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GdJJ?TER Vl 

LIMIT THEOREl'·:S FOH sm LS OF l>TDEPENDEN'T' 

RANDCM VARIPJ?,LES 

Lf l. Fundamental Theoreru. In this section we shall prove some basic 

theorems which will be needeà in studying the Urriting behavio~r of sums of 

mutua11y j_ndependent and identically d:'Lstributed real rnri6om varia.bles. 

Random Trials. If we spealc about a ra':1dom tr·ial, then we suppose that 

e. pi"Dbabll:i.ty space (r2, B,P) is associated with the random trial. In the 
""" 

probatüli ty space, n is the sample space, that is, the set of all -che 

poss:tble outcomes of the random trial. 'J'he elements of ~2 r-u·c caJl2J 

sample pc1ints and are denoted by w In the probab11i ty space, !3 ~-s the 

class of random events corn:idered ir. tr:.e random tri2.l. l~c.ch l'3...îdorn event 

is def:i.ned as a subset of ril We slla1 l denote r2.ndorn events ty e:api teil 

Latin letters, such as A, B, C • There ar-e two exceptions. We sh&ll dcnote 

by ó"t tbe sure event, which always OCCi.lrS, and by e the irnpossib le event, 

whic.:h never occurs. The sure ever:t n cont3ins every sarn~Jlc point a'1d the 

impossible event 8 contains no sa>11ple jJOirt. If the occu.rr::;nce of A 

implies the occurrence of B , tllen we shall ;,,rrj_ te A c B • Tnen every 

point of A is contained in B • The cornplementary event~ of A will !Je 

v.n l~ tJe denoted by ABC 

among A, B, C, • • . will te de!1eited by Ah~~+C+ We ,3·J.ppcse V-2at B i0 
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a cr - algebra of subsets of n , that is, B is a class of subsets of n 

which satisfies the following two requirements: 

(i) If A E: B , then A E: B • 

(ii) If A E: B for n = 1,2, ••. , then 
n 

00 

l 
n=l 

A E: B 
n 

With every event A i:: B we associate a real number P{A} , the 
"--' 

probability of A • We suppose that the set function P{A} is nonnegative, 

nonned and cr- -add:i.tive, tha.t is, P{A} defin2d for A E: B satisfies the 

following three requirements: 

1 

C' i1 P{A} > 0 f or A E: B . 
! -

(ii) P{rl} = 1 

(iii) If An E: B f or n:: 1,2, ••• and AiAj = G for :i. ~ . then ' J ' 

00 00 

(1) P{ l A } = l P{A } 
,......... n::l n n=l ""- n 

If A1, A2, ••• , A
11

, ••• is an infinite sequence of events, then 

(2) * A = lim sup A = 
n n+ oo 

00 

II 
n=l 

00 

r=n 
A 
r 

i.s the event that infinitely many events occur in the sequence A1, A
2

, •.. , 

\i' ... , and 

.,,, w 

(3) A* = lJm inf f"1. = l II A n r n-+ oo fl"'_l... F-"D 
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is the event that all but a finite number of evEnts occur 1n the sequence 

* If A = A* , then we say that the sequence of events A1, A2, •.. , An,··· 

* ha..s a limit and 1t is defined by lirn A = A = A 
n * . 

If A e: B 
n 

n+ 00 

* for n = 1,2, ••• , then otviously A e: B and A* e: B , 

and we can easily prove that 

(L!) 

and 

( 5) 

If ljm A 
n+ co n 

(6) 

. * P{A } = 
00 

lirnX{ L Ar} 
n+ 0-0 r==n 

co 

P{A*} = lirn P{ IT A } • 
r""" """"" r n+ 00 r=n 

exists, then it follows eas1ly from (4) and (5) that 

P{lirn A } 
"~ n+ oo n 

= lim P{A } 
"""" n n-+ oo 

If A1 , A2, ... , An,··· is a monotone sequence of events, that is, 

either• A1c ~ c. ••• c.An c... or A1==' A2 ? •.. ?An :::i ••• , then by (2) and 

* (3) we have A = A* , that is, lim An exists a.~d (6) holds. 
n-+"" 

'i1he events A1 , A2, ••• , An are saicl to be mutually independent if 

(7) 

f or all 

P{A. 
IV- l, 

.L 

A .••• A. } = P{A. }P{A. }. •• P{A.} 
l? l.k "'"' l-l l? ll. 
~ . - { 

l <" ·j_ < <i" <.r1 
= 1 1 <.. 2 • • • k =" " and k ::: 1, 2 , ••• , n • 
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We sas that Al' A2, ••• , f\
1

, ••• is an infinite sequence of mutually 

independent events if (7) holds for all n == 1,2, •••• 

The events A1 , A2 , ••• , ~ are said to be interchangeable if 

for all 1 ~ i 1 < i 2 < • • • < ik -~ n and k = 1, 2, ••• , n • 

We Sa;J that A1 , A2, ..• , ~, ..• is an infintte sequence of inter

changeable events if (8) holds for all n ~ 1,2, •••• 

Naw we shall prove two theorems for &"l infinite sequence of random 

events. These theorems were proved in a particular case in 1909 by 
/ 

E ~ Bórel [ 16 ] , and in a more general case in 1917 by F. P. Can te lli [ 18 ] . 

{;ee also P. Lèvy [ 113] pp. 126-128.) 

Theorem 1. If A1 , A2, •.• , An,··· a.re arbitrar<J events, and 

00 

(9) l P{A } < oo , 

1
,.,..... n 

n= 

then 

ro oo 

( 10) * P{A } = P{ rr l Ar} = 0 • 
,.,..... ,.,.... n=l r==n 

Proof. Obviously we have -

(11) 

for all n = J., 2,.. • • Hence by Bcole' s ineq_uaUty :Lt follows that 
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(12) * 0 .::_ P{ P. } < ,.,._ 

00 

l P{A } ,..,.__ r 
r==n 

for n = 1,2, .•.. Now by (9) the extreme right member in (12) tends to 

* 0 as n -... oo • 'I'hus P{A } = 0 which was to be proved. 
tv-. 

'Iheorem 2. If A1 , A"2, ••• , An,. • • a.re mutuaJ.ly independent events, 

and 

( 1.3) 

then 

(14) 

Proof. We 

we have 

(15) 

00 

l !_U\) 
n=l 

* P{A } = P{ ,.,... ,.,.._ 

= 00 , 

00 

IT 
n=l 

00 

I A } = 1 r . 
r=n 

shall prove that P{A~°J. = 0 which implies ,..,.,. 

00 

P{~} = lirn P{ II I } 
/Vl.;. l"i'-- r . 

11-... co r=n 

Furthennore, we can write that 

(16) 

(14). By (4) 

for all m ~ n • Here we used the fact that A
1

, A2 , ••• , An, . . . are also 

mutually independent events. Since evidently 

(17) 

it follows that 

(18) 

-P{A } 
P{A } = 1-P{A } < e ,.,.__ r 
~ r ,,,... r = ' 

00 

0 ~ P{ Il A } < e ,.,,_ r 
r=n 
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f or m > n • Now by (13) the extreme rigLt merriber of (18) tends to O 

as m + oo • Thus 

00 

(19) 

for all n = 1,2, ..• Finally, by (15) we obtain that P('Aï~} = 0 which 

was to be proved. 

Corollary 1. Ii' A1, A2, ••. , ~, ... are mutually independent events, 

then 

< 00 

' 
( 20) * P{A } = 0 whenever 

00 

""'" 
2J1.d 

( 21) * P{A } = 1 
00 

whenever l P{A } = oo • 

1 -- n n= 

This last statement is the so-called Borel-Cantelli theor-ern. 

Random Variables. Let us consider a random trial and let (Q~B, P) ,.,,_ 

be the associated probability space. If we speak about a real random 

variable t;, concerning the random trial, then by this we u.nderstand a r-eal 

function E;, = t;,(w) defined for w c: Q and measurable with respect to B , 

that is, for every real x the event {w : t;, (w) ~ x} c: B • A random 

variable t;, ( w) may be fini te or infini te. If i.t is not specified ether-

wise, then by a randan variable E;, we mean a finite, measurable, real 

fu.riction ç;(w) defined on Q • 

If s = E;,(ül) j_s a finite random vat':i_able, then the f'unction 
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(22) P(x) = P{E;, ~ x} 
~ 

defjned for -oo < x < +co is called the distribution f'unction ~f the random 

variable. We define F(-t-oo) - lim F(x) and F(-00 ) = lin1 F(x) 
x + 00 x+ - "" 

If we 1a1ow the distribution function of ç , then we can determine the 

probability 

(23) Q(S) = P{E;, e: S} 
""" 

for any Borel set S of the real line, that is, for any set S which 

belongs to the rninimal 0- algebra which contcüns all tl1e intervals of the 
1 

real l.!i.ne. This follows from the extension theorem of Carathéodory. ( See 'Jh~orem 
1.2 in the 

/\Appendix . ) The set function Q ( S) is r.onnegati ve, norrr:;d and J - addi ti ve, 

that is, a probability measure defined on the 0- algebra of all the Borel 

subsets of the real line. 

We can classify random variables according to their distribution 

functions. Let t;, be a fini te random va_riable and let P{ t;. ~ x} = F(x) . ,.,.,. --

'Ibe point spectrum S of E;, is defined as the set of discontinuity points 

of F(x) , that is, 

(24) S = {x F(x+O) - F(x-0) > 0} . 

The set S is either empty or finite or countably infinite. The continuou..."> 

spectrum R of t;, is defined as the set of all those continuity points of 

F(x) in which F(x) is increasing" that 

(25) R = {x:F(x+e:)-F(x-e:) > 0 for all e: > O and F(x+O)-P(x-0) = 0} . 
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The set R is perfect (possibly e.mpty), that is, R is closed ar.d 

contains no isolo.ted points. 

If R is the empty set, then we say that s is a discrete random 

variable. In thls case each a € S is called a possible value of the 

random variable s If s is discrete, then 

(26) I P{s = a} = 1 
at:Sr"'"" 

and 

c 27) F(x) = I P{s = a} 
a<x ...,._ 

aeS 
is a step function. 

If s a 
is~discrete random variable, if P{t; = O} < 1 , and if 

"""' 
se:. { nÀ: n = O, +l, +2, ••• } for some positive À> then we say that ç; 

is a lattice random variable. The largest À which satisfies the above 

requirP..raent is called the step of E; 

If S is the empty set, then E; is called a continuous random 

variable. T.hen F(x) is a continuous function of x . 

(28) 

Let E; be a fïnite real random variable, and P{t; ..:::. x} = F(x) . If 

00 

f lsCw)ldP = f Jx!dF(x) 
f.1 ,_... _oo 

< 00 

' 

then we say that E; ha.s a finite expectat:ton defincd by 

(29) E{ E;} = f ç;(w)dP - j xdl<'( x) ,.,.. ,...... 

In this case we say also that E{E;,} exists. 
IV'-
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If the integral::> in (28) diverge, then E{t;} =+co or E{t;} = - 00 or 
.~1,1.... /V\-, 

E{ç:} is indeterminate. Obv:Lously E{ç:} exi.sts if and only if E{Jt;J} <co • 

If g(x) is a finite Borel measurabJ.e functi.on of x then n = g(O 

is also a raridom variable and its expectation is given by 

00 

(30) E{ n} ::::. f g(ç: (w) )dP = J g(x)dF(x) 
""" Q """ -«' 

provided that the integrals in (30) are absolutely convergent. 

The expectatj_on E{ç;k} (k = 0,1,2, ••• ) is cal.led the k-th moment of 
""' 

s (about the orrlgin) prov:Lded that it exists. 

