' "2' · · ·' "m 

arranged in increasing order of m points distributed unifonnly and 

* * * independently on the interval (0,1) . The random variables sl' s2, ... , sm 

have a joint density function f(xl, x2, ... , xm) = l/m! for 0 < xl < x2 ~ ••• < 

xm < 1 and f(x1, x2, ... , xm) = 0 otherwise. We have 

* P{s. < X} 
' x ·1 . m k . 

= C--l)'C·-·)1 f uJ- (1-u)m-Jdu = l (mk)x (1-x)m-K 
""- ,1 J . rn J . 0 k=j 

for 0 < x < l and j = 1,2, •.. , m , and 

E{ (i;* { l = Jlj+ 1)". (j+r-1) 
,,,,. j (m+ 1) (rn+2) .•• (rn+r) 

for r = 1,2,... . * Hence E{s.} = j/(m+l) 
""""' J 

* 2 and Var{~.} = j (m+l-j )/(rn+l) (m+2) . 
r-/""-._ J 
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* * 2 F'urthennore, we have Ç,~~!Hi' t.:j} = i(m+l-j )/(m+l) (m+2) for 1 ~ i _::._ j ~ n . 

This last result can easily be proved if we take into consideration that 

* * * * * * t;1 , t;2 - t;1 , ... , t;m - t;m-l' 1-t;m are interchangeable random varia.bles with 

surn 1 • For by this property 

if l<i_::_j~m. 

40. 8. The random varia.bles N1, N2 , ... , Nn can be interpreted in the 

·"follo~ way •. We arrange m white balls and n black balls. in a row in . 
1 

Such a JT'!ly that all the cm+n) . 1 t uall bl 1•~ , possib e arranr;tmen s are eq y proba e. 
1 m 

Denote by Ni (i = 1,2, ... , n) the munber of white balls preceding the 

i-th black ball. We have 

P{N. = j. for 
""" l l 

i = 1,2, •.. , n} = 

for 0 < j 1 _::._ j 2 -~· •. < jn ~ m . Hence it follows that 

ci+s-1) cm+n-i-s) 
s m-s 

f'or 0 -~ s < m and 1 < i < n , and 

for 1 < r < m = = 

N. 
E{( l)} = 

,..,.,.._ r 

ci+r-1) cm+n) 
r n+r 
cm+n) 

m 

In particular, we have ~{Ni} = :irn/(n+l) and 
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i(n+l-i)m(m+n+l) 
~{Ni} = - (n+l) 2(n+2) 

for 1 < i < n . Furthermore, we have 

Cov{N<, N.} = i(n+l-j)m(m+n+l) 
~ i J (n+l)2 (n+2) 

for 1 < i < j ::__n. This last result can easily be proved if we take into 

consideration that N1, N2- N1, ••• , Nn- Nn-l' m-N
11 

are interchangeable random 

variables with slIDl m . For this property implies that 

' ' 
for 1 i i < j < n . 

40.9. In finding the joint distribution of om+ and - o- we may assume m 

without loss of generality that F(x) == x for 0~x~1. Then by the 

solution of Problern 40.5 we have 

+ 
0 == m 

[ r *] 6- == [ * r-1 ] max m - ç:r and m max çr - m -
l~r_:gn 1.~r<m 

with probability 1 and consequently 

Let 

r (r-1 ) ar == rnax(O, m -x) and br == min m + y ,1 

for r == 1,2, ... , m . Then O .:s_ a1 .:S.• •• ~ am ~ 1 , 0 ~ b1 .:s_ ••• ~ bm ~ 1 
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and R < b r = r 
1 

if x+y ~ m , z ~- 0 and y~O. 

In general, if O ~ a1 ~· •• ~ am ~ 1, 

for r = 1,2, ... , m , then we have 

O < b- < ••• < b < 1 and a < b = i= =m= r=r 

where 

For we have 

* "~{ar < ç;r < br for r = 1,2, ... , m} = 

k. 1--l-k. 
(b - a ) i· J_ 

ktl ki+l 

aki+l < bki+ 1 (i=l., ... ,v) 

= m! Det j ó (i,j) l l.0.<m 

l~<m 

+ j-i+l 
([b.- a.] ) 

l J if (.j-i+l) ! 0 (i,j) = 

0 if 

i < j + 1 
' 

i > j + 1 . 

= m!P{a < ç; < b for r = 1, ••• , m and none of ,,.,.. r= r= r 
m-1 

the events ç;i > ç;i+l (i 1 1) OCCU!~s} = m'. \ (-l)m-l-v = , •.• ,rn- l 
v =O 

and here 

= 
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\) 

= IT 
i=O 

40.10. By using the sarne notation as in the solution of Problern 40.6 

we can write that 

N 
ó+ = max [~ - r-1] 
rn,n l<r<n m n 

and 

== 

with probability 1 . Thus we have 

== P{a < N < b for 1 < r < n} 
/Vv- r= r= r . = -= 

N 
[r - ...!'..] 
n m 

where ar is the smallest integer > rnax(O, ~ - my). and br is the largest 

integer ;S min(m, ~(r-1). + mx) • We have 0 ~ a1 ~· ~ .< an ~ m and 0 ~ b1 ~· .. 
1 

-~bn ;sm ' and a.r ~ br (r = l, ..• ' n) whenever x+y ~ n ' x ~ 0 ' y > 0 . 

For any such {ar} and {br} we have 

·- · P{ a < N < b f or 1 =<· r _< __ n} = ,,,.,. r=r=r 
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b -a. + 1) 
n-1 l ._vrr ( ji·.+ 1 .J i+l_ -l (-l)D-\i- I -
v=O O=jo<jl< ••. <jv+l=n i-O Ji+l- Ji 

a. ~b. +l(i=l, .•• ,v) 
.Ji+l Ji 

where 

0 if i > j + 1 . 

If 1 we take into consideration that 

,!{N1 = ji for i = 1,2, ... , n} = 1 

for nonnegati ve integers O ~. j 1 5- j 2 < ••• .::_ j n < m , then the above_result 

can be proved in a s:imilar way as the corresponding result in Problem 40.9. 

40.11. Let us define the random variables N1 , N2, ... , Nn in tbe 

sarne way as in the solution of Problem 40. 6. De fine 

n (u) = ~ [ N[nu] _ _[nu] ] 
m,n 'f m+n m n 

for 0.::. u < 1 and m ~ 1 , n ~ 1 • It is sufficient to prove that if 

m ~ "" and n -+ 00 s then the fini te dimensional distribution functions of.:.. 

the process { n (u), 0 < u < l} converge to the finite dimensional · m,n 

distribution f't.métions of the Gaussian process { n (u) , 0 < u < l} for wh:Lc~--:i 

Ef n (u)} = O and Cov{n (u) , n (v)} = u(l-v) for O < u < v < l • Then 
""- rvv--. 

(39.'79) fellows by a theorem of M" D. Donsker [245 ] . 
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Now 

E{ (u)} = fDi1" [[nul _ [nu])->- 0 '"""' l\n,n / m+rï n+ 1 n 

as m -+ "" and n -+ 00 , and if 0 < u < v < 1 , then 

Cov{n (u), (v)} = n(n+m-l)[nu](n+l-L!:!.vJ) -+ u(l-v) 
/VV'- m,n l\n,n (m+n)(n+l)2(n+2) 

as m -+ "" and n -+ "" • Hence we can easily conclude that if m -+ "" and 

n +"" , the~,oint distribution function of the random variables T\n,nCt1) , 

l1m.,n Ct2), ..• , T\n,n (tk) where 0 < t 1 < t 2 < .•. < tk < 1 converges to a k-
; function 

climensional norma.l distribution of type (39.21). This completes the proof 
1 " 
1 

of the statement. 

40 .12. First, we shall prove that 

lim.P{ Trrm""+ o+ (O,a) ~ x} = P{. sup n(t) ~ x} = ~ / m+n m,n - ""' m -+ "" O~t<a 
n -+ co 

x 
= J (1 - e-2xCx-u)/a)dP{n(a) .:'5_ u} 

-"" 

for x .:_ O where { n (t) , 0 < t 2_ l} is a separable Gaussian process for 

which E{n(t)} = 0 if O ~ t ~ 1 and E{n(s)n(t)} = s(l-t) for O ~ s ~ t ~ 1 . 
""""' -- """ ---

The first equality follows from a theorem of M. D. Donsker [ 245]. To. prove 

the second equality let us calculate the limit in the particular case wtien 

m = n and n ->- "" • By using the same notation as in the solution of Problem 

40.6, the above limit can be expressed as lim P{N < r + a. for 
··• rv.... r n -+ co 

1 < r < :i} = =it. 

where a == [x l2TI ] and j = [na] . Since in this case 
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( 2j+~-l) a+J . 
P{N < r+a for 1 ~ r .::_ j !NJ. = j+s} ::: 1 - -
~ r (2~+s-l) 

J-1 

f or 0 < j + s < j + a , 

and 

N. - j 
lim j'{ _J___ .::_ u} = P{ n ( a) .::_ u} 

j + 00 /2Yï 

(2j+~-l) 
lim -~- = e-2.x(x-u)/a 

(2j+s-l) 
n ·+ oo j-l 

! 
whenever j = [na] , a = [x/2i1] and s = [u/2n] , the aforernentioned limit 

1 

1 

theorern' follows easily. 

By the repeated application of the above linüt theorern we can easily 

prove·tha.t 

liin P{ ~t. cS+ (O,a) _:::_ x , /mn+ o+ (a,S) < y , · /iiiYl o+ (f3,l) -~ z} -...,.,.. l m+n m,n - m n m,n I m+ri" m,n m -+ oo 

n -~ oo 

= P{ sup n(t) ~ x , 
,.._ O<t< a. 

= == 

sup n(t) ~ y , 
a.~t.:::_s 

sup n(t) ~ z} ::: 
f3.::_t~l 

= r J (l-e-2x(x-u)/a.)(l-e-2 (y-u) (y-v)/( f3-a.)) (l~e-2z (z-v)/(l-f3)) 

-""<u<min(x,y) 
-oo<v<min(y,z) 

f or O < a. < f3 < 1 and x ~ 0 , y ~. 0 . 
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llO .13. By the solut;ion of Problem lfO .12 we have 

lim P{ o + (a, S) < 0} 
~ m n = 

m+co , 
n(S) 

n + co 

1 . ~ 
=-;are sll1 /it~)·. 

40 .14 . We have 

. + 
limJ'.U~n om Ca,s) < y} = !{ sup n(t) ~_y} 

m + co a_~t~ S 

where {n(t) , 0 < t ..::_ 1} is a separable Gaussian process for which E{n(t)} ~ 0 
1 

r 

if 0 < t < 1 and E{ri(s)r1(t)} = s(l-t) if 0 < s < t < 1 • This probability 
'"'""" 

can be obtained by the solution of Problern 40.12 . 