If the expectation E{O exists, then we define E{[t;-E{O ]k} 
""- """ 

r,~" = o , 2 ) .n. -,.1_, , ••• as the k-·tl1 central moment of s provided that it exists . 

fue second centra.J_ moment is cal.led also the variance of s and is denoted 

by Var{ç;} • 
~ 

'l'he following inequality which was found in 1855 by ;r. Bienaymé [ 8 ] 

and in 1867 by P. L. Chebyshev [4?4 ] for discrete random variables is a 

ver:; useful one in the theory of probability. (See also li...A. Larkovf?et!-]p.54 .• ) 

Theorem 3. If s is a nonnegati ve randan variable, then 

(31) _!H: > a} <,]{~} 

for 8.ny a > O • 

Proof. Iet us de fine a ranàcm variable x j_n tlïf; following way: 

x ·- 1 if s > a and x = 0 tf s < a • 'lhen we hs.ve 

. .. 
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(32) ax ~- s . 

If x = 0 , then (32) is ev:Ldent. If x =l , then s ~ a , and thus (32) 

hoJds in this case too. By (32) we obta1n that 

(33) aE{x} .:_ E{S} ,_ 

and obviously E{x} = P{x = l} = P{s > a} • If a > O , then (31) follows 
/\.- /'v~ ./\,v.,. 

fran (33). 

Iet ç1 , s2, ... , çn be n real ranG'Jffi varisbles. We define 

for all real xl' x2, ••. , xn as the joint distribution functlon of 

If we J.mow the joint distribution function of' sl' i;, 2 , ••• , sn , then 

we can determine the probability 

(35) 

for any Borel set of the n-dimensional Euclidean space, that is, for any 

set S which belongs to the minimal cr- algebra which contains all the 

"i..11tervals" of the n-dimensional Euclidean space. This follows from the 
/ T.t;i~orem 1.2 in the 

extension theorem of Caratheodory. 1_,,ee Appendix • ) The set :f'unct.ion ,.. 

Q(S) is nonnegative, normed 8nd. er- additlve, that is, Q(S) is a probabi.J_ity 

meastire defïned on the o- algebra of aJ.l the Borel subsets of the n-ciirnenfüon2l 

Euclidean space. 
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We can introduce some u.seful classification for a finite or an infinite 

sequence of real randcm variables based on their joint distribution f'unctions. 

_J;ie real random variables ~l' s2 , .•• , t;n are said to be mutually independent 

if 

holds for all real x1 , x2, .•• , xn 

We say that s1 , s2, ..• , t;
11

, ••• is an infinite sequence of mutually 

independent real random variables if (36) holds for all n = 1,2, .... 

The real randan va~ia.bles sl' s2, .•• ' sn are said to be inter

changeable if 

holds for every pennutation (i1 , i 2 , ••• , in) of (1,2, .•. , n) m1d for 

all real x1 , x2, .•. , xn 

We say that ~l' t; 2, .•• , s
11

, ••• is an infinite sequence of inter

changeable real ran.dom variables if ( 37) holds for all n = 1, 2,. . • . 

The Borel-Cantelli theorem (Corollary 1) :implies the following result: 

Let A
1

, ~, ••• , An,. • • be a sequence of mutually independent events. 

Define t;n = 1 if An occurs, and t;n = O if A
11 

does not occur. 11hen 

(38) 1_){ y ~· 
.l /., "' 

,-v- n::::l n 
converp:es} 

is either O or 1 • '11his last statement is true fr.Jr any sequence of 

mutually independent rar1dan variables. This f ollows from a more gene ral 
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t:;heorem, the so-called 11 zero-or-one lawn, which was discovcred in several 

cases in 1931 by P. Lévy_ [ 1+28] and was formulated in a general form in 

1933 by A. N. Kolmogorov [ 100]. 
/ 

(See also P. Levy [112], and [ 113] 

pp. 128-130.) Before proving this theorem let us make some prelirninary 

statem8nts. 

A class of events A is called an algebra of events if it satisfies 

the following two requirements: 

and 

(i) If A E A , then A E A 

( .. ) ,11 
n 

for k = 1,2, ••. , n, then l Ak E A for any finite 
k=l 

n = 1,2,... • 

A class of events M is called a monotone class of event3 if it 

satis fies the follovnng requirement: 

Jf An E M for n = 1,2, •.. and {A
11

} is a monotone sequence} then 

1im An E M . 
n+ co 

Denote by B the minimal o - algebra wr..ich contains the algebra A , 

and denote by M the m;in:imal monotone class which contains A We csn 

easily prove that B and M coincide. (See T.taeorem 1.1. in the Appendix.) 

Now let us consider a random trial n.nd denote by ( Q, B, l') th"? 

associated probability space. Let s1, E.;rJ, ••• ' s , ... be ari infinite 
. c. n 

sequence of mutu3.lly independent real random vari2bles. Deno+.;e by Bn the 

cr-· algeb~a generated by the random variables That h>, 
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B is the minimal o - algebra which contains the events {w n 
for all k = 1,2, ..• , n 2nd for all real x. 

Denote by A the a- algebra generated by the random variables rr 

that is, An is the minimal a - algebra which contains the events 

{w : ~k(w) 2_ x} for all k = n, n+l, ••• a.~d for all real x. 

Let A be the intersection of A1, A2, ... , An, ... , that is, 

00 

(39) A = n A 
n=l n 

>:' ~ 

"'n' "n+ l' · · · ' 

The class of events A is obviously a a - algebra, the so-caJ.led tail 

a- algebra. 
1 

Now we can forrnulate the zero-or-one law in the follow:Lng way: 

Theorem 4. If A E A, then either PUU = 0 or P{A} -· 1 . ,,...,... ,.,.... 

Proof. Let 

(40) M = {B : BE B for some n = 1,2, .•. } . o n 

We can easily see that M
0 

is an algebra of events, and A1 is the minimal 

a - algebra wlLi..ch contains M 
0 

For a given A E A let us define 

(41) M = {B : P{AB} = P{A}P{B} and B E A
1

} • 

We can easily see that M ls a monotone class of events and öy defirütion 
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We shall prove that M
0 

c. M • Since A1 is the minimal cr - algebra 

which contains M
0 

, this implies that A1 c M • Consequently we have 

M = A1 a."1d therefore A c M. Thus we can conclud2 that A i:: M (being 

At.A), that is, P{A} = P{A}P{A}. Accordjngly, if A E A, then either 
""' IV- cv--

P{A} = 0 or P{A} = 1 . 

It remains only to prove that M c M , that is" if B E M , then 
0 0 

B E M . If B E M 
0 

, then B E B n for sane n= 1,2, ••. . On the other 

ha.vid if A E A J then A E A
11 

fcr eveF:J n = 1,2, .•• . Thus B t: B 

A E A +1 for some n = 1,2, ••. , which implies that, A and B are n. 
1 

éILd n 

indepebdent, that is P{~B} = P{A}P{B} • Hence it fellows that B E M • 
i ""'-" ,,..,..._ ,...,..._ 

This completes the proof of the theorem. 

For many purposes it is convenient to introduce complex random variables 

too. A canplex random variable r; is defined as ç;+ir1 where ç; and r1 

are real random va2'.'iables and i is the square root of -1 . If we !mow 

the joint distribution of ç; and n , then we can detemäne the probability 

that r; = ç;+in belongs to any Borel set of the canplex plane. 

If E{ç;} and E{n} exist, then we say that the expectaticn E{ç} 
,.,.,, """ A;-

exists and it is defined by 

(42) E{r;} = E{Ç} + iE{n} • 

Otherwise we say that E{r;} does not exist. Evidently E{i;:} exist2 1f 

and only if E{jr,j} < 00 

N-

If ç; is a real :random variable and g(x) = g
1 

(x) + ig
2

(x) where 

g1(x) and g2(x) are finite Borel measurable functions, then g(ç;) is a 
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complex random variable. If P{~ ~ x} = F(x) , then 
f"'-

00 

(43) E{g(ç;)} = 
""' 

J g(x)dF(x) 

provided that the integral in (43) is absolutely convergent. 

By choosing va.rious functions g(x) we can define by (43) variou.s 

transforms of F(x) which have great importance in the theory of proba-

bility. 

In w!"lat follows we shall assume that ç; is 8. real random varia~le 
1 

1 

and it$ distribution function is P{ ç; ~ x} = F(x) • 
1 

Let g(x) 

t:Lon 

(44) 

-sx = e where s 

""" -

is a real or complex number. 

00 

f -SX,..n~1 t '\ = e ut' \X, ~(s) 

rille expecta-

is a function of s , if it exists, and it is called the Laplace-Stieltjes 

transfonn of ç; , or the Laplace-Stieltjes transform of F(x) . 

If Re(s) = 0 , then cp(s) always exists. If cp(s) exists for 

s = o1+ i•1 and s = o2+ i.2 , where o1 < o2 , then it exists in the 

strip o1 < Re(s) < o2 a.YJ.d ~ (s) is a regular function of s in this 

strip. 

If cp(s) exists for Re(s) =- c , then F(x) 1.s llniquely detenrL'...ned 

by cf>(s) g_i.ven for Re(s) = c • 'l'his is a consequence of the inversion 
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formulas given below. 

In 1922 P. révy [110 J, [lllp.166] proved the follow~ng :i.nver·sion forrnula. 

'Iheorem 5. If ~(s) is the Laplace-Stielties transforrn of a non

decreasing f'unction F(x) defined on (-00 , 00 ) for which F(+00 ) and F(-00 ) 

are finite, that is, 

00 

(45) ~(s) = J e-sxdF(x) , 

then (45) is absolutely convergent for Re(s) == 0 and 

(46) l:im 1 
2'lfi '14- 00 

iT sb sa , 
f e - e ~r )d = F(b+O; + F(b-0) s ~,s s 2 

-iT 
F(à+O) + F(a-0) 

2 

f or any real a and b • 

Proof. Let us suppose that a < b • For any fixed a and b let 

(47) 
iT sb sa T 

I l f e - e ~(s)ds l f 
T = 2'lfi s = 21T -T -iT 

itb ita 
e i~ e ~(it)dt 

.If we put (45) into (47) and interchange the order of integration, then 

we obtain that 

( 48) IT = f JT(x)dF(x) 
-00 

where 

(49) 
'1·1(...,._'.'.> ;' ·1 ... " ............ 

Jrr(x) = ::. f 
Tr T(x-b) 

S -{.~ u 
• .L.1 • d -·- u. u 
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Sj_nce 

(50) 

f or any c > O and 

(51) 

c . îf • 

O < J sin u du < f ~in u du = 1. 85 19 ••• 
u = u 

0 0 

00 • 

r sin u îf 
J --- du=-· 
0 u 2 

by Dirichlet 's . integr>al fonnu..la, i t follows that J m ( x) is 2. bc:unded 
l 

functicn of x and 
1 if a < x < b , 

(52) lim JT(x) = J(x) 1 if - 2 x = a or x = 
T+ oo . 

b 

0 if x < a or x > b. 

Hence by (48) 

(53) 
00 

lim 1 = J J(x)dF(x) = F(b+O) ~ F(b-0) _ yCa+O) ~2.:_J'(a-:_Q) 'l'+oo T -"" 

for a < b • This completes the proof of the theorem. 

' 

The following inversion fonnula is gi,ren by D. V. Widder [215] p. 242. 

Theorem 6. If cf>(s) is the La.place-Stieltjes transform of a non-

decreaslng function F(x) deflned on (-00 > 00 ) for wlüch F(+00 ) and 

co 

(54) qi(s) = J e-sxdF(x) 
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and if (54) is absolutely convergent for o1 < Re(s) < cr 2 , then 

(55) 1 c+iT sa F( +O) + F( O) 
lim -. J ~ cp(s)ds = a a- - F(-oo) 
m_,._ 2n l . r

1
, S 2 

.L ~co C-l 

whenever cr1 < c < cr2 and c > 0 , and 

(56) . 1 c+i'r esa "-(s)ds = F(a+O) + F(a-0) 
lnn -2 . J '+' 2 - F ( +oo) 
m._,_ n1 .T s 
.L~ 00 C-l 

whenever and c < 0 • 

Proof. 'Ihe prcof ls based on Dj_rich1et 1 s integral formulél. (51.) and 

follows on similar lines as the proof of the previous theorem. 

Now we shall show that if F(x) is a distribution function, then F(x) 

is urüquely determined by i ts Laplace-Stiel tj es trans form <P ( s) gi ven :for 

Re(s) = c. If F(x) is a distributj_on function, then F(+oo) = 1 , F(-co) = 0 

and F(x+o) = F(x) for ever-; x • For every a we can determine 

[F(a+O) + F(a-0)]/2 by (46) i:f c = O (b-+ +co) , by (55) if c > O , and 

by (56) if c < 0 • If x = a is a contimuity point of F(x) , then 

F(a) = [F(a+O) + F(a-0) ]/2 • If x = a is a discontinuJty point of F(x) , 

then F(a) = F(a+O) , and we can find a sequence of continuity points {a } 
n 

of F(x) such that 

F(a+O) = lim F(an) • 
n+ co 

for all n and JJJTI a = a • 
n+ co n 

'Ihen F(a) = 

If ç;
1

, ç; 2, ••• , ç;
11 

are :real random varj_abJ.cr3 and s 1 , s 2, ••. , s
11 

are 

ca11plex or real. numbers, then we can d~f:i.ne the cxpectati.on 
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(57) 
-sl~l- 8 2.;2- ••. -s .; 

( ) = E{e , n n} 
cl> sl' s2, ..• ' sn IV" 

if i t exists. 'lhe function ~(s1 , sr., ... , s ) is the multi-dimensJonal c. n 

La.place-Stieltjes transform of the randcm variables F,l' .;
2

, .•• , .;n . If 

then 

( 59) 

j_s the multi-dimensional Laplace-Stieltjes transform of the joint ciistribution 

1he expectation (57) always exists if Re(s1 ) = Re(s
2

) = 

and (58) is uniquely detenn:ined by ~(s1 , s2, •.. , s) • 
.J. n 

••• = Re(s ) = O n 

We note that if .;1, .;2, ..• , .;n are mutually independent random variables, 

then 

(60) 

for all those s1 , s 2, ••. , sn for which the expectations exist. 

In a similar Wa:J as the Laplace-Stieltjes transfonn we caYJ. def:i.ne various 

other tr3nsform.s of a r-e;:ll random variable t, • Let P{.; ;;.., x} = F'(x) . 
,_ 

The expectat:lon 
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00 

(61) E{é} = J zxdF(x) , 

if it exists, is called the generating function of Ç. • 

The expectation 

(62) 

if it exists".is called the characteristic function of E, , or, the 

Fourier-Stieltjes transform of F(x) • 

Ttie transforms (61) and (62) ar>e merely variants of the Laplace-Stieltjes 
1 

transfonn ( 44) . If in ( 1~4) we put s = -log z , then we obtain ( 61) and 

if in (44) we out s = -iw , then we obtain (62). 

For nonnegati ve random var·iables E, we occasiona1ly consider the JViellin-

Stieltjes transform 

(63) 

(64) 

00 

E{ç;s} -- f xsdF(x) = µ(s) • 
+o 

If (63) is convergent for o1 < Re(s) < a
2 

, then 

· 1 c+iT á-s F(a+O) + F(a-0) 
lim -. J - µ(s)ds = F(oo) - ---------
T->- oo 2nJ. c-iT s 2 

whenever cr1 < c < o2 and c > 0 and 
' 

l c+iT . -s 
lim r f 9;_ µ (s)ds = 
'l'-+ oo ol. c-j_T s 

F(+O) _ F(a+O) : F(2.-0_) 
c~ 

whenever 0
1 

< c < o· 2 and c < O . In (Eiln F( 00 ) == 1 

For nonhegative rmidom variables !; we occasionally consider a:'c.so 

c,._. 
0 )/ 

. ' 
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the Stieltjes tr·ansform 

(66) E{ 1 } = 
,...,..,.. s + ~ 

co 

J 
+O 

l -- dF(x) • s + x 

The integral (f,6) converges everywhere on the ccmplex plane except the 

negative real axis. 

For any positive a we have 

(67) 
a 

lirn 2
1. J [µ(-u-iE)-µ(-u+is)]du = 

s-+O 7Tl o 

_ F(a+O) + F(a-0) F(+O) + F(O) 
- 2 ·- - ----2 --

Here F(a+O) = F(a.) for all a > O • 
1 

1 'IWo Theorems of Helly .In 1912 ~~el~ [73 ] discovered several important 

theorems for a sequence of nondecreasing functions. These theorems are 

extrernely useful in the theory of probability becau.:>e wc ca.ri apply tht311. to 

a sequence of distributj_on functions. Our next aim is to prove these theorems. 

Let G (x) (n = 1,2, .•• ) be a sequence of nondecreasing fu.nctions n 

defined on the interval (-00 , co) • Let G(x) be also a nondecreasi.ng 

function defined on (-"", 00 ) • Denote by C the set of all those real numbers 

x fo:r which G(x) is continuous. 

Definition. We say that the sequence {Gn(x)} conve~ges weakly to 

G(x) if 

(68) l . '""f·)-C''() __ im u , :x: - , x 
n 

n->-oo 

_for_ every_ x E.: C • We shall write also Gn (x)"' G(x) • 
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Lenma 1. We havP. 

(69) lirn G (x) = G(x) 
n 

n-+ "° 

f or every x E C if and only if 

(70) lim G (x) = G(x) 
n n ->-oo 

f or every x E D where D is a set dense everywhere on the real line. 

Proof. 'l'he necessity of the condition is obvious. 'lhe set of dis-

continu:i.ty po:LYJ.ts of G(x) is at most co1mtable. Thus C is dense every-
' 1 
1 

where.: Let us prove the sufficiency of the condition. For any x E C let 
1 

! 
us chobse two sequences a1 , a 2 , • • . and b1 , b2, • • • in such a way that 

ak c D , bk c D and ~ ~~ x < bk f or k = 1, 2, ••• , and lirn 'l<: = lirn bk = x . 
k-+ 00 • k-+ 00 

'Ihen 

( 71) 

If n-+ 00 in (71), then we obtain that 

(72) G(~) < lim inf Gn(x) < lirn sup Gn(x) ~ G(bk) • 
n-+ oo n+ oo 

Since 

( 73) lirn G(8k) = lim G(bk) = G(x) 
k-+ 00 k-+ 00 

it follows fran (72) that lim Gn(x) -· G(x) for any x E C • This completes 
n+ 00 

the proof of the lemma. 

! . ' 
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Theorem _l. Let G1 (x), G2 (x) _, ••• , Gn (x), ••• be a sequence of non-

decreasing functions defined on the interval (--00 , 00 ) • Let us assrnne th.at 

Gn(00 ) < K and Gn(--00) = 0 for a.11 n = 1,2, ••.. !.hen the sequence 

contalns a subsequence {Gn, (x)} 
K 

which converges weal~ly to a nondecreasing function G(x) • 

Proof. Let D = {a1 , a2, .•. , an, ••• } be a cou.'îtable set which is 

dense everywhere in (-ex.., 00 ) • For example, D may be choseri: as the set o:!:~ 

rational numbers. Since 0 < Gn(a1 ) < K for n = 1,2, •.• , by the Bolza'îo-

Weier.strass theorem 

1 

Since / O < G (l)Ca2 ) ~ K 

~f,o cm1tains 

contaim~ a converr;ent subseque:nce { G ( 1 ) ( al ) } . 

~ 
for n = 1,2, ••• by the Bolzano-Weierstrass theorem 

a convergent subsequence Obviously 

{G (2,(a1)} is also convergent. Continuing this procedure for every 
n ; 

k 

r == 1,2, ... we can find a subsequence {G (r)(x)} such ümt 1t is convergent 
nk 

for x = a1, a2, ... , ar and the r-th sequerice is a subsequence of the r-1 st 

one. By Cantor's method of diagonals, we can conclude that if G (x) = 
nk 

G (k) (x) 
nk 

for k = 1,2, ••• , then {G (x)} 
~ 

Let us define 

(74) G(x) = lim G (x) 
k~ oo nk 

is convergent f or all x s D 

for x s D . Obviously G(x) is nondecrea.sing on the set D . Thus G(x+O) 

and G(x-0) exi~:;t for ever-J x and are uniquely detennined by C(x) ro~ 

x s D • If x I D ,, then let us def:i.ne G(x) é:i.S any real n1.,mib8r cat:Lsfy~.ng 
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the inequalities G(x-0) ;;_, G(x) ;;_, G(x+O) 

function of x defined on the interval 

'!"rten G(x) is a nondecreasj11g 
G(x) 

(-"",
00

) and lim Gn(x)= ..... for x E: D. 
n+ co 

By Len:ma 1, it follows that Gr/x)~G(x) which was to be proved. 

We note that 0 < G(-00 ) and G(+00 ) ~ K necessarily hold. 

Tneorem 8. Let {G ( x)} be a. sequence of' no~decreasing functions, 
-- n 

àefined on the interval (-00 , 00 ) , wtp_ch con ver-ges weakly to a nondec::'.'easi.ng_ 

function G(x) .• Let us assume that Gn( 00 ) < K and Gn(-oo) = 0 for all 

n = 1,2, •..• If 

(75) 1.im G (-oo) -· G(-oo) 
n n+ oo 

and lim G (+co) = G(+oo) 
n n+ co 

and if h(x) is a continuous and bounded fünction of x on the interval 

co co 

('{6) J.im J h(x)dGn(x) = J h(x)dG(x) 
n-r co -00 -co 

Proof. Let ih(x)I < M for -oo < x < 00 • Denote by C the set of 

continuity points of G(x) • For any E: > 0 let us choose a E: C and 

b E: C such that G( a) < c:/l"'l and G( +00 ) - G( b) < e/M • Let us c.hoose a. 

suff1ciently large munber of points xk r. C (k = 0,1, ••• , m) such that 

(77) 

x = b m and 

e:: 
< K 

if xk ~ x;;, xk+l (k =· 0,1, ••• , m-1) • This can be a.-::11.ieved because h(x) 

iö uniforrnly contj_nuous on the interval [a,b] • Let us choc2e N so lai'e;e 

that if n > N , then 
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(78) s 
< -. 

Mm 

for k = 0,1, ... , m and 1Gn(00
) - G( 00 )I < s/M. 

Now we shall show that 

00 00 

(79) IJ h(x)dGn(x) - J h(x)dG(x)I < lOe: 

if n > N . 

Let us define 

(80) 

and k = 0,1, ••. , m-1 . With this notation we C2Il m:ite that 

00 00 a a b b 
IJ hdGn- J hdG! 
-"" -00 

< IJ hdGn- J tdG! +IJ hdGn- fhe:dGnl 
-oo -oo a a 

(81) 
b b b b 00 00 

+ 1 fhe:dGn- f he:dG! + IJ hsdG - f hdGI + lbfhdGn- bfhctGi • 
a a a a 

On the right hand side of (81) the first terrn is < M[Gn(a) + G(a)] < 32 , 

the second term is < s , the fourth term is < s and the fifth tenn is 

~ JVI[Gn(cn) - Gn(b) + G( 00 ) - G(b)] ~ 3 e:. We can easily prove that the third 

tenn on the right- hand side of (81) is -5_. 2 e:, whence (79) follows. To 

prove the last statement let us obser've that 



,. 