F'or the case of S = l we deduce another forrrrula. By (39.119) we have 

.P{ om+ (a,l) > X} = y mx~- •. ~{ Xm cj-mx) = ~L} 
·- m(x+a)~ <m '!Il J ". m m -

f or x > 0 where 

• m • m • · 
P{ x (u) = J...} = (. )uJ (1-u) -J 

,..,,. m m J 

for O < j < m and O ..::_ u. < 1. If we put x = y//ffi and j = mu :in the 

above f ormula and let m + co , then we obtain that 

f or y > 0 . 

l 
lim P{ vfiï o + (a,l) > y} = J_ J 

~ m r;:::--
m .+ oo r27r a 

- 2u(l-u) 
e du 
ul/2(l-u)3/2 
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40.15. By (39.123) we have 

+ P{µ (a,1) > x} 
No- rn 

= l _mx . P{, ( j ) = j_ } 
(, +l) . rnx+rn-J ,,,., Xrn rn(x+l) m 

rn x a~~ 

for ' x > 0 where rnxm (u) has a Bernoulli distribution with parameters rn 

and u . If we put x = ~T / rm and j = mu in the above f orrrnlla and let 

rn ->- "' , then we obtair1 that 

1 
l:i.rn P{ /rÏÏ µ + (a,1) > y} = -.Jf:- f 

,..._ rn ./ rn ·+ co 2TI a 

2 2 
-~--

e 2u(l-u) du = 
ul/2(l-u)3/2 

= 2[1 - ~(y ~)] 

.for y > 0 where 4>(x) is the nonnal distriburion function. 
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46.l. Firet, we shall prove that ijJ(O) = 1 . Since ijJ(O) > 0 , this 

f ollows fran 

2+ 2 
oo oo - X y 2n oo 2 

[iµ(O)J 2 = .L f f e 2 dx dy = 1
2 

J d6f e-r 12rdr = 1 
2TI -C> -oo TI Q Q 

Here in the second integral we made the substitution x = r cos e and y = r sin e. 

We can write that 

ijJ( s) 

x2 
2 2 r 

1 oo-sx- 2 es /2 oo -(x+s)2/2 es /2 J 
= - Je dx = - J e dx = --

n;r- .. oo & -oo y'2; 1 
s 

where rJ = { z : z = x+s and - 00 < x < 00} • 

1s 
-z2/2 If we integrate e along 

1 

the rectangle (R,O), (R, jirn(s)), (-R, iirn(s)), (-R,O) and let R-+ 00 , then 

by Cauchy's fonnula it follows that the integral in the last formula does not 

s 2/2 s2;~ depend.on s . Thus ijJ(s) = e~ ijJ(O) = e ~ for any s . 

L16. 2. In this case 

00
• -lu! 112 (1-i8 ~) 

lji(u) = fe1 ux f(x)dx = e lul 
_oo 

f or - 00 < u < 00 and 

00 00 

1 f -iux 1 f -iux f(x) = 2n e ijJ(u)du = Re{~ e ijJ(u)du} 
-00 0 

By the substitution v = z - (1-i)/ux/2 where z = [(l+S)+i(l-B)]/v'SX we· 

obtain that 
2 oo . -z z v2 J e-iux lji(u)du =!__+_ze __ (h + 2i J e dv) 

0 ix x 0 



S-61 

f or x > 0 • Thus 

2 
f'(x) =Re{ ~ [/; e-z + 2:iw(z)]} 

TIX . 

f or x > 0 where 

2 z v2 
w(z) = e-z f e dv 

0 

and z = [(l+s) + i(l-s)J//SX . 

46.3 By integratj.ng by parts we obtain that 

a ·· o a 6-1 f lxl dF(x) = o f x [F(a)-F(x)+F(-x)-F(-a)]dx = 
-a O 

a 1 
= of x6- [l-F(x)+F(-x)]dx-a6[1-F(a)+F(-a)] 

0 
00 .. 

for a > 0 . If flxl 6dF(x) < °' , then 

0 ~ a6[1-F(a)+F(-a)] ~ f lxl 6dF(x) ~ 0 as a ~ 00 , 

- --lxl~a 
00 

and thus the statement is true. If J lx j 6dF(x) = "'" 

00 

f 6-1 x · [1-F(x) + F(-x)]dx = oo 

0 

necessarily holds. 

46.4. Let us consider the complex plane cut along the positive real 
- . 

axis and define a path of fr1tegration C as follows: We integrate along a 

straight line from z = ir::. to z = R + ir::. where 0 < r::. < l and R > 1 , 

then frorn z = R + ir::. to z = R - ir::. · along the circle. z2 = R2+ r::.
2 in the 
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positlve direction, then 2long a straight line frc.m z = R - iE: to z == -iE: , 

and fina1ly from z =-is to z = iE: a1ong th.e circle lzl = s in the 

negative direction. If we interprct z0 = e ologz where Jog z = log lz i+iarg z 

and O < 2rg z ~ 21f , then z0/(1+z2) is a one-valued function in the region 

hou.rided by C and regular except at the poles z == i and z = -i . By the 

theorem of residues we obta:in that 

? "o 
-=- J -"- dz 
1f C l+z2 

iê1T 3iorr 
= 2[e -i- _ e 2 J 4. io1T • ó1T _ = - ie sm 2 , 

J.f c + 0 and R + 00 , then the integral on the left-hand side tends 

to 

.00 0 

2.. 2i0n)· f ~- dx 4. i07r . on 
- (1 - e 2 = - ie sm 2 . 
'IT Ü J+x 

Hence +t follows that 

01T cos -
2 

and 
for -1 < o < 1 . See D. Bierens de Haan [ 11 p.42 p. 50]. 

" 

46.5 By using Cauchy's integral theorern we can e'Xpress I (s) by 
a. 

known real integrals which can be found for example in the book of D. Bierens 

de Haan [11 ] . 

First, let us suppose that 0 < a. < 1 . If we use the solution of 

Problem 46. ~ and if we :introduce a new variable Z = SX in the integral, then 

we obtair1 that 
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where 

I (s) = saJ (s) + - sa:n_ 
a: Cl. ~ Cl.To .:cos ··--

2 

( ) ( , -z ) adz J s =) \e -1 --
ex ' L a+ l 

s z 

and L
3 

= {z z = sx , 0 ~ x < 00 } • The integrand in ,Ys) is a regular 

function of z in the region bounded by the lines L
1 

and L
8 

and the arcs 

lzl = E and lzl = R where 0 < € < R . If we integrate along the boundary 

of this region and let E -+ O and R -~ oo , then we obtain that 

00 

J -x adx J (s) = J (1) = (e -1) -- = -r(l-a) 
a a 0 xa+l 

where (1-a.) is the gamma function. See [ 11 p. 132]. 

Thus 

I (s) = -f(l-a)sa + ~s_a_n~ 
a an 

2cos 2 

for O < a < 1 if Re(s) > O . 

Naw we sha.11 prove that 

r1(s) = s log s - s(l-C) 

if Re(s) > 0 where C = 0. 5772157 ... is Euler' s constant. By [11 p. 135] 

we have I 1 (1) = C-1. If we introduce a new variable z = sx in I 1 (s) , 

then we can write that 

Ol 

= s J (e-2 -1+ ~)dz + s J [-1- - --~-] dx 
L

3 
l+z 0 l+x2 l+s2x2 x 
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\'here 1
8 

= {z : z = sx , 0 ~ x < 00 } • By usj_r.g Cauchy's integral theorem 

we can prove that the f jrst integral on the right-hand side of the above 

equation does not depend on s . Thus the first terrn becomes sI1 (1) = s(C-1) . 

The jntegral in 'the second term on the right-hand side of the above formula 

can be calculated as follows: 

co 1 
lim ( [-r -

1 -dx (X) dx 
J • t!. 

C -+ Ü E l+X 
2 2_] x = lim [J 2 

l+s x c -+ O c x(l+x ) L (E) 
s 

where Ls(c) = {Z : z = sx ' E ~ x < co} • Since the function l/z(l+z2) :i~ 

regular _.in the domain Re ( z) > 0 , the last term can be expressed as 

es dz es dz 
lim J = lim J z = log s • 

E -+ 0 E z(l+z2) E -+ 0 E 

This proves the formula for r1(s) in the case when Re(s) > 0. If Re(s) ~ O, 

then I 1 (s) can be obtained by continuity. 

If s = -iui where w is real, we have 

I (-iw) = -iwlog w - wn + iw(l-C) 
1 2 

for w > 0, r1(o) = 0 and I 1(iw) = r1 (-iw) . This can be proved directly 

as fellows. If w > 0 , then 

co • 00 

I (-iw) = f (eiwx_1 _ iwx ) dx = J coswx-1 dx + 
1 0 l+x2 x 0 x2 

00 00 

+ · f ( · wX ) dx . f ( X X ) dx = l SlnwX-· --- - - lw -_ - -
0 l+w2x2 x 2 

0 l+x2 l+w2x2 x 2 

co co EUl d 
: r-CQS u-1 d L" J (sin U 1 )d • i• J u = w • 

2
--" u-rlw U - --2 U-lw JID 2 

Ü U Ü l+U E -+ Ü E U(l+U ) 

= - ~'Tr + fo1(l-C)-iwlog w • 
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für by·[ 11 p. 220 J 

and 

00 

f 1-cos u d _ v. 
2 u - 2 

0 u 

(X) 

J 
0 

sin u - u cos u du = 1 2 
u 

and by [ 11 p. 256] 

J (-1- - cos u) du = C • 
O l+u2 u 

Finally let us suppose that 1 < a. < 2 . 'l'hen we can \'.Tite that 

00 00 1-a. 
I (s) = J (e-sx -l+sx) a.~l + sa J !.__ __ dx . 

a. 0 xa. O l+x2 

Thus by the solution of Problem 46.4 we have 

I (s) = sa.J (s) + sa.v. 
a. a. cm 

2cos 2 

where 

J (s) = J (e-z-l+z) a.dz 
a. L a.+l 

$ z 

and L
8 

= {z : z = sx , 0 < x < 00 } • By using Cauchy's theorem we can prove 

that J (s) does not depend on s , and thus by [ 11 p. 132] we have a. 

Finally, 

00 

f ( -x ) a.dx ) Tl' J (s) = J (1) = e -l+x a.+l =-r(l-a. = r(a.)sin a.Tr 
a. a. 0 x 

a. Sa.Tl' I (s) == -r(l-a.)s + = 
a. 2cos ~Tr 

a. 
-s Tl' + Sa.Tl' . 

r(a.)sin mr .2 a.Tr 
cos 2 
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for 1 < a. < 2 and Re ( s ) ~ 0 . 