VT-26 

b b m-1 
J h dG - J h dG = I h(xk)[G (xl+l) - G (xk)] -
a s n ~ s k-O • n <: n 

0. -

(82) 
m-1 m-1 
I h(xk)[G(xktl) - G(xk)] = L h(xk)[G (x1 +l) - G(xk+l)] 

k=O - k=O '- n K -

By (78) it follows immediately that the absolute value of (82) is ~ 2 s. 

IJ:his completes.the proof of (79) which implies (76). 

j 
F',,_nally, we note that if lim h(x) = lim h(x) ::: 0 , then (76) is 

i x-++ oo x+ -oo 

true wfthout maldng the assumption (75). 
1 

Contlnuity Theorems. Let {Fn(x)} is a seqw~nce of distribution 

functions, and let 

00 

(83) cpn(s) = J e-sxdFn(x) 
_oo 

be the Iaplace-Stieltjes transform of Fn(x) • If Re(s) = Ö , then (83) 

is absolutely convergent. 

Theorem 9. If {Fn(x)} converges weakly to a dist!'ibution function_ 

F(x) and 

00 

(84) cp(s) = J e-sxdF(x) 

(85) 

/ 

-00 

lim cp (s) = c/;(s) 
n n+ 00 

·-- ··-------·-

.\We note tha·t; if G (x) ) G(x) end 
I Il 

('75) hold.s too, 
that Gn(x) converges weakly and completely to G(x). 

then we say 
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Proof. This theorem is a particular case of Tneorem 8. For if 

Re(s) = 0, then h(x) = e-sx is a continuous function of x and ih(x)I < 1 

f or .-oo < x < 00 1e-·sx1 < 1 for every Since s with Re(s) = O , it 

follows that cp (s) + cp(s) uniformly on Re(s) = 0 • 
n 

Under certatn conditions the converse of Theorem 9 is also valj_d. Tne 

/ 

following theorem was found by H. Cramer [503 ] . He improved an earlier 
Îil t 922 / r:-~·---··--------·-·:- • • 

version foundÀ by P. Le_TX\ [111 p. 197] ~~-:~~"-~ 

'Iheorem 10. If 

( 86) lim cp (s) = cp(s) 
n n+ oo 

for every_ s for which Re ( s) = 0 and 

(87) lim cp(s) = 1 , 
s+O 

then {Fn(x)} converges weakly toa distr:Lbution fu.nction F(x) a."1d 

00 

(88) J e-sxd.F(x) = cp(s) 

for Re(s) = 0 • 

Proof. By '11.heorem 7 it follows that every subsequence of {F (x)} 
n 

contatns a subsequence {F (x)} which converges weakly to a nondecreasin.g 
nk 

function F( x) and 0 ~ F(-·00 ) and F( 00 ) < 1 . Without loss of genera1:ity 

we rnay assume that F(x+O) = F(x) for ever>;/ x • We shall prove that 

:B'( 00 ) - F(-00 ) ~ 1 } whence it follows that F(x) is a distribution funct1on. 
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We can easily see that for any s > 0 we have the inequality 

(89) 
2 2 1 c 

F (-=-) - F (- -) > 21 -;---) J <P (iu)duj- 1 . n .... n c· = /E: n kc.. k "" ~ -e: K 

If k + 00 , then <P (s) + cp(s) 
r>K 

for Re(s) = 0 and l$n (s)j :::__ 1 for 
1<: 

Re(s) = 0 • Thus if x = 2/e: and :x: = -2/t. are continuity points of 

F'(x) , then by (89) it follows that 

(90) 
E: 

F(oo)-F(-oo) ~ F(f) - F(- ~) ~ 21 ~E: J <P(iu)du!- 1 • 
-·C 

Since by (87) lim <P ( s ) == l , 
s ->-0 

it followc that the extreme: right member of 
1 

(90) tends to 
1 

1 if E: + 0 . This implies that F( 00 ) - F(-"") > 1 , tha.t 

is, F{x) is a distribution function. 

Accordingly, we pr'oved that F 1\: (x) ~ F(x) where F(x) 

function. We can apply Theorem 8 to the sequence {F (x)} 
1\: 

00 00 

(91) lL~ J e-sxdF (x) = J e-sxdF(x) 
k+ 00 ...m 1\: -oo 

for Re(s) = 0 • By (86) and (91) we can conclude that 

00 

(92) J e-sxdF(x) = cp(s) for Re(s) = 0 , 

is a distribution 

to obtain that 

that is, cp(s) is necessarily the La.place-Stieltjes transform of a distribu-

tion function. Tne distributJon function F(x) is uniquely determined by 

cp(s) • (See Theorem 5.) Thus tt1e distrH-iution function F(x) does not 

depend on the partic~üar sequence {F (x)}. 
nk 

For every subsaquence of 

{F (x)} contains a subsequence which converges weakly to the same clistribution 
n 
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function P(x) • Ttüs implies that the whole sequence {F' (x)} 
n 

con11erges 

weakly to F(x) • 

This last statement ca.1 be proved by contradj_ction. Let us suppose 

that x = a is a continuity point of F(x) arid lim F'n ( a) t- F ( a) • We 
n+ oo 

shall show that this assumption leads to a contradiction. If lim F (a) t- F(a) ' n 

then for sane E: > 0 

that IFm. (a) - F(a) l 
J. 

functions {F (x)} m. 
l 

there are infinitely many m. 
l 

n+ oo 

(i = 1,2, ••• ) such 

> E: • By Theorem 7 the sequence of distribution 

contaiEs a sub5equence 

· {F , (x)} which converges weakly to a cli.stdbution fur1ctlon. By om" previous m. , 
l ! 

result; this distribution fw1ction is necessarily F(x) Thus lirn B'ro! (a) = 
n+ 00 l 

! 
However, this contradicts to jF ,(a) - F(a)I > E: for i = l,2j••• • Tr.J.s m. 

l 

contradiction proves the last statement. 

F(a) , 

Note. If' we suppose ths.t {Fn(x)} is a sequence of distribution fu:1cti.ons 

of nonnegative random variables and if 

(93) lim cpn(s) = cp(s) 
n+ co 

for s E: I where I is an interval of positive length on the imaginary axis 

Re(s) = 0 , which contains the point s = O , and if lim cp(s) = 1 , then 
s +O 

{F (x)} converges weakly to a distribution function F(x) of a nonnegative 
n 

random variable and 

00 

(9~) f e -sxdF(x) = 1 :uri .-+- r .s) 
~ 't'n· 

-() n+oo 

for Re(s) ~o. 

This lat>t result was found i.11. 1950 by f\.. zy_gpiund [ 226 J. 
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Finally, we shall rnention 311other theorem for the weak convergence 

of àistribution functions. ':l:'his theorem is based on the convergence of 

the mo::nents of the distribution functions. 

We define the r-th moment (r = 0,1,2, ••• ) of a distribution function 

F(x) as 

(95) 
-00 

provided that-

(96) 
1 [If we J.mow 
1 .,, 

(97) ~(w) = Jeiwx dF(x) , 
-"" 

the characteristic function of F(x) , f'or ..J» < w < 00 , then we can 

determine the r-th moment of F(x) by 

(98) 

for r = 0,1, ••. provided that M exists. r 

(99) 

If M (r = 1,2, ••• ) exists, then 
r 

also exists and is called the r-th ser.ûinvariant of F(x) . (Sec 'I'. N. 

~rhiele [ 200 J. ) 
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(100) 

We can prove ea::üly that 

A = r 

for r = 1,2, •.. where ai= 0,1,2, ••. , and 

(101) 

for r = 1,2, •.• where ai= 0,1,2, .... 

! 
1 

1

we mention here that if 

(102) 

or if 

(103) 

l/2m 
(M~ ) 

.dTl 
lim sup ---m m -+ ro 

00 

m~l (M2m)~/2m = oo ' 

< 00 

a 
M r 

r 

then the sequence of moments {M } determines F(x) uniquely. This Js 
r 

not always the case. In 1894 T. J. Stie~ tj es [191 ] gave several ex8I11ples 

for infinitely many distrlbution functions which have the same sequence or 
mc.ments. 

Theorem ll. Le~ {F n (x)} be a sequence of d:i.tribution f'ur..ctions for 

·which the moments 

u: 

(104) M (n) = Jxrd.F (x) r n 
-00 

ex::tst · for all r = 0,1,2, .... Furthe11T:01'.'2._~et F(x) be a distrJb11t1on 
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function for which the moments 

00 

(105) 

exist·ror·ai1 r == o, 1, 2, .•.. If 

to 

(106) lim JxrdFn(x) = 
n -+ "" -oo 

for all r = 0,1,2, •.. and :i.f F(x) is uniquely determined by the 

sequence of rnoments M
0

, M1 , M2, ••• , then 

(107) lirn F (x) = F(x) 
n n -.r ro 

in eyéry cöntinuity point of F(x) . 
1 

Pr·oof. By Tneorem 7 the sequence of distribution function.3 

is weakly compact, that is, ever-y infirlite subsequence of {P. (x)} 
n 

{F (x)} 
n 

contains 

a subsequence ~- F n (x) ?r which converges weakly to a nonàecreas ing function 
j 

G(x) as j + oo and 0 .::_ G(-oo) and G(+00 ) ~ l . Without loss of generality 

we may assume that G(x+o) == G(x) for every x . We shall prove that 

G(:+ro)-G(:-,..oo) ~ l , whence it fellows that G(x) is a distribution f\inction. 

By Theorern, 3 we have 

(108) 

f or all a > 0 . If x = a and x == -a are continuity points of G(x) 

and j_f we let j -+ oo in (108), then we obtain that 

M--
(109) Q(a) - G(-a) ;:, l - ~ • 

a 



If a + co , then the right-hand side of (109) tends to 1, and therefore 

G( +<><>) -. G(-oo) > 1 A.c.cordingly G(x) is a àistribution function. 

Now we shall prove that 

00 

(110) l:im JxrdF (x) = 
. nj J + 00. -co 

for all r = 0,1,2, •••• 

Tf x "" a and x = -a are continuity points of G(x) , then by 

Theo:rem 8 we have 

1 
1 

(111) 
a ar 

lim J xrdF (x) = J x dG(x) 
j 

n. 
+ ""--a J -a 

On the other hand we have 

(112) 

for all a > 0 and j = 1,2, ••• If j + ro , then the extreme right 

member in (J.12) tends to M
2
/ar . By (111) and (112) we can conclude 

that f or any e: > 0 

co a 
(113) IJ xrdFn.(x) - J xrdG(x)I < e: 

-co J -a 

i.f j arid a. are sufficiently large. 'fö_i.s proves ( 110) . 

By (106). and (110) it follows that 
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(114) 

for all r = 0,1,2, ..•• Hence G(x) ~ F(x) . Thus we proved that every 

subsequence of { F n (x)} contains a subsequence which converges weakly to 

the sarne distribution f\iI1ction F (x) • This implies that the whole 

sequence {F (x)} converges weakly to F(x) • This completes the proof 
n 

of the theorem. 

We note that if A (n) dcnotes the r-th semiinvariant of F ( x) r n 
1 

and ;A the r-th semiinvar•iar1t of F(x) , then obv:i.ously the condition 
:r 

(106) can be replaced by 

(115) 

for all r = 1,2, .••• 

lim A (n) =Ar 
r n + .,, 

Ih the particular case when F(x) = q, (x) , the nonnal distribu.tion 

function, in 1890 ~- Chebyshev [ 616] proved that q, (x) is urüquely 

determined by its sequence of moments and used Theorem 11 in his ÜlVes-

tigations in the theory of probability. However, he did not prove this 

theorern. The theorem was proved only in 1898 by A. A. Markov [ 580] 

(See also J. V. Uspensky [ 204 pp. 383-388].) Under the condition 

(102) Theorem 11 was proved in 1920 by G. PÓlya [ 596 ] . In the gero0ra1 

case 'I'heorem 11 was proved in 1931 by ~!... _ _F'r0"chet. and J. Shohét [ ")?3 ) • 
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42. Inf:i_nitely Divisible Distributions and Stable Distributions. 

The notion of infinitely divisible distributions and stable distributions 

play an j_mportant role in finding all the poss:Lble limi ting r,..:ï_stribut.:i..ons 

of su:ï_tably normalized sum.s of mutna.lly independent random variables and 

in finding all the possible distributions for stocha~::;tic processes with 

independent inc:rernents. 

The definition of infinitely divisible distributions and stable 

distr•ibutions based on the notion of convolution. 
/' 

/\ 15 

1 

The convolution of two distr,ibution functions G(x) a"1d E(x) is 

defined as 

00 

(1) G(x)*H(x) - H(x)*G(x) = .f G(x-y)dH(y) = f H(x-y)dG(y) 
-oo 

De fini tion 1. A distribution function F(x) is callt-:d infinitelv ---------·---"-
divisible if for every n = 1,2, ... , it can be represented a~; the n--th 

iterated convolution of a distribution function with Hself, that is, i( 

for every n = 1,2, ... there exists a distribution function such 

that 

(2) 

n times. 

')ef:' . t • 2 A di +- • b +-. f' t. L'( ' . 1 J ' t b, . ~ f J - J_ru,;1on -· . s .. rl UvJ..on ;u..11c ion i' XJ is (;fr_,_ .eG s a_,J.8 11 .::ir 
---·------··----·~~------

such thaL 
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(3) 

hólds. 

Obviously every stable distribution fcmction is infinitely divisible, 

whereas the converse i.s not true in general. 

let us mention a few examples. The nonnal distribution furiction 

l x 
qi(x) = - f 

n; -oo 

2 u 
e- 2 du 

is inf~nitely di visible and stable. 'l'lle Caucn,y distribution function 

(5) 

1 
1 

l l F(x) = - + - are tan x 2 7T 

is infini tE:ly di visible and stable. The gamma distribution fl...<nction 

(6) 
1 X ·-U a-1 

ïla) b e u du f or x ~ O , 

0 f or x < O , 

where a > 0 , is infinitely divisible, but it is not stable. The Poisson 

distribution function 

(7) F(x) = 

where a > 0 , is infinitely divisible, but it is not stable. 

Our aim is to find the most general ferm of an infinite1y divüübl1::. 

distribution function and the most general form of a stable cl:Lstribution 

functi.on. We sha11 find explicitely the L3.place-3tieltjes transform 
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00 

(8) cp(s) - J e-sxd.F'(x) ' 

where Re(s) = O > for an :i.nfinitely divisible distribution functlon F(x) 

and, in particular, for a stable d-1.stribution function F'(x) . 

Infinitely Divisible Distribution F'unctions. Let us suppose r;hat 

F(x) is an infinitel;y divisible distribution function. Let the Laplace-

Stieltjes transform of F(x) be defined by (8) for Re(s) = O • For 

every n = 1,2; ... there exists a distribution function F
11

(x) such that 

(2) is satisfied. Let us denote by 

00 

(9) ( f -sx 
$n s) = e d.F

11
(x) 

-oo 

the La.place- Stieltjes transfonn of Fn(x) , which exists if He(s) - O • 

By (2) we have 

(10) 

for n = 1,2, •... 

Now we shall show 'chat <P (s) 
n is uniquely detemd.ned by ( 10) for 

Re(s) = O and n = 1,2, •..• 

Thi.s follows from the following au.xiliary theorem. 

Lerrrna 1. 

divisible distribution fux1et:i.on, the:ri cp(s) never vanishes on Re(s) = 0 . 
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Proof. S:i.J1ce <P(O) = l and qi(s) 1s continuous on Re(s) = O , 

there is an a > 0 sur2h that l <t>(s) 1 > 0 for s = iu 

Hence by (10) 

l 

( 11) lirn <Pn (s) = l:irn 1 <P ( s ) 1 n == 1 
n+ oo n+ oo 

and lul ~ a • 

for s = :iu and lul ~ a 

follows fran (11) that 

If we wr:ite t(s) = l<1>(s)I e:ie(s) , then it 

(12) 

for ! • 
s:= lU 

i 
Since 

(13) 

1 ~~.l~ 
lim <Pn(s) = Jim 1 <j>(s) !n e n 
n-+ oo n-+ oo 

and lul ~ a . 

l<P (s)I ~ 1 for Re(s) = O and n 

1--Re(~ (2s)) ~ 4[1-Re(<P (s))] n - n 

for Re (s) = O , i t follows fran ( 12) that 

(14) lilfl <P (s) = 1 
n n-+ oo 

= 1 

for s = iu and lul ~, 2a By doubl:ing the interval lul < a as :many 

times as we l:ike, we obta:in that 

(15) lirn <j>n(s) = 1 
n-+ oo 

for Re(s) = 0 • This excludes the poss:ib:ility that <jl(s) = 0 for some 

Re(s) ~ 0 • If we would hav2 qi(s) = 0 .fur some s with t;ie(~ '> :-= 1'' 
l. 'u l _J ' 

then by (10) i t would follow tha t <P n ( s) = 0 fcr the sarne s é.1nd for 

all n = 1, 2, • • • • This, however, would contradict to ( 15). Hence the 
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lerrma follows. 

Since cpn(O) = 1 and cpn(s) is eont:i.nuous for Re(s) = O , we can 

write that 

(16) 

1 

cpn(s) = [rp(s)]n 

for Re(s) = 0 and n = 1,2, .•• where the right-hand side is the principal 

branch for which cp (0) = 1 • Since cp(s) never vanishes for Re(s) = 0 , 
n 

the La.place-Stieltjes transform cpn (s) is urüquely detemdned for all 

Re(s) = 0 • 

Theorem 1. The function cp(s) defiped for Re(s) = O .!s the Laplace

§.tieltjes transform of an infinitely divisible distribution f\l.nction F(x) 

if and only if log q, ( s) can be represente?- in the fmm 

(l.'T) 
00 2 

1 "' ( ) + J r -sx 1 + __ sx ) l+x -0 ( ) og 'I' s == -i.i s , e -
2 

-
2
- C1u x 

-co l+x x 

~here µ J-s a real constant, G(x) is a nondecreasing function for which 

G(-oo) = 0 , G( +oo) is fini te, and the integr·and at x = O is defined by 

(18) 
2 

[ ( e -sx _ 1 + _ sx ) 1 +x _ ] 

l+x2 x2 x=O 

2 
=~ 

2 

The representation of log rp(s) by the formula (17) is unique. 

Proof. First v:e shall prove that the eondition is necessary, that i.s, 

if cp(s) is the Laplace-Stieltjes transform of an infinitcly divisible 

clistribution function, then log 4 ( s) can be repre:::;ented in the form ( l r() • 

We a.s.sl..mte that log<:> ( 0) = 0 and lcgi:P ( s) is continuom" on Re ( s) = O . 
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If ~ (s) is defined by (9) for n = 1)2, ... , then by (15) we have 
n 

(19) lirn <Pn (s) = 1 
n-+ oo 

for all s with Re(s) = 0 • Thus by Theorem 41.10 it follows that 

(20) ~
l if x > 0 ' 

lim F (x) = 
n-+ oo n O if x < 0 . 

If we refer to Theo rem 41. 9, then we can conclude tha t in ( 19) the convergence 

is uniforrn on Re(s) = 0 . 

r.kt 
' 

00 

(21) Ir/s) = n[<Pn(s)-1] = n f (e-sx_l)dFn(x) 

for Re(s) = 0 • Then 

(22) 

and 

( 23) 

-·Ctl 

l:i.m I (s) = log ~(s) 
n n-+ oo 

lim Re [In ( s ) ] = log 1 <PC s) J 

n+ 00 

for every s wi th Re ( s) = 0 • A the convergence is uniform in every 

finite interval of Re(s) = 0 • 

De fine 

x 2 
( 24) G / ) r 11 

"n , ) · \ x = n ; --~-- GJ:> 1 v n _ 2 n '~ · 
_oo ..L+y 

Then 

l:~c:-1~: (-~ )-:o:,;:~-~l:::(~) 12 /n for Re ( ë) = O , and for Skfflciently 

large n values, it follows that 
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(25) 

for Re(s) = 0 • 

I (s) 
n 

00 

1 +x?. 
= J (e-sx _l) -;:::-- dG (x) 

c: n 
_co X 

The function G ( x) is nondecreasing jn the interval n 

Gn (-oo) = O and Gn ( 00
) .::_ n • We shall p~:ove that actually 

(--:o,oo) ' 

{G (oo)} 
n is 

bounded. However, first we deduce some jnequalities which will be usefuL 

Since 

(26) 

1 

. 2 sin x . x 
---- < l~ u-x = 0 

for 0 < x < 2 = = a".ld sin x. < 3.:. 
x =--= 2 

it fol:lows that 

(27) 
6 ) ( y2 if 

§_ J (1-cos y u)du == §_ (1- sL'1 óy :?:.. { 

ó3 o 62 oy - l·~ if 
62 

for 6 > 0 • From (27) we obtain that 

(28) 

f or 0 ~ ó ~ 2 and 

(29) 

if IYI ~ 2/ó • 

8 ó 2 

3 J (1-cos yu)du.?.. _Y_ 
0 0 - l+y2 

2 ó 2 
- J (1-cos yu)du > 1 > _x_~ 
cS = = 2 

0 l+y 

If we use (28) with ó = 2 , then we can write that 

f or x .?__ 2 ' 

; 
lvl > :::... 
~ = ó 
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(30) 
00 2 2 00 

G (co) = n f ~ dF (y) 
n l+ ~ n -00 y 

< b [n __ L (1-cos yu)dyFn (y) ]du = 

2 
= - J Re[I ( iu)]du • 

0 n 
j 

Since lim}In(iu) = logl~C iu)i uniformly for u E [0,2], it follows 
n+oo 

that {Gn(00 )} is bounded. 

By Theo:rem 41. '1 we can find a subsequence {Gn (x)} of {Gn (x)} and 
K 

a nondecreasing f'unction G(x) for which 0 ~ G(-00 ) and G( 00 ) < 00 such 

that 

(31) 

G (x)~G(x) • n Now we sha..11 prove that 
.K 

lim G (00 ) = G(oo) 
k-+ 00 ~ 

and lim G (-oo) = G(-oo) 
k-+ 00 ~ 

also hold. We shall prove that for any f: > O 

(32) 
{ 

d G (x) < E 

1 
x n x >a 

if a > 0 and n are sufficiently large. ~his implies (31). 