46.6 Let 

2 ( a.7T) y = -- are tan Stan -
1T 2 

where -1 < y < 1 . By (42.128) and (42.130) we have 

ó 
00 00 

= f jxj 0f(x;a,s,c,O)dx = ( c )a. Jjxj 0h(x;a.,y)dx = 
y1r 

COS 2 -CO 

CX) 00 

= (--c-)a. [f x8h(x;a.,y )dx + f x8h(x;a.,-y )dx] 
cos "f- 0 0 

The case ó = 0 is obvious. Let ó 1 0 and -1 < ó < a • By (42.131) we 

have 

y·rri 
"" oo oo a - -2-

J x8h(x;a.,y)dx = 1 f x0Re{f e-ixu-u e du}dx = 
0 1T 0 0 

= !il+ó) Re{e-
n 

(l+ó)ni- co yni 
2 f -ua.e- -T 

e 
0 

u-o-l du} = 

(1 +o )ni _ óyni _ 2_ _1 
= r(l+o) Re{e- 2 2a. f. e-zz a. . dz}= 

na. L 

r(l+ó)r(- !) _ (l+o)ni óyni 
= _____ a Re{e 2 - - 2 }= 

Tra. 

r'(l+r)r(l 0) f(l+r)I'(l- !) 
u -. -;; (.l+r )n ryîT u r 

u. ( ü + u ) 1Tr a S~"'(l+ ~) '2u· 1T TTO .. cos 2 . 2 = ll .l.H u. 
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where L = {z a 
U :.Ü<U<ro}, z =-~ e 

Thus finally, 

ê 

= ( c )a 
cos rr 

2 

8 

= ( c -)a 
cos ~1T 

.::: 

2r(l+o)r(l- .2..) 
a 

1TÓ 

• 01T VQ1T sm --- cos .L.:::...::.. = 
2 2a. 

r(l- .2-)cos ~ 
a 2a. 

r(l-cS)cos ~1T 

for -1 < ê < a. . This result is in agreement wlth (42.198). 

where 

1~6 ~ 7. By the sol ut ion of Problem 46. 6 we obtain that 
! 

P{ç: > 0} 
IV"""" = 

= J f(x;a.,s,c,O)dx = f h(x;a,y)dx = 
0 0 

ro ê 
= lirn J x h(x;a,y)dx = lim 

ê + 0 0 ê + 0 

= l+ J_ 
2 2a. 

2 ( 0.1T) y = -- are tan stan ·-
1T 2 

r(l+o)r(l- .2..) 
-----=-a.- sin(l+ Y) ~ = 

1Tê a. 2 

and -1 < y < 1 . This :implies (42.192). 

46.8. If 0 < a < 1 and S = 1 , then R(O) = 0 and therefore J:{iji(s)} = 

w(s) f'or Re(s).~O. If 0 < a < 1 and_ S = -1, then R(O) = l_.and 

T{l[i(s)} = 1 for Re(s) ?:, O . In the remaining cases we have 
,.,,.... 
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"'IT -cxa sa /cos Y
2

1T 
cos~ 00 

i/Cs) =l-L+_2a J e dx 
2 2a 'IT 0 l-2x sin r.:::_ + x 2 

2a 

for Re(s) ~ 0 where 

2 an-y = - are tan( s tan -) 
îf 2 

and -1 < y < 1 . 
1 We note that R(O) = 2 - k . 

It is sufficient to prove the above formula for Re(s) > O and for 

some particular c > 0 . For Re(s) 2:. O we obtain 1ji + (s) by contir1uity. 

We shal1i prove the above f ormula f'or c = cos T and by replacing s by 

i l/a 
s(c/cos ~) we obtain 1/i +(s) fora genera1 c > 0 . 

'Ihus let us assurne tha~ c = cos ~ . rihen we have 
2 

1ji (iy ) = 

By Theorern 5.1 we have 

,1,+(s) = .! + lim -2_ [ Jao w(iy) d -fao w(-iy) dy] 
"' 2 0 2Tii y(s-iy) Y y(s+j_y) 

E + E E 

for Re(s) > 0 • If we substitute y = e-iyTI/2asz in the first integral 

and y = eiy1T/2asz in the second integral then we obtain that 

1jJ + ( s) = 1 + lim -·~ [ J 
2 E + 0 21Tl L (E) 

l 

a. 0. -z s 
e . dz - J 

( 1 i -ly1T/2a) L ( ) z ~- ze 2 E 

a. a. -z s 
e dz] 

z(l+izeirrr/2o.) 
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for Re(s) 

L
2

(s) = {z 

iyn/2a 
> 0 where L1(c) = {z : z = e y/s and e: < y < 00 } and 

-ivn/2a z = e 1 y/s and e: < y < 00 } 

iyn/2a. which varies from z = e e:/s to z = e:/lsl 

Denote by cl (E) the path 

along the are 1 z 1 = e:/ 1 s l-

and from z = e:/I s 1 to 00 along the real axis. Denote by c2(e:) the path 

-iy1r/2a I I which varies from z = e E/s to z = c/ s along the are lzl = t:/lsl 

and from z = e:/ls! to 00 along the real axis. If we replace L1 (c) by 

c1(t:) in the first integral and L2(e:) by c2 (e:) in the second integral, 

then by Cauchy's integral theorem both integrals remain unchanged,_ If e: +_O 

then th~ difference of the two integrals taken along the arcs tend to 

e:ei·yTI/2a /s e:e-iYTI/2a /s i YTI i YTI 
lim [- J dz + J ] = loge- 2a 1:1 - log e2a- 1:1 =-i~1T-

e: + 0 e:/ 1 s 1 z e:/ 1 s 1 

and cor;sequently, 

a a a a 
+ 1 Y 1 oo e-x s -x s 

ijl (s) = - - - + -. f [ e ]dx = 
2 2a 21TJ. 0 x(l-ixe-iyn/2a)- x(l+ixeiyTI/2a 

cos YTI 00 

1 2CI. =--L+--f 
2 2a 1T 0 l-2x 

a a -x s 
e dx 

. YTI + 2 sm- x 2a 

for Re(s) > 0 and c = cos ;: . Since 

cos YTI 00 

ijl+ (0) = ±.. - J__ + 2a J 1 dx = 1 
2 2a 1T 0 l-2x sin YTI + x2 

2a 

we can also write that 

+ 
ijl (s) 

cos Y1T 00 -xasa 
=1---~J 1-e dx 

1T 0 l-2x . yn + 2 sm 2a x 
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for Re(s) > O and Yïr 
C = COt;'. ..i._,;.__ • 

;?a. 

46.9. By (42.115) we have 

P{n :_ x} = 
/V'- l 

2[1-q> cc_) J 
lx 

0 

for x > 0 ) 

for x < 0, 

whence the statement follows. We note that E{e-sn}= e-c/2S for Re(s) ~= 0 

-cisi 112 Cl+ s ) 
or E{e-sn}= e TST for Re(s) = O . 

46.10. Since F(x) belongs to the dornain of attraction of itself, 

Theorem 44.8 is applicable. By (42.104) and (42.105) we can choose B = nl/a 
n 

in (46.247). Thus by (46.244) and (46.247) we obtain that 

lim n F(-nl/ax) 
l'l •* 00 

=-
a. 

x 
and lim n[l-F(nl/~x)] 

n -+ oo 

for x > 0 • Hence the assertions follow. 

=-
a. x 

46.11. Let us denote by a the expectation of F(x) if it exists, 

and by cr
2 the variance of F(x) if it exists. 

2 \ 
If cr = 0 , then F(x) is üegenerate, and c = 0 and m = a . ( a. and 

S are imnater•ial.) 

2 
J.f 0 < cr < 00 , then F(x) is a normal distribution, and a. .= 2 , 

. 2; c=cr 2,rn= a ( S is imnaterial. ) 

IT cr2 = r.o' then F(x) belongs to the danain of attraction of i.tself 

and thus by (46.245) we have 
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lirn l-~_0_Li_F(-x_) _ = a 
· 1-F(px) + F(-px) P 

x-+ 00 

f or any p > 0 . This detennines a The constcmts S and c are 

determined by the solution of Problem 46.10. It r·emains to find rn • If 

1 ~ a. < 2 , then 111 can be determined in the f ollow:i..ng way. On the one hand. 

in Theorern 46.8 

A = n f x d F(x) - (µ(T) + € )nl/a 
n l/ n 

jx 1 q·n a 

where -r > O , µ(T) is defined by (46.243) and lim En= O . On the other 
n -+ oo 

hand by (42.101n and (42.105) 

{ 

l/a. 111(n-n ) 
A = 
n 2Scn log n 

7ï 

f or a. "F 1 

f or a. = 1 

is a possible choice in Theorern 46.8. 

A cornparison of the above two f orrnulas show that if 1 < a. < 2 , then · 

00 

m = a = f xdF(x) , 
-oo 

and if a. = 1 , then 

111 = lim [ f xdF(x) - 2sc log n ] - 2sc [log T - (1-C)] 
n -t· oo 1 X 1 < Tn Tf Tf 

where î > 0 and C is Euler's constant. It is convenient to choose T 
1-C = e 

in the last formula. 

Note. If a = 1 , then by the last formul.a we obtain that 
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l J lim To"' y xdB' (x) 
Y + co ö lx 1 <y 

2Sc 
~= -

1T 

If' 0 < a. < 1 and if we cornpare the aforementioned two forrnulas for 

An , then we obta:in that 

2Scf(l+a.)s:in ~Tr 
ljm î- J xdF(x) = (l ) 

y + 00 y -a. 1 x 1 <y -a. 1T 

These formulas can also be proved directly by the solution of Problern 46.10 

46.12. For any k = 1,2, ... we have 

where R(x) is a stable distribution function of type S(a.,S,c,m) . If we 

write 

then we can easily see that 

~l+ ~0+ ... + ~nk- kA 
lim J'{ "" n < x} R( ) "_ B = = -k x 

n +"" n 

where }\Cx) is the k-th iterated convolution of R(x) with itself. By 

(42.103) Rk(x)- is a stable distribution function of type S(a.,8,kc,km) . · 

Thus by (42 .104) and (142 .105) 

' 
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( 
,. ' 1 1 êbC og K 

ïT 
for a == 1 , 

1- -l 1 

m(k a -1) f or a ~ 1 

has the limiting distribution R(x) as n + 00 • Hence by Lermna 44.2 it 

f ollows that necessarily 

lim 
n + oo 

and 

l 
2Bc ·. -- log k , A -kA TI 

1 lim nk n= 1 
: B 1- -r + 00 nk m(lc a -1) 

f or a. = 1 , 

f or a. ~ 1 . 

Let us def ine 

B(t) = B + (t-n)(B +l- B ) n n n 

for n < t < n+l and n = 0,1,2, ... and 

A A +l A 
a(t) = _Q + (t-n)[-n- - __!!_] 

Bn B +l B n n 

for n < t .::_ n+l and n = 0,1,2, ..•. Since by (4ll.118) B + 00 and 
n 

Bn+J/Bn + 1 as n + 00 
, and by (44.125) (An+l- An)/Bn + O as n + "" ·' we 

can conclude that 

lim B(kt) = 1 
t + co kl/a B(t) 

and 
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1-

l:im [a(kt) - ~- a(t)] 
t + oo kl/a [ 

2Sc 
-;- Jog k 

= 1 
l~ --

m(k a -1) 

if 0: = 1 , 

if a ~ 1 , 

and k = 1,2, .... The functions B(t) and a(t) are continuous functions 

of t , and theref ore the above relations are also valid if k is replaced 

by w where w is any positive real nurnber. If we write 

B(t) = tl/o: p(t) 

f or t > 0 , then we have 

l:im p(wt) = 1 

t 
. p (t) 

+ 00 

for w > 0 , and if we write 

[

2sc lo t 
1T g 

a(t) = hitl_ + 
- -1 - m 

ta 
f or t > 0 , then we have 

f or w > 0 . 