If we put cS = 2/a in (29), then we obtain the following inequality 

(33) 
2 2/a 

{ 
dG (x) = n J ~ dFn(y) < a J [n J (1-cos yu)dFn(u)]dy ~ 

lx >a n IYl>a l+y 0 IYl>a 

2/a 
~ - a J Re[ln( iu)]du • 
- 0 

Now lim Re[ In ( iu)] = log i © ( iu) 1 un:i.formly for u i:: [ 0, 2/a] m1d 
n+ 00 

1 1 
, • ) I 0 0 F • L +' l ., ' j , / 3r) ) • 1 • d • f . og cp \ iu 1 -+ as u --'r • r1ence l c J_ o ___ u.î·w:c; -c.1ac \ '- is va._i l a > 0 

and n are sufficJently J.arge. 
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(34) 

where 

(35) 

(36) 

By (25) we can write that 

I (s) = 
I"1z 

00 

-3X SX ' J (e -1 + -·--)'dG (x) - µ s 
l ..i. • .2, n n 

, IJ\./' K K 

00 00 

µ = f l d G (x) = n1 J -~ d F (x) 
~ _oo x nk ,c _oo l+x2 nk 

By (22) we have 

lim I (s) = log <fi(s) 
. nl ]{+ co c 

for Re(s) = 0 • If we define the integrand :Ln (34) for x = 0 by (18) ~ 

then the i.ntegrand in ( 34) is a continuous and bounded fu'1ction of x in 

the :Lnterval ( - 00 , 00 ) • Consequently by 'll1eorem 41.8 we obtain that 

(37) 
00 2 

lim f (e-sx_l + sx2) l+~- d Gn (x) = 
k+ oo -oo 1 +x X k 

00 2 
J ( -sx 1 sx ) l+x ""( ) e -· + --2 2- Ci..;r X 

-oo l+x x 

for Re(s) = 0 • By (36) and (37) it follows that in (34) lirn µ
11 

= p 
k+co k 

necessarily exists and µis finite. Accordingly, we have 

(38) log <fi(S) 

for Re(s) = 0 where p is a real constant, and G(x) is a nondecreasing 

function of x for which G(-00 ) = 0 and G(oo) < oo • 'Ihis proves that (17) 

necessarily holds. 

Now wç shall prove that cjJ ( s) urn.que .L.Y èetermines r: (v ') 
1,,,...4 .!'.. ~ 

cont1nility point and the constarit v 

l+x2 

7 
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Let 
is+l 

(39) iJ! (s) = 2 log<j>(s) + J logcp(iu)du 
is-1 

for Re(s) = O , that is, 

00 

(40) ( ) f e-sxdH(x) ijl s = 

for Re(s) -· O where 

(41) H(x) 
x 2 

= 2 J (1- sin y)l+y __ àG(y) 
-00 y y2 

The f'unction H(x) is nondecreasing, H(-·00 ) = 0 and H( oo) < oo • By Thecrem 

41.5 the function H(x) is uniquely detennined for each of its continuity 

points by ijJ(s) and therefore by cp(s) • Since 

(42) (l- sin x) l+x
2 

> 0 x 2 
x 

for all x , the function G(x) is aJ.so uniquely detennined for each of 

its continuity points. 

Finally, the constant µ is uniquely determined by forrning the difference 

between the integral in (38) and log <j>(s) . 

This proves the uniqueness of the representation (17). 

It remains to prove that the condition is sufficient too, that is, if' 

log cf;(s) is given by (17), then <ji(s) is the Laplace-Stieltjes tr311sform 

of éU1 infinitely d.1visible distribution ftnction. It is sufficient to prC\\O:: 

that log <ji(s) is the 1ogarithm of the La.plC:tce--Stieltjes transform of a 



di3tribution function for• any real coru:;tant µ and for any nondecreasing 

function G(x) for which G(-00 ) = 0 and G( 00 ) is finite. For in this 

case if we replace ll by µ/n and G(x) by G(x)/n then we obtain that 

log rp(s)/n is the logarithm of the laplace-Stieltjes transforrn of a 

distribution function for all n = 1,2, ••.• This proves the inf'inite1y 

divisibility. 

;ro prove that cp(s) defined by (17) is a Laplace-Stieltjes transfonn 

of a distributîon fu,.""lction we observe that for any choice of the real numbers 

the function 

(43) 
m -sxk s21<: 

log iJ; (s) = -µs + I (e -1 + --) 
m k=l J.+~ 

defined for Re(s) =- 0 i.s the logaritrJn of 0he La.place-Stieltjes transfo::'ln 

o:· a dlstribution fw1ction. 

For every m = 1,2, ••. we can c.hoose 

l.im log 1J; (s) = log cp(s) for Re(s) = 0 • 
m 

11~ 00 

iJ! (s) m in such a way 0hat 

Since l:im cp(s) = 1 , it follows 
s -+O 

by Theorem 41.10 that cp(s) is necessariJ.y the Laplace-Stieltjes transform 

of a distr:i.bution function. This cornpletes the proof of the theorem. 

From Theorem 1 it follows easily another representation of log rp(s) • 

'l'heorem 2. The function qi(s) is the La.place-

Stieltjes transforrn of an Jnfinitely -~i_v::si_bl~ d~~:triDutior~ fu~ct~9n. F'(x) 
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(44) 

where 

log ip(s) 
2 2 

= -ps + .?"~ + 2 . 

2 
µ i~ a real cornstant, cr 

-0 +oo 
cx sx ( -sx sx ) ( ) f (e -.., ·-1 + -' -~)dM(x) + J (e -1 + --'5 CL.~ x 

-co 1 +x.:. +O l +x'-

is a nonnegative cçm:stant, M(x) is a non-

decreasing function of x in the interval (-co, 0) , N ( x) is a nondec~r>easln5 

fu'1ction of x in the interval ( 0, 00 ) and these functions satisfy the 

(45) lirn M(x) = lim N(x) = O , 
x+ - oo x-++oo 

and 

(46) 
-0 ? 
J x~d.M(x) + 

E: 2 f x d.N(x) < 00 

-E: +O 

f or sane t: > O • The representation (ll4) j s unique. 

Proof. Let us suppose that log <'f;(s) is given by (17). Let us defi.ne 

(47) M(x) = 

f or x < O , 

x 2 
f 1 +y (· ' --·- dG YJ 

y2 

00 2 
(48) N(x) =-f l+~ dG(y) 

x y 

f or x > 0 , and 

(l-19) o
2 = G(+O) - G(-0) • 

In this case the functi:Jn M(x) is nondecn:;asing in (-oo 0) N(x) . ' . ' 
j_s nondecreasing jn ( O, +JC) The functiom; M(x) and N(x) are 

cont1nuous at those ar1d only those points a.t HW.ch G(x) is conVuiuou:s. 
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-·---

Obviously M(-00 ) = N(+oo) = 0 and 

(50) 
-Ü 

2 
E 

J :x dM(x) + J x2cm(x) < ro 

-t: +O 

for ariy fini te t: > O • 

By Tneorem 1 we can conclude that µ, cr
2 

ar1d the functi0ns M(x) and 

N(x) for their continuity points are uniquely detennined by ~(s) . 

Conversely, an.v two functions M(x) a11d N(x) satisfying the 

conditions in 'lheorem 2, and any real constant ll and nonnegat:Lye const2-nt 
! 

2 a d~termine the l'..:lgaritrrrn of the Laplace:-Stieltjes transfonn of an 

infinitely di vj_sible di.stribution function by formula ( 44) • We note that l 
Several exä.rrlples f or· j nfini tely di visible di.s trilmtions have been ~mown 

for a Jong time. Such m:e the norma.1 distribution~ the Cauchy distPibution, 

the Poisson distributlon and the gmnma distribution. In 1929 B. ~~-J:inetti_ 

[241], [ 242], [243] found a class of infinitely divisible distributlons 

in his studies of stochas·'.:;ic processes with independent incrernents. In 

1932 A. N. Kolmogorov [280J, [ 281] detennined the most general form of 

log ~(s) for infinitely divisible distribution functions with a finite 
I 

variance. In 1934 P. Lévy [288 ] detennined the most general form of 

log cp(s) for a-rbitrary infinitely divisible distribution functions. The 

formula of P. Ikvy is given by (44) in this·section. Formula (17) for 

log <ji(s) was deduced in 1937 by A· Ya. Ktintchln3 [273], [277 ] . For ë. 

comprehensive study of infinitely divi~ülJJ.e distributions we refer ~o 

B. V. Gnedenko and A. N. Kol.Inog:orov [260]. 

~ if (46) ho1ds for some E: > 0 , then i t holds for• every t: > 0 • 
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Stable Dj_s tribution F'unctions. Let cp(s) be the Laplace-Stieltjes 

tran.sform of a stable distribution f\mction F(x) • Our ai.In is to detennine 

the most general form of' </;(s) • By Definition 1 it f'ollows that cp(s) is 

the Laplace-Stie1tjes transfonn of a stable distribution functjon F'(x) if 

ax1d only if for every b1 > 0 and b
2 

> 0 there exist two const2nts a and 

b -~ O such that 

(51) . s s s 
log cp(~) + log ct>C-5--) = log cj>(b) + as 

1 2 

for Re(s) = O • On the uther hand every stable distri.bution function is 
' 
1 

neces~arily infinitely divisible, and therefore log <j>(s) can be expressed 
1 

in the fonn of ( 44). The problem is to detennine what conditioris should we 

impose on µ, cr
2

, M(x) and N(x) in order that log cj>(s) satisfy (~jl.). 

This problem was solvedkin 1936 by A. Ya. Khintchine and P. vivy [ 279] . See , -----... 
. ~ ,. ·-·-·-·----·----··· ·-- ··- ·---·· - .... ···- -·--~ .- '\ 

From Tneorem 2 we can deduce the föllowing result. \_~~o A.~a~h~~~~~=~ ~=-~?]_:_;! 

Theo rem 3. The f'unction 4J ( s) de flned for Re ( s) = 0 is the L~r.lla.ce

Stieltj es transfonn of a stable distribution fu11ction if and only if 

log qi(s) can be represented in the form 

(52) log q,(s) 
2 2 

= -µs + ~- + 
2 

-0 +«> 
J (e-sx _1 + sx 2 )dM(x) + J (e -sx _l + ~x 2 )dN(x) 

- 00 l+x +o l+x · 

2 
where either µ is a real consta.'ît, a is a nonnegative constant: M(x) = O 

f or x <. O and N ( x) = O f or x > 0 , or 

and 



(53) 
c_ - c,) 

M(x) J. 
f or 0 H( \ '- for 0 = -- x < , X; =-- x > 

1 1 a. ' a. ) 

JX x 

Proof. Without loss of generality we rnay asstrrne that in (52) 

M(x+O) = M(x) for x < O and N(x+O) = N(x) for x > O • Then M(x) 

for x < 0 and N(x) for x > 0 are uniquely determ:l.ned by qi(s) . 

In this case by (51) we obtain that for every b1 > 0 and 

a b > 0 such. that M(x) and N(x) saUsfy the relations 

(54) 

and 

( 55) N(b1x) + N(b2x) = N(bx) for x > O • 

Furthennore, we have 

(56) cr2cL + l_ - L) = o . 
b2 b2 '-? l 2 c 

It is not necessary to i.rnpose any restriction on µ • 

b > 0 
2 there exists 

First, let us suppose that M(x) = 0 for· x < O and N(x) = O for 

x > 0 • Then ( 54) and ( 55) are satisfied wi th any b > 0 , and ( 56) is 

satisfied with b = b
1
b

2
1l{;Î+ b~ if o

2 
> 0 and with any b > 0 if 

0
2 = 0 . I tl. n , ns case 

(57) log cp(s) 
2 2 

0 s = -µs + __ '1" 
c. 

for Re(s) = 0 where µ is a real eonstant and 
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2 If a > 0 , then 

(58) 

2 is a normal distribution f\mction, whereas if a = O , then 

for x ~ µ , 

(59) 
for x < µ. 

In both cases,·(58) and (59), F'(x) is a stable d1stribution fL;nction. 