1 . h(wt) - h(t) = 0 J.1T1 1 
t + 00 - -1 

to: 

46.13. By (42.171) we have 

Jooe-sx dR(x) = e-r(l-o:)sa 
0 

00 

for R(s) > 0 • Let ~(s) = f e-sx dF(x) . 1Ihen 
0 

f or o: = 1 > 

f or o: t- 1 , 
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a: on 

~(s) = 1-s J [1-F(x)]e·-sx dx: = 1-s f h(x)x·-o:e-sxdx = 
0 0 

o. L a 
= 1-r (1-a )s h(5J + o Gs ) 

as s + O . If s > 0 , then 

lim [~( s )]n = e-r(l-a)sa 
l/a / ) n + 00 n p\n 

if and only if 

! 

l:im h(nl/a p(n)) 

n + oo (p(n))a 
= l j 

and thi~ proves the statement. 
1 

1 

46.14. By (42.173) we have 

00 Cl. 

J -sx ( ) -r(l-a)s e dR x = e 
0 

00 

for Re(s) ~O. Let ~(s) = J e-sx dF(x) • Then 
0 

and 

00 

~(s) = 1-as+s J [1-F(x)](l-e-sx)dx = 1-as + 
0 

00 

+ s J h(x)x-a(l-e-sx)dx = 1-as...;f(l-a)s°ti(l) +o (sa) 
0 s 

as s + 0 . If s > 0 , then 

r -i-Ta-~-J n lim jqiC-, s ) en p(n) = e-r(J-a)so. 
n + 00 1 n_/a p(n) 

! 
!.-
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if and only if 

l/a 
lim h(n P (n) )_ = 1 

' n + ro (p(n))a 

and this proves the statement. 

46 .15. Since 

k . 
l (-l)J (~) = 

j=O J 

for any a , we have 

1 

P{ç; > 2.k} = 1 - I 2·=] c 2~) _L:: 1 - I (-l)j-l(~) = 
,..,...., n j=l J - J 22j j=l J 

1 

= (-l)k-l(-k2) = (~) --~ 
2 

for k·= 1,2, .... By using the inequality 

1 <- , 
/;k 

we get 

12 lim /2k P{ ç; > 2k} = --
k """ n 7r 

-+ "" 

Thus P{~ < x} ,.,._ n = belongs to the domain of attraction of a stable distribution 

function R(x) of type 1 sc2,1,c,O) where c > 0 . If we choose An = O and 

B = (nb) 2 where 
n 

ft- ., 
b = y 7T i 

2c (1) . 7T = ~- ' - r - sin 1ï 
7T 2 4 
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then we have 

2 
c U;

1
+ .•. + ~ ) 

ljJn P{----·---1! < x} = R(x) = 2[1-<P(c_\] 
- 2 =' 

n+oo n h 

for x > 0 where <P(x) is the normal distribution function. 

Note. Since 

P{ + + _ 2 . } _ n ( 2j -n) 1 
~1- ••• ç - J - ~2. · 2J'-n ~ n J-n J 2 

f or- j = n, n+ 1, ... , we can prove direct ly that 

i;l+" .+ ~ 1 00 
- ~ -· h 1 

lim P{ ___ 2_n > x} = -- J Y e dy = 21>(-) -1 
,,,_ n & x lx 

f or x > 0 . 

46.16. 

n + oo 

a 
Since · r(a+l) "' hna (~) as a + 00 , we have e 

as k+ 00 

and thus !{ ~n ~ x} belongs to the danain of attraction of a stable d.istribution 

function R(x) of type S(q,l,c,O) where c > 0 • If we choose A ='O and 
n 

B = (nb)l/q where 
n 

cos 92:.. 
b = _ _TI ____ = sin q 1T _ _ 2 

r(l-q)2cf(q)sin ~ 2c ·sin~ c ' 

then 
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IT b = 1 , then R(x) is of type S(q,l,cos ~2!... ,O) . 

46.17. Since 

lim 1-F(x) = P 
1-F(px) x _,.. co 

for p > 0 , by Theorem 1i4 . 8 i t f ollows that F (x) belongs to the domain of 

attraction of a stable distribution function R(x) of type S(l,l,c,m) where 

c > 0 and m is a real munber. We have 

i;;l+ ••• + i;; - A n n 
lim!{ B ~ x} = R(x) 

n + 00 n 

if we choose B in such a wa.y that 
n 

arr1 if 

where C 

If 

11111 
n __ 2c 

n + 00 B (log B )2 'lT 

n n 

TB 
n 2c 

A = n f xdF(x) - mB - - B ["log T-(1-C))+ E: B n 0 n 1T n nn 

is Euler's constant, T > 0 , and 

B = n1T 
n 2c(log n)2 

<- + 0 as n + oo • 
n 

for n > 1 , then the requirements are satisfted. 

In our case 

00 

J xdP(x) 
0 

= f [1-F(x)]dx = e + f dx: 
2 

= e + l. 
0 e x(log x) 
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. Old if 

Thus 

.tB > e , then 
n 

TB TB 
n n 1 2 1 f xdF(x) == e-1 + J [ , + -----]dx = e + 1 - ----

0 e x(log x)2 x(l.og x)3 log TBn 

1 
2 • 

(log TB ) 
n 

n n ir fil1t ] A = n(e+l) - 1 + [log ~ - C - ~ 
n og n (log n)2 2c cc 

2n loglog n 
(log n)2 

for n > e is a possible cho.ice • 

I~ c = 1r/2 and m : -C , then we have 

r + + ~ , ~-· ~l ... s - Dle.i) 
lim P{ - n 

2 
+ log n + 21oglog n ~ x} = R(x) 

n -+ :- n(log n)-

where ·R(x) is a stable distribution function of type S(l,l, ;, --C) • 

46.18. L~ this case 

for x ~.e and 

1-F(x) + F(-x) = __ _5_ 
2 6x(log x) 

1 . F(-x) = ~. 
JJtl Ï-F(x) 3 x -+ 00 

function 
'lhus F(x) belongs te the dana.in of attraction of 8. stable distributionA R(x) 

of type S(l, ~,c,m) . If c = 51T/12 , then we can choose Bn = n/(J.og n) 2 

for n > 1 and if m "' -C /6 where C · is Euler' s constant, then 
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2n loglog n 
6(1og n)2 

for n > e is a possible choice. Thus 

s1 + ... + s - A 
lim~{ B .n n ~ x} = R(x) 

n-+ co n 

l 57f c ) where R(x) is a stable distribution function of type S(l, 5' 12, -:- 6 • 

46.19. Since lim x[l-F(x)] = 1 , it f'ollows frcm Theore111 41~.8 that 
x -+ co 

F(x) bélongs to the domain of attraction of a stable distr·1bution ftmction 

R(x) of type S(l,l>c,m) . By (44.247) we can choose B = rnr/2c and by 
n 

(44.248) 

Tn7f / 2c dx nn 2c 
A = n J - - ~m + - [log T - (1 - C)]} n 

1 
x - 2c n 

where T > 0 and C ls Euler's constant. Thus 

A nn + 1 nn . ( , , = -m - n og - + n 1-C J • n 2c 2c · 

If c = n/2 and m = 1-C , then we have 

i;l+ ••• + i; 
lim P{ n - log n ~ x} = R(x) 

Nv- n ---n-+ co 

where R(x) j_s a stable distribution function of type S(l,l, ;, 1-C) . 

The La.place-Stieltjes transfo:rrn of R(x) is 

-(1-C)s-lsl 21:. + s logJsl 
_ ~(s) = e 2 

for Re(s) = 0 or 
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, ( , _ -(1-C)s+s log s 
iµ S} - e 

for Re(s) .:__ 0 . 

Note. We can prove the above result directly. The la.place-Stieltjes 

transform of F(x) can be expressed as 

qi(s) 
00 -sx 

=f _e_dx= 
1 x2 

00 

-z dz 2 2 s f e """2" = s[C-1] + s log s +l - s + o(s ) 
s z 

for Re(s) > O where 2 2 o(s )/s + O as !si + o . (See N. Nielsen [ 142 P. 5].) 

Thus 

1 . r· (s)]n es log n = es(C-l)+s log s 
. im .<1> n: 

n + oo 

for Re(s) > 0 . Accordingly, 

ç;l+. • .+ ç;n 
l:im!{ n -logn<x}=R(x) 

ri ~· 00 

where 
00 

~(s) = f e-sx dR(x) = e-(1-C)s+s log s 
_oo 

for Re(s) > O . If Re(s) == 0 , then s log s = s loglsl 

46.20. In this case F(-x) = 1-F(x) and 

1-F(x) + F(-x) = 1 + log x 
x 

~ 
- 2 

for x :_ 1 . Thus F(x) belongs to the domain of attraction of a stable 

distribution function of type S(l}O,c,O) where c > 0 . If we choose An "" 0 

and Bn = (nn log n)/2c , then 
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1 1 x 
~ x} == 2- + ; are tan c . 

46.21. Let us suppose that E{e-s.;} = e-sft., fo.r Re(s) ~O where 

-x O < o: < 1, P{n ~x} = 1-e for x ~- O, and .; and n are irx:lependent 
,...,.._ -

random variables. 'Ihen 

f or x > 0 . Hence 

P r 0: -o: -X 
tn .; ~ x} = l - e 

f or x > 0 , and 

0: -o: 
E{e-sn .; }= 1 

,..,.. l + s 

for Re(s) > -1 , or 

a o: -o: oo ( )o: -o: 
E{ -El n E.; } _ f E{ - su .; } -u d 1 e .-•e e u=---

,..._ 0 ..,,_ l + so: 

for Re(s) ?_ 0 . On the other hand by (42.180) we have 

ex> 00 k ko: 00 

f E (-sauo:)e-udu = \ (-1) s f -u ko:d - 1 
l r(ko: + 1) 0 e u u - 1 + sa 0 q. ·• k=O 

f or 1 s 1 < l . Accordingly, we have 

. 00 ( 0: --o: 00 

f - su) E -u J a a -u E{e " }e du = E (-s u )e du 
0"" 0 a 

for lsl < 1 , and this ~nplies that_ 

for every w . This proves (42.181) . 
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a. 
46.22. In this case l/i(s) = E{e-8~} = E{e-sn} = e-s for Re(s) ~O. 

l'v- ,.... 

Let us suppose that ~' n, e1, e2 are mutually independent random variables 

-x 
and !{ e1 ~- x} ''" "·:{ e 2 .::_ x} == 1-e for x ?o: O . r:Lhen 

f or x > 0 and 

f or x~O. Since 
1 

1 

1 

1 

f or IRe(s) 1 < 1 ' 

-1 -1 1 1 a 
G(x) = !{ ~11 e1 e2 < x} = f f 1/1 (-)tp(-)du clv = _x __ 

-1 u v l+xa 
uv ~ 

~{6Ïse~} = r(l-s)r(l+s) 1TS -- Sin 1TS 

it f ollows that 

co 

= sin 1TS f xsdG(x) 
1TS 0 

for -1 < Re(s) < a • If we extend the definition of G(x) b~ analytical 

-continuation to the complex plane cut along the negative real axis from the 

origin to infinity, then we can write trat 

( 1Ti -1Ti) a . dH(x) _ G xe ) - G(xe _ x s111 a1T 
dx - 21Tix - a 2a 

1TX(l+2x cos a1T+X ) 

for x > 0 • If, in particular, a = 1/2 , then 

H(x) = ~are tan IX 1T 

for x ~ 0 • 
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CHAFTER VII 

53.1. If Tk (k = 0,1,2, ... ) is defined as in Section 49, then by 

Theorem 43.3 we have 

T 

P{ lim kk = a} = 1 • 
""' k + CX• 

Hence if O < E: < a , then 

large 
for sufficientlyA k V1.rith probability 1 • Since Tv(t) .:::__ t < Tv(t)+l , the·efore 

_]__ _ 1:_ < v(t) < 1 
a+E t = t = a-E 

for sufficiently large t with probability 1 . This implies that 

. v(t) 1 P{ hm -- = -} = l 
,__,._ t t a -r 00 

'lhls result is also vaJ.id for a = 00 , if we- define l/a as 0 for a = 00 

This can be obtained from the previous result by tI'Ul'.Ca.ting the recurrence 

times at m and letting m -r 00 • 

53.2. Both ç;1 and ç; 2 are necessarily discrete randan variables, and 

there is a constant c such that ç;1+ c and ç; 2- c take on nonnegative 

integers only. 

'11hen we have 

Let P{ ç;
1 

+ c = j } = p . 
('.,.,._ J 

k 
\' P~ qk . 

'=Ol J -J J-

-a = e 

and P{ç; - c = j} = q. - - ""-- 2 - - --- -J 

for k = 0,1,2, .... Hence p0 > O, C1o > 0 and 

for J = 0,1,2,... . 
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-a k e a 
p. < ----
- K = C1o k! 

-a k e a and q < ----
k = Pok! 

for k = 0,1,2,... . Let 

co co 

g ( z ) == I P zj and h ( z) = I q. zj . 
j~ j j~ J 

The function g(z) is regular on the whole complex plane, 

jg(z)I -~ ~~ I e-a a~ lzlk = .L e-a(l-lzl) 
"'V k=O k. qo 

and g(z) never vanishes. For g(z)h(z) = e-a(l-z) and e-a(l-z) has no 

zeros. 'Ihus 

lim log g(z) = 0 
!zl -+ °" z2 

and by·Theorem 10.3 in the Appendix, it fellows that log g(z) = a1(z-l) . 
-a (1-z) 

Here we used thQ.t g(l) = 1 . Accordingly, g(z) = e 1 , and in a s:imi.1ar 

-a (1-z) 
way we get h(z) = e 2 . Obviously a

1 
2': O , a2 > O and a1+ a2 = a . 

If a1 = 0 or a2 = 0 , then the random variable ~l or ~ 2 has a degenerate 

distribution. If a1 > 0 and a2 > 0 then both ~1+ c and ~ 2- c have a 

nondegenerate Poisson distribution. 

53.3. Let 

qk(n) = ,!_{v(i) = i for k values i = 1,2, .•. , nlvCn) = n} 

for 1 < k < n • It is easy to see that q
1 

(1) = 1 and 

n-1 
q1(n) = 1 - .l ,1{v(j) = jlv(n) = n}q1(j) 

J=l 
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for n .> 1 . Furthermore, 

f or 2<k<n. 
= = De fine 

for l ~ k < n . Then we have Q1(1) = 1 and 

n n-1 ( . )n-j 
Ql(n) = ~ - l Ql(j) nc~-j)! . n. . J J=. 

for n 1 . Furthennore, 

for 2 · < k < n . Hence 

n-k+l 
~(n) = l Ql(j)~-l(n-j) 

j=l 

oo n 
\ ~~ zn p(z) 

oo l n! 
\ Q (n)zn = n=l = 1-p(z) = p(z) 
l 1 00 n 1 

n=l 1 + l ~ zn -1--p_,(,.....z..,-) 
n=l n! 

for lzl < l/e where w = p(z) is the only root of' 

lwl < 1 ,and 

00 00 k k 
l ~(n)zn = ( l Q

1 
(n)zn) = [p(z)] 

n=k n=l 

-w we = z 

for k = 1,2, .... By Lagrange's expansion we obtain that 

in the circle 
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Q (n) = __ L_ 
k' (n--k) !n 

for 1 < k ~n. (See (39.148) and (39.11!9).) 

53.4. If Tu (0 ~ u < 00
) i.s defined by (49.24), then by the solution 

of Problern 46.17 we have 

T - u(e+l) j 
lim P{ --u 2··+ 

u + &::"' u(log u)-
·· ~ x} = R(x) 

where R(x) is a stable distrtbution functi.on of type 

C is ~ler-'s constant. 
1 

: 
i 

r} 

for u. > è , then 

t = u(e+l) 

/1og u +2loglog u 

1T S(l,l, 2, -C) where 

2u loglog u 
(log u)2 / 

""/ 
,-,·--~ 

t 
u- ~ 

limt -2 
t + °'' t(e+l) (log 

-'-2"" '1= !1 + log(e+ 1) - x t)- ,\ e 

and thus 

implies that 

lirn,fhu ~ t} = limj'{v(t) .'.::. u} = R(x) 
u + 00 t + 00 

v(t)- i_ 
e+l 

/-logt - 2loglog t 

lirn P { -------- / < -~ + log(e+l)+x} = 1-R(-x) 
t + ;;;- t(e+l)-2 (log t)-2 A = e+l . " 

/-logt - 2loglog t 
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Denote by L\n the number of positive tem.s :in the sequence 

Then we have 

Ph > n} = P{z'; < 0 for 0 < r < n} = P{ ~ = O} 
""' - 1 ,..,,__ r =· =~ =--= ,..,.,. n 

for n = 0,1, .... By Theorem 23.1 we ha.ve 

oo oo n 
\ P{~ = O}pn = exp{ \ .Q__ P{~ < O}} 
l,,,,. n l n iv- n= 

n=O n=l 

for IP 1 < 1 • By (42.192) we have 

for n = 1,2, ... where 

2 Cl1T )---
y =;:are tan(B tan 2 

and -1 < y < 1 . Thus it follows that 

f or n = 0, 1, 2, . . . and O < q < -1 . -

By the solution of Problem 46.16 we bave 

'n 
lim ,!{ l/q ~ x} = R(x) 

n -+ 00 n 

where R(x) is a stable distribution function of type S(q,1,cos T-' 0) • 

Hence by 'I'heorem 49. 2 we have 
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for x '> 0 or 

where G (x) 
q 

Hm P{ v(t)_ .:s_ x} = G (x) 
t -~ 00- tq - q 

is defined by (42.178) . 

53.6. The random variables x1 = r; , x2 = r; - r; , ••• are :mutually 
'1 '2 '1 

independent and identically distributed positive random variables and 

r; = x1+ x2+ ... + x for n = 1,2,... . By Theorem 19.4 we have 
'n n oo , -sr; 

- l ±. E{ e no ( r; > 0)} 
n=l n ,.,_ n 

<P(s) = E{e-sxl} = 1 - e 
,..,.,_ 

for Re(~) > O . The random variable r;n has a stable distribution of type 
1 

i 

S(a,13,nc,O) and thus by the solution of Problern 46.8 we have 

-sr; 
n E{e ó(r, 

tvv-. n 

for Re(s) > 0 where 

and 

V'fî * (l <l cos ...L.::... 00 -nc x s 
> 0) } = 2a f e dx 

1T 0 l-2x . )'.2!. + 2 
Slll 2a X 

* c = c/cos Y'IT 
2 

• Y'fî 
Slll - = -COS q'IT 

2a 

Since q = .l + L we have 
2 2a 

and cos Y'fî = sin q rr 
2a ' 

* a a 

1-<P(s) 
00 -c x s = exp{ sin _g_ rr f log(l-e ) dx } 

7T 2 0 1+2x cos q'IT +x 

for Re(s) :::__O • If we write 



• 

S-89 
* (), a. *a.rv . CX<:! 

_n x C!.... * a a ~ - J " ._. 

log(l-e ·'"' .., ) = log(c x s ) + log(J.-e* a. -a-) 
c x s 

in the above integral and if we take into consideration that 

and 

00 1 
I dx 2=2f dx 2= 
Ü 1+2x COS qTI+X Ü 1+2x COS qTI+X 

07T 

Sin qTI 

00 1 00 

J log x = f log x dx + J log x . dx = 0 
Ü 1+2x COS qTI+X2 

Ü 1+2x COS qTI+X2 1 1+2x COS q~tx2 ' 

then we can easily see that 

If either 0 < a. < 1 or l < a. < 2 and -1 < S < 1 , then 0 < a.q < l 

-aild consequently 
_.;;;. 

lim xa.q J{x
1 

> x} 
x -+ 00 

* q 
=~J_ 

r(l-a.q) 

Thus !{x
1 

< x} belongs to the dcmain of attraction of a stable distribution 

function R(x) of type S(a.q,l,c,O) where c > O . We have 

"if 
~,.. 

* ( *)q ~ 
b = - ( c _,_)_q_1_r -- = _c ___ co_s __ 2_ 

f(l-a.q)2cf (aq)sin Cl~7T c 
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lf c = ( c *) q cos a.~ir , then b = l a""ld we have 

where R(x) is a stable distribution function of type 

9.. 
( q( 2 2 air)2 aan s aq,l,c l+s tan 2 cos ~ ' 0) • 

We note thát if 1 < a < 2 Cl11d S = -1 , then y = 2-a. , and aq ~ 1 • 

In this case 

l/a 
= ( c -) 

1 
air ,. 

cos 2 

that is 

l/a 
= ( c ) 

1 cos ~1T 1 
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CHAPI1ER VIII 

58.1. Let us suppose that for each i = 1,2, ... , m independently of 

the others we perform the following random trjal: We distribute a. points 
l 

on the interval (O,l) in such a way that the points are distributed 

independently and uniformly on (0,1) . In the i-th trial denote by x.(u) 
l 

the number of points in the :interval (O,u) for 0 < u _'.:._ 1 . 'Ihen the processes 

{x1 (u) , O ~ u < l} are independent for :i = 1,2, ... , m and we can easily see 

that the probability sought is 

< ••• < )( (u)+e f'or 0 ~ u < l} ·m m 

i 

i 
0n'the other hand if we suppose that {vi(u) '0 ~ u < ru} (i = 1,2, ... , m) 

are independent Poisson processes of density ~- , then obviously we can '!,<.rr:t~e 

that 

This latter probability is given by Theorem 56.9 . 

58 . 2 • Let us define 

pk(a) =,!'{v(i) < i for 0 < i .::_ kjv(a+k) = k} 

for k = 0,1,2, ... and a > O where p0 (a) = l, and 

* pk(a) =_!{v(i) < i+l for 0 .~ i < kiv(a+k--i) == k} 

* * for k = 0,1,2, ... and a ~ 0 where p0 (a) == 1 and p1 (a) = 1 
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* Then we have W(t,O,k) = pk(t-k) for 0 ~ k ~, t and W(t,l,k) = pk(t+l-k) 

f or O _-:_ k ~- t+ 1 • 

We can see :imrnediately that 

pk(a) = P{v(a+i) > i for 0 ~ i < klv(a+k) = k} 
""--

for k = 0,1,2, ... and a _:_ 0 where p0 (a) = 1 . 