Second, let us suppo::;e that M(x) t 0 fór some x < 0 or N(x) -1 O 
i 

for so~e x > 0 . We shall show that in this case a2 
= O and M(x) and 

1 

N(x) are given by (53). 

Iet N(x) f. 0 for some x > 0 • By (55) it follows that; for every 

bl > o, b2 > o, ... , 

(60) 

b, > 0 there exists a. b > 0 
K 

such that 

for all x > 0 . If b1 = b2 = ••• = bk = 1 , then let us denote by p(k) 

the corresponding b , that is, for every k = 1,2, ••. , there exists a 

p(k) > 0 such that 

(61) kN(x) = N(p (k)x) 

for all x > O • 

Now we shall show that 

(62) p(k.e,) = p(k)p(9,) 

for k = 1,2, ••. 2r.d 9, ~ l, 2, ...• 
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On the one hand k1',N(x) = N(p(kt)x) , and on the other hand k9.N(x) = 

= kN(p(9.)x) = N(p(1<:)p(i)x) for x > 0 • Thus 

(63) N(p(ki)x) = N(p(k)p(i)x) 

for all k = 1,2, •.. , Q, = 1,2, ... , and x > 0. If N(x)-:/- 0 for some 

x > 0 , then it follows from (63) that (62) holds. 

This last statement follows iron the fact that jf N(ax) = N(x) for 

all x > O , where a > O and a t- 1 , then N(x) = 0 For we have N(x) = 

N(anx) f or n = o, +l, ±_2' ••• 
i 

o Jror~ all 
1 

x > 0 . If a < l 

therefore N(x) - 0 for all 

then necessarily a = l • 

If 

and 

x > 0 

a > 1 and n -~ 00 , then N(anx)-> N(cr·) ." 

n -+ -- 00 , then N ( anx) -~ N ( 00 ) = 0 , and 

'l'h~s if N(x) 7- 0 for sorne x > 0 , 

By as~.:.1.IDlption p (k) > 0 for all k = 1,2,... • It follows fro1:i (62) 

that p(l) = 1 and p(l) > p(2)> ••• > p(k) > •••• For if N(x) i 0 for 

sane x > 0, then 1<.N(x) > (k+l)N(x), that is, N(p(k)x) > N(p(k+l)x). 

Hence p(k) > p(k+l) follows for all k = 1,2, .•.. 

The only solution of the functional equation which satisfies the above 

requirernents is given by 

(64) p(k) = k-1/a 

where 1/a is a positive constant, or whi.ch is the scne, a is a pos:Ltive 

ccnstant. (Below we ::;hall prov1de a proof of this st.':J.tement.) 

By (61) and (64) we obtain that 

~ , and therefore N(x) = 0 
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(65) kN(x) = N(k-l/ax) 

for all x > 0 and k = 1,2,... • Hence j_t follows that 

(66) 

for k = 1,2, ... and Q, = 1,2, •..• Let x be any given positive number. 

For every Q, = 1"2, ..• let us choüse a positive integer k suci1 that 

(67) (k)-1/et - >x Q, 

Then by ( 66) we obtain that 
1 

(68) N(x+O) = N(x) = N(l)xet 

for every x > 0 and a is a positive constant. lf N(x) j 0 for x > O , 

then N(l) = -c 2 

(69) 

where 

1 ') 
J x<-dN(x) < "" 

+o 

'l1he condition 

implies that et < 2 . 

Accordingly if N(x) t 0 f or x > 0 , then 

(70) N(x) 
c2 

- - -
et 

x 

for x > 0 where 0 < a. < 2 and c 2 
> 0 

F'urthem1ore, by ( 56) i t follows th2.t 

(71) 2,1 ]_ 
0 ~.K- ----) - () 

. (p(k))2' 
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+> k 1 2 th t · ",.2r,k-1'\.2/o.1, = o . ior = , , ••. , · a is, v Thus 2 
a = 0 r1ecessarily 

holds. 

In exactly the same way we can prove that if M(x) 1 0 for some 

x < O , then 

( 72) 

for x < 0 where 0 < a. < 2 and c1 > 0 . Furthermore, 2 
a = 0 • 

Tni..s completes the proof of the theorem. 

1 

Fj_nally, we shal1 give the solution of the functional equation (62). 

1 

Lemma 1. 

sequence of positive nvrnbet>s and 

(73) p(kl) = p(k)p(f) 

for k = 1,2, ••. and Sl = 1,2, ••• 'l'hen we have 

(74) -c p(k) = k 

for k = 1,2, ••• , .:-!l_lere c is a positive constant. 

Proof. By (73) we have p (1) = 1. If a and b are positive integers, 

then let us define 

(75) 
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(76) 

Tnis follows from the j_nequalities a1b2 < al'i , p(a1b2) > p(a2b1 ) , 

p(al)p(b2) > p(a2)p(bl) . 

Thus we extended the definition of p (x) fran 

positive integers to positive rational numllers in such a vray that p (x) 

is a positive decreasing function of x on the set of positive r·atlonal 

numbers and 

(77) i p(xy) = p(x)p(y) 
i 
i 
i 

for po'si ti ve rational numbers x and y • 

Let x > 0 be a rational number. For each n = 1,2, .•• let us choose 

an integer rn such that 

(78) 

is satisfied. Then 

Since 

r r +l 
(l+ l) n ~ x < (l+ l) n 

n n 

lim r /n = log x • n n-+ oo 

(n = 1,2, ••• ) is an increasing sequence for which 

1 < (l+ l)n < e , it follows that 
n 

(79) 

exists and O < C < 1 • By (78) we have 

(80) 
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If n -t- 00 in ( 80) , then by ( 79) we obtaja that both extreme mcrnbers tend 

to c10g x . Thus 

(81) 

for every positive ration3.l number x wnere 0 < C < 1 or c = -log C 

is a positive real number. This canpletes the proof of Lerrma 1. 

F'rom Theorem 3 we can eas1ly deduce an explicit expression for log ~(s) 

which was foundkn 1936 by A. Ya. Khintchine and P. 11:vy. [279 ] . 

Theorem 4. The fu.'1ction •Cs) defined for Re ( s) = O is the 

Lapl~ce-:-Stie_}-tjes trans form of .a stable dis tribution fu.11ction if and on"ly 

2-f log ~ ( s) can be represented in the form 

(82) log ~(s) = -ms - cisia[l + S 1:1 d(s,a)J 

where arid 

r an 
ai 1 tan - f or 

' 2 --(83) d(s, a) 

= ~ loglsJfor a = 1 

In formula ( 82) s/lsJ = 0 ~! s = O • 

Proof. By Theorem 3 we have for Re ( s) = 0 that 

:Log qi(s) 
a 2s 2 -(O Sv SX ",dX_ = -µs+ -

2
;- + c

1 
(e- ./--1+ ----;=.-) ," + 

-oo l+xL lxla+l 

+w 
r -SX SX adY + c2 , (e -1 + -~) . , a+i , 

+O l+x- x 

{\ in 1925 by P. r!:v:L [ 111] and ws.s completely proved 
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where either µ is a rE:al constant 2 
0 - > 0 

= ·' 

is a real constant, o
2 

= 0 , c1 -~ O , c2 ;~ O , c
1 

+ c
2 

> O and O < a < 2 . 

If w > 0 , then 

iarr 
a - 2 iwaîî 

-r(l-a)w e - ----
mr 

2cos 2 -
f or 0 < a < 1 , 

(85) adx wîî 
- \ -iwlogw ~ --

2 
+ iw(l-C) 

xa+l - 1 
f or a = 1 , 

1 

_ iaTI 

-r (1-·a )1uae 2 

~ 
iwm1 

Ct.1T 2cos 
f or 1 < a < 2 , 

2 

where C = 0.577215 ••• is Euler's constant and f(l-a) is the gamma 

funetion. By using the relation 

(86) r(a)r(l-a) 
' 

where ar! O, :!:_l, :!:_2, ••• , we can express r(l-a) by r(o:) in (85). 

If Ç2 ~ 0 ~n (842.J, and c1 == c2 = O , then (84) reduces to (82) 

2 where m = µ , c = o /2 , and a = 2 . 

If ~n ~and c1+ c2 > O , c1 ?._ 0 , c2 ~- 0 , then by (85) 

we obtain that ( Sl!) reduces to ( 82) where 0 < a < 2 , 

r (c2- cl) 
CXîî 

f or 0 a < l l µ - ---- < or < 
CXîî 

(87) 2cos --2 m= 

l µ + (c - c1 ) (1 - (' \ f or a. ·- 1 . 2 _,) , 

a < 2 
' 
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arici C is Euler' s constant, 

(88) c 

furthermore, 

(89) s --

2r ( ) . Ctll asin 2 
for 0 < a < 2 

' 

f or a = 1 , 

f or 0 < a < 2 • 

and. 

Conversely, jf m, c, a, 8 satlsfy the requirements of Theorem 4, th":!r. 

the parameters 2 
µ, a , c1 , c2, a in (84) are uniquely detennined and they 

also saUsfy the requirements. These follow from the relat.ions (87), (88), 

(89). 

Finally, v1e note that ( 82) can also be expressed in the fo11owing way: 

If 0 < a < 1 , then 

log ~(s) = -ms-clsla[l+S ~ tan an]= 
1 s1 2 

(90) 

for Re(s) == 0 where c1 and c2 can be obtained by (88) and (89). Thi2 

can be proved by using the integral formula 

icrn 

Co- . _,.L) 
(X>( iwx _) adx ( ) a - -2 
J e -.L -a+i -- -r 1--o~ u e 
0 x 

whlch is va.Hd fc:.>:' tû > O and 0 < a < 1 • 

t' 
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If a = 1 , then 

log cp(s) = -ms-c 1 s 1 [l-S ~~ l~T 1 !?..I ]== 
îf ,, 

(92) 

f or Re(s) = O where µ, c1 and c2 can be obtained by ( 87), (88) and 

(89). This car1 be proved by using (85) for a = 1 . 

If 1 < a < 2 , then 

(93) 
J 00 

' ( -sx ) adx J -sx adx 
= -rns+c1 -~ e -l+sx, ï;jl+; + c2 

0 
(e -l+sx) xl+-; 

1' or "Re ( s) = O where c1 and c2 can be obtained by ( 88) and ( 89) • 'l'11.is 

can be proved by using the integral f ormula 

ia1T 

'g4) ~- !""( itux , . ) mix (J ) a - 2 e -~-iwx ~- = -r .-a w e 
0 xa+l 

whi8h is va.lid f or w > 0 and 1 < a < 2 • 

If 0: = 2 then 
' 

(95) log cp(s) 1 '2 = -ms-c si 1 1 

f or Re(s) = 0 . 

In this sect::i_on we esta.b}.i3hed that i.f a real random VéG'.'iables ~ 

has a stable di~3tribution, ar1d 

/c 



VI-54 

(96) T J -s.;} 
r.i Le - cp(s) ' 

whj_ch necessarily exists for Re(s) = 0 , then log cp(s) can be expressed 

in the fonn (82). Accordingly, in the most general case, the d.istribution 

of F;, depends on four parameters a, 8, e , rn where cu: ( 0, 2] is the so 

called "characteristic e:x-ponent", SE[-1, l] can be considered as a measure 

of asyrnrnetry,c > 0 is a sca1e parameter} and m is a location parameter. 