If k = 1,2, ... arJd a :.__ 0, then we have 

k-1 
pk(a) = l - L P{v(a+j) = ,jlv(a+k) = k}p.(a) 

j=O,,.,._ J 

where 

P{ v (a+j) = j 1 v (a+k) = k}= (~) (a+j )j (k-j )k-j - . 
,_ J (a+k)k 

Let 

· f or k = 0, 1, 2, . . . and a ~ 0 Then we have P0 (a) = 1 and 

_ (a+k)k k-1 (k-j)k-j 
Pk(a) - k' - l P.(a) ~-')' . ·=0 J J . J-

for k =1,2, .. , . Hence 

Ï (a+k)k zk eap(z) 
"" k! CXl k--1 ·r_p()k=k=--0 =l-p(z)= ap(z)_= \' a(a+k) .k 
l k a z °" k 1 - e l k' z 

k=O \k k k=O . 
l -k, z 1-P (z) 

k=O . 

• 
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f or 1~1 < l/e where w = p(z) is the only root of the equation 

the circle lwl < 1. (See (39.148) and (39.149).) Thus 

for k = 0,1, ... and a > O where p0 (o) = 1, and 

k W(t,O,k) = 1 - t 

for 0 < k ~ t and t > 0 . This is in agreement with (56.83). 

J 

Second, we can write equivalently that 

1 : * i pk(a) =!{v(a+i) ~i+l for 02._i < kjv(a+k-1) = k} 

* * for k = 0,1,2, ... and a ~ 0 where p0 (a) = 1 and p1 (a) = 1 . 

If k = 1,2, ... and a ~ 0, then we have 

-w we = z in 

k-1 - * 
= 1- L _f{v(a+j-1) =·j,v(a+j) = jlv(a+k-1) = k}p.(a) 

j~ J 

where 

P{v(a+j-1) = j, ,1(a+j) = j jv(a+k-1) :.: k} = k! (a+j-l)j (k-j-l)k-j 
,,_,.. j ! (k-j) ! (a+k-l)k 

Let 
* k * pk(a)(a+k-1) 

Pk(a) = k! 

* * for k = 0,1,2, ... and a ~ O. Then we have P0 (a) = 1, P1 (a) = 1 and 

kil P~(a) (k-j-l)k-j 
j~ J (k-j) ! 

for k = 1,2,... . Hence 
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00 k 
(a+k-1) k 

00 l k! z \ * k k=O 0--0 pk (a )z = -~--(k--1-).,,.--k- k = 
l k! z 

k=O 

e(a-l)p(z) 

1-p(~ 
-p (z) 

e 
1-p(z) 

for lzl < l/e . Thus 

( )k-1 
p*(a) = a a+k 

k (a+k-l)k 

00 

=eap(z)= l 
k=O 

a(a+k)k-l k 
k! - z 

for k = 0,1, ... > and a _::_ O where p;(a) = 1 and p~(a) = 1, and 

W(t,l, k) 
= (t+l-k)(t+l)k-l 

tk 

for 0 < k < t+ 1 and t > 0 . This is in agreement with ( 56. 88) . 
= = 

58. 3. If we take into consideration that in the underlying Polsson 

process in the interval (0, tit) óne event occurs with probability /l,L'it + o (t.t) 

and more than one event occurs with probability o (&) , then we can write that 

x 
W(t+lit,x) = (1-Àilt)W(t,x+tit}"+ ÀL'it J W(t,x-y)dH(y) + o(~t) . 

_oo 

Hence by the l.iJräting procedure llt -+- 0 we- obtain that W(t,x) satisfies the 

integro-d.iff erential equation 

aW~~,x) = aW~~,x) - ÀW(t,x) + À-J W(t,x-y)dH(y) 
-oo 

for. al.most all (t,x) . The probaiblity W{t,x) can be determined by solving 

this équation. 

58 . 4. In this case-
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ro n x )n-1 
P{x(u) ~.x} = e-ÀU + "L e-:\ul_~)- (- e-·µy (py dy-

""" - " n 1 ' (n-l)T µ -n=l · O 

-ÀU X - V = e [l + :\µu J e µ" J' (>,µuy)dy] 
0 

for x > 0 and P{x(u) ~- x} = O for x < O where 

"" n 
J"(x) = l _?:_2 

n=O (n!) 

is a Bessel function. Hence P{x(u) = O} = e-Au and ,.,,,,, 

.. < l -
· - öRJx(u) :;ç xr _ , -:\u-µx·J, (' . ) -- /\ µu e /\µux ax -

f or x > 0 . 

BY 'Iheorèm.:.55.6 we have 

t 
W(t,0) = e-:\t [l + Aµf ~t-y)e-µy J'(:\µty)ày] 

0 

for t ;::_ 0 - and 

t 
W(t,x) = P{x(t) < t+x}-:\µe-µx J u e-(H·µ)u J' p,µu(u+x))W(t-u,O)du 

,.,,__ 0 

f or t > 0 and x ~ O . In another form we can wrj_te that 

t -ex.+µ )y 
-µx J e W(t,x) = 1-Àe x+y - [xJ(:\µy(x+y)) + yJ'(:\µy(x+y))]dy 

0 

f or t -~ O and x .::_ O . 

58. 5, By using the same notation as -in Problem 58. 4 we have 
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V(t,x) = 1 - e-\x - \µx eiix / e-(H"J.l )y J' (Àµy(y-x) )dy 
x 

f or 0 < x < t . This f ollows imnediately from 'I'heorem 55. 9 . 

58.6. If we suppose that xl' x2, ••• , xn,."and \' T2, ••• , Tn'''' are 

nurnerical (non-random) quantities for which 0 <Tl< T
2 

< ..• < Tn~ •.. and 

Tn -+ "" as n -+ 00 , then we have n (t) = nn for 

where n0 = O and 

Thus 

(n:o:O,l,".) 

T 
oo t ( ) 00 -sn n+l t 00 -sn -qTn -qTn+l 

q r e-q -sn t dt = l qe n J e-q dt = l e n(e - e . ) 
0 n=O T n=O 

n 

for · Re(q) > O and Re(s) ;;;,, O . If {~} and {Tn} are random variables, .then 

.the a.bove identity holds for almost all realizations of the process {x(u) , 

O < u < 00 } • If we form the expectation of the above expression, then we get 

00 

J -qt -sn(t) q e E{e }dt = [1-~(q)]U(q,s) 
0 ,..,..... 

for Re(q) > 0 and Re(s) ~-· 0 where by Theorem 4.1 

U(q,s) = Ï E{e-snn-qTn} = e-T{log[l-~(s)~(q-s)]} 
. n=O,.,..._ 

' . 

The.:same.rèsult can also be obtained by Theorem 54.1 ~ The distribution· 

function P{n(t) ~ x} can be obtained by inversion from the above transform. 
·""" -
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58.7. First, let us suppose that Xp x2, ... , xn,··· and -r1 , T2, ... , 1n,··· 

are numerical (non-random) quantities for wh:Jch/o < -r1 < -r 2 < ••• < 'n < ••• 

and , + oo as n + 00 • Let us write y = x1+ x,..,+ ••• + x for n = 1,2, ... 
n n ~ n 

* \-7)(,,:. 0 (n=l ,2, ••• ) , --·-· 

~ = max(O, '2- '1-- yl, ... , 'n+l- '1-yn) ·-

and 

* for n = 1,2, ... and n0 = O. 

* * * + n ( t ) = max ( n ( -r ) , t-Y. ) = t-y + [ n ( -r ) + y - t] n L1 n n n 

for 'n < t < 'n+l . If we cal.culate 

we 
by using (54.17) and if add these integrals for n = 0,1,2, ... , then we obta:.n 

/\ 

that 

00 * 
f e-qt-sn (t)dt = _q__ + s 

q q+s 
0 

-(q+s)Tl 00 :....qy -(q+s)r/ 
eq+s l e n . .. n 

n=O 

for Re(q) > 0 and Re(s) > 0 . If {T } are random variables, n -

then the above identity holds for aJJnost all realizations of the process 

{x(u) , 0 < u < 00 } • If we form the expectation Öf the above expression, then 

we get 

00 * -qt -sn (t) _g_ s - \r* qJ e E{e }dt = + + -+ cp(q+s)Ll-iJ!(q5'"' (q,q+s) 
0 

,........ qs qs - -

for Re(q) > 0 and Re(s) ~ O where by Theore.rn ~.l 
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* 
u*·(q,s) = I E{e-qyn-snn} = e-,!{log[l-~(s)iJ;(q-s)]} 

n=O""-' 

* The distribution function P{ n (t) ~ x} can be obtained by inversion f'rom the 

above transform. 

58 . 8. If y ~ a , then 

if y ?.:. B , then. 

B 
(s-q) f e·-qt-s ( y-t )dt = e -qS-s ( y-8) -e -qa-s ( y-a) , 

i a 
and if ia ~ y ~ B , then 

1 - -
1 

Cl. y 

These formulas prove the identity in question in each case. 
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61.1. In this case 

00 

~(s) = J e-sxdH(x) = _g__ 
0 v+s 

f or Re ( s) > - µ and by ( 59 .12) we have 

f or Re ( s) > 0 and a > 0 • Hence by jnversion we get 

-Àa ~ Jx -µu -1/2 --P{ 8 (a+x) ~- x} = e [l + v Àµa e u - r1(2/ Àµau)du] 
~ 0 

f or a 0 and x > O where 

"" (x/2)2n+l 
Il(x) = l -

=O 
n!(n+l)! n-

is a Bessel function. Thus we have 

x 
P{8(t) < x} = e-À(t-x)[l + / Àµ(t-xY J e-µu u-112 r

1
(2r Ä µ(t~x)u-) du] 

~ 0 

f or 0 < x < t . 

61. 2. If we use the notation of Example 1 in Section · 59, then 

0{.1, a2, ... , 81' 82, ... are mutually independent randan variables for which 

P{ 2 . 1} P' 2· l} - 1 (2j) 1 1 
i'J"" an = J- = ,.:_t8n = ,1-. - 2J:..1 j ij "'_/_4_Tr_j_3 

as j ~ 00 (j = 1,2, ... ) . Hence 
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lim [l-G(x~112 = 1:im [l-H(x)Jx112 
== 

x -)> co x + 00 

and by (59.62) we obt::lin that 

l:im P{ 8(t) ~ tx} = ~ are sin li. 
t~ 00,..,..,. - 1T 

for 0 < x < 1 . Fora direct proof see (37.1E6). 
= = 

12 
1; ' 

61.3. Denote by IJ. (t) the number positive elernents in the sequence n 

t; (rt) 
n 

(r = 1,2, ... , n) . (r,.;: 1,2, .. ·: m) are 

mutually: independent,identically distributed, symmetrie random variables for 
1 

which !~t;(~) = 0} = 0 , by the solution of Problem 27.l we have 

for .j = 0,1, ... , n . Thus by (37.166) we have 

lin (t) 
l:im P{ < x} = ~ are sin IX. _,.,,,,... n = 1ï n -r 00 

for 0 < x < 1 • Now by Theorem 52. 3 we can conclude that 

An(t) 
P{ B(t2_ < x} = l:im P{ < x} 

,..,... t - ~ n = n + co 

for 0 ~-x < 1 and therefore 

P{S(t) ~ tx} 
1'N 

f or O ~ x < 1 . 

2 ::::: ~ a.r·c 
'IT 

sin& 



S-101 

61. 4. Let us use the notation of Example 1 in Section 59. In this case 

{ a } and { 8 } are jndependent sequences of rnutually independent and identically 
n n 

di.stributed random variables. We have 

P{a = 2j-l} - - 1- ( 2~) /"'- n - 2j-l J 
1 
2j 

2 

for j = 1,2, ... and E{S } =m. Hence ,.,,., n 

x + 00 

lirn [l-G(x)Jx112 = .,II 
Tî 

arrl by (59.52) we can conclude that 

lim P{ fi_ S(i} ~ x} = P{y-l/2 ~ x} 

t """" Tî t 2- ,.,,__ -+ oo rn 

where y has a. stable distribution of type S(~, 1, Jî. , O) . Thus we car: 

write tr..at y = rr/2y*
2 where P{/ ,;,,x} = <fl(x), the nornial distribution 

function. Thus 

lim P{S(t) ~ x/f} = P{ i/ 1 5_ ~} = 2<fl(~) -1 
t->-oo,,._ -

f or x > 0 . 

61.5. We shall use tbe same notation as in the proof of Theorem 59.2 . 

In this case 

~n 
l:irn,R l l/a ,;, X} = R(x) 

n + 00 n r(n) 

( ) 1 di • f C1 ( • ) CXTf Ü) where R x is a stab e · stribution unction of type .::i a,l,f(l-a cos 2 , 

and r(t) satisfies the relat:i.on 
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h(,_l/a tt') 
lim 0 r, ,J = 1 

t-+ 00 (r(t)) a 

(See Problem 46.13.) We note that Jjm r(wt)/r(t) = l for any w > 0 . If 
t + "" 

we define p(t) by (59.5), then we have 

as t 7 c:i • Thus by Theorem 45.4 we have 

Al/a. cS (t) 
l:imPf P ~ x} = R(x) 

t + ~ tl/o: r(t) -

regardless of whether {a.n} depends on {Sn} or not. If we define 

then 

u = t + xr(t)(t/A)l/a. , 

a. a. 
lim t[r(u )] 

a u + 00 A u 

l 
a. 

x 

for x > 0 and thus by (59.6) we have 

lim P{S(u) ~ u - t} ~= R (x) 
'"""'" -u + 00 

f.or x > 0 . According..ly > 

a. 
lim P{ [u - S(u)][r(ua)] < lN} = 1-R(x) 

u + ;;-- A ua. x..,, 

f or x > 0 , or 

a 

lim P{ [t-B(t)][r{ta.2J_ ~ x} == l-R(-1-) = G (f(l-a.)x) 
t + ;;- A ta. - xl/a. a. 
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for x > 0 where G (x) 1s def'ined by (42.178) . 
a. 

61.6. For each t ~ 0 let us definc w(t) as a discrete random var1able 

which takes on positive integers only and which satisfies 

{w(t) < n} ~ {8n > t} 

for t > 0 and n = 0,1,2, .... Then by (59.1) we can write that 

f or 0 < x < t . 
= = 

1 

In iour case 
i 

P{S(t) < x} = 
"""'" 

1-P{y ( ) < t-xl 
,.,.._ w x 

lim!J -1/a ( ) ~ x} = R(x) 
n + 00 n r n 

where R(x) and r(x) have the sarne meaning as in the solution of Problem 

61. 4 • :F'urthermore, we have 

as t + 00 • Thus by T.heorem 4 5. 4 we have 

l/a rr 
lim P{ B w(t) _::_ x} = R(x) 

t + 00~ tl/ar•(t) 

regardless of whether {a } depends on {S } or not. n n 

If we def ine 

l/a 
u = t + xr(t )(t/B) , 

then 
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a. 

lim t[r(ualL 
a u ->- ro A ·u. 

1 

f or x > 0 , and consequently 

lim P{S(u) < t} = 1-R(x) 
u + ~ 

for x > 0 . Hence we get 

a. 
lim P{ fi(t)[r(ta)] 

t + ;;--- B ta 

for x > O where G (x) is defined by (42.178) . 
, a 

1 

~l .? • By Theorem 59 .6 we obtain that 
i 

where ! { ~;x, f-é y} = F(x,y). Hence it follows that 

. { ~(t) - ~t ~- x{ = ~ (x) 
lim P 1/2 5 ~ 
t7<1> "'-- M2 t 

where :n.~ - B1 /CA1 + B1 ), 

(AÎB~ + BÎA~ - 2rA1B1A2B2 )1/ 2 

y-2 (A ~ B )3/2 ' 
l 1 

and êpCx) is the normal distribution function of type N(O,l). 
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61.8. (i) If 
o( o< -s -a e - for Re(s) > 0 and 

Re(q) > o, and 0 <0<-<.. 1, then by (59.131) we have 
o( 

V(x)= x o< 
1 + x 

for x > 0 and therefore 

d Q(x) _ xo<-l sin C>('JC 
~ - ~ " a.x 'Jt( 1+2x cos o< JC +x-C<) 

for x>O. Thus by (59.109) 

for O<x~ 1. 
1 -

li.m P { ·~ ~ t) ~ x} = 
t~ ...... 

R,(1-x) 
l - Q( .... Ä x . ) 

2 

' 

i (ii) If 
o< 

<J? (s,q) - e-(s+q) for Re(s-Tq) > o, and 

0<0(~ 
1

1, then by (59.131) we have 

V(x) = 1 - l o< 
(l+x) 

f or x ~ 0 and theref ore 

for x > 1, 

for x L 1. 

Thus by (59.109) 

lim p { @ ( t) é x 1 = 1 -
t~oo"""' t 

for 0-' x~ 1. 
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CHAP-IBR X • 

65.1. First, let us consider a general single-server queue in which 

customersarrive at a counter at times T0 , T1 , .•• , Tn' ... where -r0 "" O • 

Denote by x the service t:ime of the customer arriving at time T (n = 0,1,2, ... ). n n 

Let no be the initial occupation time of the server immediately before t = O . 

Let 

for u > 0 . 

x(u) = l Xn 
O<T <U 

rr= 

Naw we shall prove that 

1 

e ( t) = sup { o and u-x ( u) - n0- Xo for o < u ~ t} 

f or t > 0 . 

. Define y n = n0 + x0 + •.• + xn-l f or n = 1, 2, . . . and y 0 = 0 . 

If at time t the server is busy, then e (t) .= e ( T ) 
n 

If at t:ime t the server is idle, then e(t) = t ~ y +l n . 

Thus we have 

for Tn 2- t < Tn+l and n = 0,1~2, .... In particular, 8(Tn+l) = max(G(Tn) , 

Tn+l - Yn+l) for n = 0,1,." and e(T0 ) = O , and consequently 

for n = 1,2,... • 
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These relations are vaJj_d for any single-server queue. 

Now let us suppose that T0 , T1, ..• , Tn, .•. , x0 , x1 , •.. , Xn'··· arid no 

are nurnerical (non-random) quanti ties f or vföich T 0 = 0 < -r 1 < ••• < -r n < ••• 

and -r + w as n + w • If we write e(t) = t-y +l+ [8(-r ) + y +l- t]+ for n n n n 

-rn < t ~ -rn+l. (n = 0,1, ... ) and if we use (54.17) in calculating the integral 

T 
q fn+l e-qt-se(t) dt 

T 
n 

for n = 0,1,2, ... , then we obtain that 

q f
00

e-qt-se(t)dt s -q(no+ xo) 
=1--e + 

0 q+s 

w 

+ _s_ { l -qyn+l-(q+s)e(-rn+l) -q~ 
q+s n~O e (1-e )} 

for Ré(q) > O and Re(s) ~ O . 

Now let us suppose that J{n0 = O} = 1 and ~ (n = 0,1,. ") and 

T - T 1 (n = 1,2, ... ) are independent}and identically distributed positive 
n n- ( ) . -S~ -S T -T _ 

random variables. Let E{e } = ~(s) and E{e n n 1 } = ~(s) for 

Re(s) .:. 0 • T.hen the above identity holds for aJmost all realizations of 

the.queuing process. If we form its expectation, then we obtain that 

q f we-qt E{e-se(t)} dt = + + +s [1-ip(qW(q,q+s) 
0 ,.,._,.. qs qs 

for- Re(q) > O and Re(s) ~- O where 

j sequences of mutually independent 
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00 -qy -sll (-r ) 
V(q,s) = 1 + l E{e n+l n+l·} -· 

n=O f'A-

_ -T{log[l-~(s)iji(q-s)]} 
-· e""' • 

IJ.hls last equation can be proved by using Theorern 4.1 . The distribution 

function P{e(t) .::_x} can be obtained by inversion from the above transforrn. ,,..._ 

We note that if !{n0 = 0} == 1 and !{Xo == O} = 1 , then 

e(t) = sup [u - x(u)] 
O<u_:::t 

for t ~- 0 , and P{ e ( t) < x} can be obtained by the solution of Problem 58. 7 . 
l'vv 

65.2. Since e(t) i.s a nondecreasing funetion of t , the limit 

lim P{.e(t) < x} = V(x) exists for every x and by the solution of Problem 
t+ ro"""" 
65.1 we have 

for Re( s) > 0 • Thus 

* ~' (s) = lim [l - iji(q)]V(q, q+s) . 
q->-+ 0 

Since 

+ 
· ~ 1 -qyn --(q+s)[,n-yn] })} 

[l-iji(q)]V(q,q+s) = exp{- ~ n e (1-~{e 
n-1 

for Re(q) > O and Re(q+s) ;;;., O , it follows that 
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+ * 00 1 -s [ t -y l 
~i (s) = exp{-- /, n (1 - E{e n n- } )} 

n=l ;v.. ... 

* for Re(s) > O If a < b , then by Theoreîl i+ 3 .13 we have lim Q (s) = 1 , 
s ++O 

that is, V(x) is a proper distribution function and its La.place-Stieltjes 

* transform is g:Lven by n (s) for Re(s) ?_ 0 • It is interesting to point 

out that by Theorern 62.2 we can conclude that V(x) is the lirniting 

distribution of the actual waiting time of the n-th arrivirig customer in the 

inverse queuing process, that is, in the queuing process in which the inter-

arrival times ancl service times are interchanged. 

65.3. 
1 

By Theorern 62.2 we have 

and obviously, 

Since {T ·- t 1 , n = 1,2, ... } and {xn , n = 0,1,2, ... } are independent n n-
sequences of nmtually independent and identically cii.stributed randcm variahles 

the assertion follows. 

65.4. Since 

and 

for• n = 1,2, ... , the assertion follows :immediately. We note that 
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, * r * - 1 - P{p < 00
1n0 = xl 

,,..,._. 0 

for x > 0 . 

65.5. We can interpret G(r)(x) as the probability that the length 

of the initial busy period is ~ x provided that the initial queue size is r • 

Denote by x1, x2, ... , xn the lengths of the first n service times and 

by v1 , v
2

, ••• , vn the nurnber of customers arriving during the 1-st, 2-nd, ... , 

n-th service time respectively. If we use Lerrma 20.2, then we obtain that 

the p~bability that the 5nitial busy period has length ~ x and consist3 
' 

of n l services is given by 
1 

(r) 
G (x) = P{x

1
+ ... + x ~ x, v

1
+ ... + v. > i-r for i = r, ... , n-1 n l'<V' n -- i 

x n-r 
r f -Àu (Àu) . dH (u) 

= n 
0 

. e (n-r) ! n 

for x > 0 . Finally, 

65.6. Let us define ~n (n = 1,2, ••. } by (62.9) an1 let çn = ~ 1+ 
~2+ ... + ~n for n = 1,2, ..• , and ç0 = o . Then E{~ } = O and Var{~ } = 

rv-.. n ""-''- n 

2 2 cra + crb . By (62.12) we can conclude that nn has the same asymptotic 
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distribution as max çk regardless of the distribution of r1
0 

. 'Ihus 
0.:'.::..k.:'.::..n 

by the Theorem 45. 6 we have 

nn 
l:im P{ < x} = 2~(x) -1 

n-+: /c 2 2) = 
era + crb n 

for x ~ 0 where ~(x) is the normal distribution function. 

Denote by v(t) the nurnber of arrivals in the time interval (O, t) . 

'I"nen v ( t) /t ~ 1/ a as t -> co • We can easily see that n ( t) bas the same 

asymptotic distribution as nv(t) .• Thus by 'I'heorem 45.5 we obtain that 

l:im P{ n(t) < x} = 2~(x) -1 
~ = 

t -+ co / (er~ + cr~ )t/a. 

f or x > 0 . 

65.7. Let us define i;n (n = 1,2, ..• ) by (62.9) and let çn.= i;1+ 

i;
2
+ •• ~+ i;n · for n == 1,2, ... and ç

0 
= O . 

nn bas the sarne asymptotic distribution as 

distribution of n
0 

• In our case 

B'J (62 .12) we .. can concludé tbat 

max 7.; k regardless of the 
O.::_k.::_n 

where R(x) 
a1r is a stable distribution function of type S(a,l,r(l-a.)cos Z-' 0) 

and 

l:im t[l-H(tl/a p(t W = 1 . 
t -+ 00 
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.Furthermore, we have 

T - na n 
l/a. 

n 
~o 

as n -+ 00 • Thus it follows that 

lim P{ 
""" n ->- "" 

z;;n 
l/a. ~ x} = R(x) • 

n p(n) 

Now by Theorem 45.10 it fellows that 

nn 
lim !f l/a . ~ x} = Q(x) 

n-+ oo n p(n) 

where 

Q(x) = P{ sup ~(u) < x} 
""- O~µ:;,l -

a:rr and ·{~(u) , O 5- u < l} is a separable stable process of type S(a.,l,r(l-:-a)cos 2 ,o 

The distribution function Q(x) can be determined by (45.232) . 

If v(t) denotes the mrrnber of arrivals in the time interval (O,t) , 

then v ( t) /t ==;. l/a as t -+ 00 • Since n ( t) has the same asymptotic 

distribution as nv(t) , by Theorem 45.5 it follows that 

( ) l/a 
ljm P{ n t a < x} = Q(x) 

t -+ ~~ tl/a p(t) = 

also holds. 

65.8. By (62.167) we have 

n(t) = n 0 + x0 + x(t) - a(t) 
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where x(t) is defined by (62.166) and O ,:,S, cr(t) ~ t . If 

x(t) - D
1 
(t) 

l:in1~{ D
2
(t) ~ x} = Q(x) 

t + 00 

exists and lim D
2
(t)/t = oo, then obviously 

t ->- 00 

nCt) - D
1 
(t) 

limJ:{ D (t) ~x} = Q(x) 
t ->- 00 2 

also holds. In our case 

a. 1T 

where R
1 

(x) 

and 

1 is a stable distribution functj_on of type se a.1,1, f(J.-a.l)cos 2,0) 

. °21T 
wmr:<?-- !l2 (x) . is a stable distribution function of type S( ~,l, r(l.-a

2
}cos 2,0) 

Thus by (49.205) we obtain that 

<x}=Q(x) 

where Q(x) x are independent random variables 

for which !f e s x} = R1 (x) and }'f x -~ x} = R2(.x) • Since a.
1
/a.

2 
> 1 , it 

follows that n (t) has the same asymptotic cUstribution as x (t) as t + 00 • 
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. 65. 9. Since b < a and O < a2 + a; < "" , it follows that E{e } , 
a o "'~ n 

Var{ e } and E{ a } , Var{ 0 } exist. Thus by Theore.m 59. 6 and by 
A~- n ....-.. n "~~- n 

(59.107) we have 

where: A1 = E{e } 
~ ,.,._ n 

, A = I Var{e } 2 .~-~-- n 
i 

bas a! normal distribution of type 

' 

where r = Cov{e , a }/A2B2 . Accordingly (62.175) holds with 
~ n n 

and 

2 
~ =~~{(Alcrn - Blen) } 

2 (A + B )3 . 
1 1 

Denote by vn the munber of customers served in the n-th busy period. 

If b < a , then E{v } is firrlte and by Theorem 62.2 we have 
No- n 

oo P{x
1
+ ... +~ >, } 

E{v } = l/W(O) = exp { l ·""'- ·n n }. 
,....,._ n n==l n 

Thus by Theorem 6.1 in the Appendix we have 

E{an+ e } = A/W(O) 
""'" n 
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and 

and by Theorem 6.2 and Theorem 6.3 iri. the Appendix we have 

2 2 E{ ( cr + e - v a) } = cr /W ( o) , 
tv- n n n a 

2 2 E{(cr - v b) } = crb/W(O) 
"""" n n 

and 

E{(cr + 8 - v a)(o - v b)} = Cov{T - T 1, x }/W(O) = 0 • 
"''- n n n n n "-·..,.,.... n n- n 

Thus A1+ B1 = a/W(O) , B1 = b/W(O) and 

In the last equation we used that 

acr - b(cr + e ) = a(cr - v b) - b(cr + e - '\) a) • n n n n n n n n 

'lhe above fonnulas prove that (62.175) holds if M1 is given by (62.176) 

and M2 by (62.177) . 

65 .10. Let us use the same notati.on as in Theorem 62. 9 and denote by 

v the number of customers served in the n-th busy period. Then by ( 62 .106) 
n 

we have 

-wcr -se v 00 n -Wy -s(T -y ) 
1-E{e_ n n P n} = exp{- .,l Q. __ E{e .. n n n ó(Tn· ?_ yn)}} 
~ ~ln ~ 

for Re(s) ~O, Re(w) ~O and IPI ~l. Hence it follqws that 
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f or IPI < 1 . Here we used that E{T - y } = 0 . ,,_ n n 

Since 

2 E{(T - y ) } "._ n n 
2 2 

n(cr8 + crb ) 
= 1 

' 
it follows that 

E{ 1 T - y 1 } 00 2 F5 
l:im"~ n n =_l_ flxle-x/2dx=I~. 

n +oo /n(cr~ + ~) ~ -"" 7f 

Thus by 'Iheore..11 9. 3 in the Appendix we can conclude that · 

Since 

1 1 v 
- O') n 2E{ e p n} 

l:im (l-p)2 l E~ E{I• - Y !} = l:im (l-p)2 ,.,... n 
P +l-0 n=l. n Nv- n n 1-0 v 

1 
2 (1-p) 
\) 

1-E{p n} ,,.,,. 

p-t- 1-E{ p n} 

m n 1 
= exp{ l L [P{, ~ y J - - ] } 

n=l n ""' n - n 2 

for 1 p 1 < 1 , it follows that 

2 2 
cr + crb 

E{e } = A = ( a 
2 , ..... ._ n 

1 
2 m 

) exp{- l l [P{T ~ y __ J - l]} . 
l n N'- n-m 2 n= . 

= 

-S(T ..... , ) 
If we use the notation ~(s) = E{e n n-l } for Re(s) > 0 , then 

~(s) = 1-as~o(s) as s + +o . 



S-116 

· Since 

-:sa 
}--,fü e n} = 

. 1/2 
s 

for Re(s) > 0 , we obtain that 

Hence 

and 

lim 
s++o 

-son · i/2 
1-.fü e } = A(-

2 
2a ')) 

1/2 o + o"-
s a b 

lim P{o > X} 
""" n x + 00 

1 
1/2 = _A_ (~·-)2 

x 1/2 2 2 
Tr oa + ob 

for x > O • This limit theorem and the relation 

e1+ e2+" .+ e ____ n_ =? A 
n 

as n + 00 , by the solution of Problem 61.5 or by the 7-th statement of 

Theorem 59.2, imply that 

1/2 e (t) 
l:im P' { 2 a -2· J/2 ~ x} = 2~(x) -1 

t + ;:-- [(er~ + ob)t] · - ·-
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for x > 0 where cI> (x) is the no:;."'"mal di.3t'."ibi.ltion function. 

65 .11. Let us use the same nota.tion as in the solution of Proble;r1 

65 .10 . In this case by ( 61.191) and ( 61.192) we have 

1: - y 
lim P{ n n < x} = R(x) 

n -+ .;;"' (nh)l/a = 

where R(x) is a stable distribution function of type S(a,-1,f (l-a)cosa; ,O) . 

Hence it fol1ows that 

E{ ji: - y j } co l/a 
lirn ""' n n = f 1 x 1 dR (x) = _2 [ - r ( Î-a ) ] 

n-+ co (rih)l/a -eo r(-) 
a· 

(See (42.198).) Thus by Theorem 9,3 in the Appendix it follows that 

1 
co n 

lim ( 1-p ) a L Q_ E{ l i: - Y 1 } = 
] -0 

_
0 

n ,,,.~ n n 
r-+. n-· 

\) 

1 2E{El P n} 
= lim (l-p)a ""' n · - 2hl/a [-r(l~a)]l/o: . 

\) 

p-+l-0 1-E{p n} 

Since 

1 

(l-p) a = exp { I ~ [P{L ~ Y } - l]} 
v n n= 1 n ·"' n - n a 

1-E{p } ,.,_ 

for !PI < 1, it follows that 

1 
' - co 

l/a a . \ l r l]} E{El } = A = h [-r(l-ct)] exp{- l -- LPh ~ y } - - . 
,..,_. n n= 1 n ,...,._. n - n a 
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-S(T ·-1 ) 
If we use the notation ;p(s) = E{e . n n-l } for Re(s) .?_ 0 , then 

we have 

1 - l/l(s) = as + r(l-a)hsa + o (sa) 

as s ++o . Si11ce 

-scr l n } - co -sy -sy 
_1-~~...,,{.,,._e-,---= [l-l/J(s)Ja exp{- \ 1 [Ere n o(T > Y )} _ l E{e n}]} 

l/a s L n ""''\: n = n· a .. s ~l -

for Re(s) > O , we obtam that 

Accordingly, we have 

1 
a A al/a 

lim. P{cr > x }x = ------.:..,.-------::~ 
x + oo~ n r(l- l)hl/a[-r(l-a)J1/o: 

a 

and thus 

(cr1+cr2+ ••• +cr )h[-f(l-a)] * 
lim P{ · n i. x} = R (x) 

n-+ ;;-- a Aana 

* where R (x) is a stable distribution function of type 1 'IT S(-,1,cos -
2 

, O) • a a 

Furthermore, we have 

e1+ e
2
+ ... + e , 

- n ~ A n . 

as n + co • Thus by the solution of Problern 61. 5 or by the 7--th statement 

of Theorem 59.2 we obtain that 
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for x > 0 where Gl/a(x) is defined by (42.178). This result is in 

agreement with (62.194). 