If ç; has · a stablé distribution function éilld log <P ( s) i.s gi ven by 

(82), then we say that F;, :1as a f.tab1e listribut:Lon of type S(aiB,e,m) , 

and write 

(9'() F;, f\,, S (et, 8, c ,rn) • 

If F;, has a stable distribution S(c,S,c,m) then -t,; has aJ.~30 r~ 

stable distrihution, narnely 

(98) -E, rv S(a,-B,c,-m) • 

If Ç. has a stable distribution S(a,S,c,m) and a and b > 0 are 

r-eal mmbers, then (t_:-a)/s has also a statle cüstribution, nrunely 

(9.9) F;.-a ( c m-a 
-;--0 '" S a,B, , -b ) 

ba 

f or a f j_ and 

(lCO) E;.-a 
---1\..i 

b 
S(l,B, ~ m-~- + 2cs log b) 

b. ' b bn · 

f or a -·· 1 . 
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L.et t.:1 , .; 2 , ••• , t;,n be mutually independent real randan variables 

having the same stable distribution S(et,S,c,m) • In this case 

(101) 

if 

(102) 

and B = n n 

(103) 

l 
et 

ç; + t.: + + t.: -A 1 2 ··· n n 
B ~ S(a,B~c,m) 

n 

(m (n -
"' 

n~ ) for 

A 
= l2cB n n 1or;n 

f or 
ïT 

For by (82) 

and the re f or·e by ( 9 9 ) 

if et 'f 1 arid 

et 7( l 
' 

et = 1 
' 

(105) 
t.:1+ .;2 + • • • + t;,n -An 

B 

A 
S(l 0 nc nm + 2cnB 1 ·-. n 

~ 'µ' i3-' B î3TI og bn- lf' 

if Cl. = 1 . 

n 

If we choose A 
n 

(104) and (105) imply (101). 

n n n n 

according to (102) and l/et 
Bn = n , then 

We no te that if c = 0 , .then P{ z :o:. m} = 1 . If c > 0 then E, is ,,,,,,., 

a continuous random var'iable which has a continuous dens:i.ty functüK1 

+'(X • " R ,... "'I) J.. \. ' \,Al' ....., '\_... ,11~ • If c > 0 , 0 < et < i and S "" 1 , then ?{ t;, :,: m} -·· l 
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and f(x; a,!3,c,m) > 0 f or x > m . If c > 0 0 < a < 1 and s = -1 
' ' 

then P{t; < rn} = 1 and f(x; u.,s)c,m) > 0 for x < m . If c > 0 and 
' "-"'" 

either 0 < a < l and -1 < p < l or l < a. < 2 and -1 -~ s < 1 then - ' 
f(x; a,f3,c,m) > 0 f or every x . lf s -- 0 then t_:-m has the smne 

' 
distri.bution as m-t_: . If Ci. = 2 then s is l.rrelevant, but t;-m has .,, 

a symmetrie distrilmtion in this case too. 

If a random variabJe s has a stable distribution arid log ~ (s) is 

given by (82),"then we use the notation F(x; a.,fs,c,m) for denoting the 

distributjon .function of è; • If c > 0 then t; has a continuous density 

function which we denote by f(x ; a.,S,c,m) . 

Ih some particu1ar cases F(x; a,S,c,m) and f(x; a.,S,c,m) have been 

lmown for a long time. 

(106) 

where 

( 107) 

If a. = 2 , when S is ir-relevant, and c > 0 , then 

F(x; 2,0 ,c ,m) 

F(x) = _J..:._ ( 
r;- J 

y 21T -°" 
x 

- F (~:'.""m) 
l2ë 

is the normal distribution function, and 

(108) 

where 

( 109) 

f(x; 2,0,c,m) = rcx-rn) l_ 
l2c 12c 

2 
x 

f(x) 
l - 2 

-- -- e 
12IT" 
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is the nonnal density function. In th~1s case 

(110) t(s) = e 

2 
-rns+cs 

f or any canplex s . 

Tne nonnal distribution function was studied first in 1782 by 

P. S. Laplace [106]. In 1809 .Q.~~ Gauss [ 59 ] proved that the norrnal 

distribution is st2.ble. There are extensive tables for the nonnal distri-

bution fun~tion and for thP normal density function. 

(111) 

where 

( 112) 

If o; = 1 , S = 0 and c > 0 , then 

F(x; l,O,c,m) __ F(x-m) 
c 

1 1 = .;sH + - are tar1 x 
'- TI 

F(x) 

:Ls the Cauchy distribi,;.tion flmction, and 

(113) f( 1 0 ' = f(x-m) l x; , ,c ,mJ c c 

where f(x) ~ l/n(l+x2) for - 00 < x < 00 is the Caucfiy density function. 

In (112) we define 
1T 1T 

-
2 

< are tan x < 2 . In this case 

(11~) <P (s) = e -ms+clsl 

for Re(s) = O • 

The distr-lbution functlon (112) was found for the first time in 182? 

by A. Cauchy [231] as a part:"Lcular case uf symmetrie st&ble distrïcutior:s. 

1 
lf' a = 2 , $ = 1 , c = 1 and m = 0 , then 

1853 

/ 
I 

/'-, 

-/ 
1 
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2 

(115) F-c 1 i - o) .. x,· .l - ·2, ' , . i" 211- - 1- l/f e- ~-]du 
'- 12;; -"' 

= 
\. 0 

f or x > 0 , 

rul 1 . 
\ ' 

f or x 5. O , 

and 

f or x > O , 

(116) f(x; !,1,1,0) 

f or x ~ 0 . 

In thls ca...se 

(117) <P ( s) -12S = c 

for Re ( s) > 0 • The distributlon ( 115) has been studied by ~Á\'L [292 J. 

'l'he trans form ( 117) has been found by G. Doetsch[ é~4-5]. 

If a = ~!> -1 .::_ B _':_ 1 ,c -· 1 and m = 0 , then we have 

(118) 1 2 
( ) z r r- -z f x; 2, B,l,O, =Re{ 7fX Lvr e +2iw(z)]} 

for x > O where 

(119) 

and z = [(l+B)+i(l-B)]//8"x. If, in particular, B = o , thP.n in (118) 

we can wri te 'chat 

(120) 

where S(x) and C(x) are the Frcsnel integrals è·2flnec1 by 
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(121) S(x) 

,-

1'2 ~x . 2 = -- j Sl!l U du 
Tf O 

12 rx 2 
and C(x) == ;--;- J cc·s u du . 

'IT 0 

The formula. (118) has been found by V. M. __ Zolotarev [338 ]. 'I'he function 

w(z) has been tabulated by K. A. Karpov [90 ]. 

Now we shall consider the problem of finding f(x;a.,S,c,m) in the 

general case. It is sufficient to find f(x; a.,S,c,O) for some particular 

c > 0 because the general case can be obtained by linear transfomiation 

from th).s partlcuJar case. If c > O , then 1 <i> (s) ! j.s integrable on the 

line Re(s) == 0 a"ld by F'cur'ier inversion we obtain that 
1 

1 
1 

' 

(122) f(x; a.,S)c,O) = 
Cl. -u e ( -1/a. a arr) cos uc x-u S tan -;::;-, du 

é. 

f or' a t- 1 and 

( 123) 
00 

1 J -u ( ux 2us u, f(x; l ,B,c,O) = --- e cos - + -- log -;du . 
rrc 0 c 'IT c 

Obviously, 

(124) f(x; a.,s,c,O) = f(-x; a.,-S,c,O) 

holds for every x • 'I'hus it is sufficj_ent to find f(x; a.,S,c,O) fo!' 

x > 0 , 0 < a ~ 2 , -1 _:_ S ~ 1 and some particular c > O • 

In what follows we shall determine the density function f(x; a.,S,::::,O) 

f or 0 < a. < 1 , 1 < a ::_ 2 -1 _<;_ S ~ l and some partieularly chr)sen 

c > 0 • 

First, for any a. and G satisfylng tbe inequali ties O < o. < 1 or 



VI-60 

1 < a. ~ 2 and -1 ~ S ~ l let us determine a rea1 y such that 

(125) ta."1 yn :.: B ta.i.1 ~~ 
2 2 

and -1 < y < 1 • Then let us define 

(126) c = cos Y2TI • 

We note that the inequality 

(1~7) h 1 ~ i -11-al 

always
1 

holds. 

If c is defined by (126) then let us write 

( 12 8 ) f ( x ; a , S , c , 0 ) = h ( x ; a. , y ) 

for a. i- l . If a t 1 ~ then by (122) we have 

y'Tf i 

(129) h(x; a,y) 
1 00 ixu-uae -y 

= - Re{f e du} 
1T 0 

for eveFy x . 

Since 

(130) h(x; a,y) = h(-x; a,-y) 

holds for every x j lt is sufficient to deterrnine n(x; a,y) for x > 0 . 

By (129) and (130) we can wrlte also that 
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yni 

(131) h(x; a.;y) 

00 

1 R r f = ·-, e 1. 
TI Ü 

-2 
-ixu-ua e 

e du} 

for every x and a t- 1 . 

Theorem 5. If 0 < a. < 1 , then 

(132) h(x; a.,y) 

co 

- l l 
'IT k=l 

(-l)k-lr(ka+l) . k(o.+y)1r 
k ," -- Slrl 2 k x 0.-rJ. 

I 

for x > 0 • 

Proof'. If x > 0 and if in 0.31) we mE:: th2 subst:itutiun z = ixu , 

then we obtain that 

(133) 
~co 

1 1 J; 
h(x; a.,y ) = -- Re{-:- J 

1TX l Cl 

( a+y )îri 
a-a -- r -z-z x e 2 e . dz} . 

If 0 < a < l , then the integrand in ( 133) tends to O as Re ( z) -+ + oo 

and therefore by Cauchy's integral theorem we can replace the path of 

integea.tion in (133) by the positive real mds. By usine; the exponential 

expan~Jion and the integral representation of the g3ITLrna function we obtain 

that 

(134) 

h(x; a.,y) 
oo a -a. 

J 1 J -u-u x e = -· Re {-:- e 
TIX l Ü 

k(a+y )ni 

(a+y )ni 
2 

du}= 

00 k- 2 00 

= L Re { ~ l (-l) e _______ . r ,~-u uka du}= 
TIX l k=O k! xka 0 

I 
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for x > C and 0 < a < l . 'D1is proves 0-32) . 

ri"heorem 6 . If 1 < a < 2 , ü:en 

(135) 

00 

h(x; a,y) - ! l 
'IT k=1 

(--1 )k-1 r·(~ -Ll)xk-1 . k(a+y)n 
-- ~· ' · sin --'----'--'--

k ! 2a 

f or x > O • 

Proof. If x > 0 and lf in (131) we use the substitution 

then W8 obtain that 

(136) 
1 

h(x; a., y) = - Re { 
'IT 

Y:ri 

y'Tfi 
2a. e 
a. J 

T 
.LJ 

l 
a YlÜ ! -1 

-z-ixz e 2c< a 
e z dz} 

- --;;- a 
L = {z : z = e u and O ~ u < oo } • If l < a < 2 , then the 

integrand in (136) tends to 0 as Re(z) -+ + 00 and therefore by Chaucy's 

integral theorem we ca'1 replace the path of :tntegration in (136) b;; the 

posi ti ve real axis. By an E'xponential expn.nsj_on we obtain that 

yni 1 yni 
2; 00 a -2a. l 1 ~-J -u-ixu e 1 .) 

h(x; a,y) = - Re { e uöt - du .i Tî a 0 
(137) yni (k-l)y1ri 

2a 00 (-l)k-1 .k"-1 k-·l 2a. 00 ~ ·-l 
1 { e l l x e J -u a -

= - Re (k-1Ti 
e u du } 

1T a k=l 0 

(-l)k-1 r(.!s. +l)xk-1 
a . k(a+y)1T 

k ! ------- sin -- 2a -

for x > 0 and 1 < a < 2 • 'I'his prove:s (135). 

" For the proofs of Theorem 5 ëilld '.I'heo:rom 6 we refer to l!.:... B~rf,C:'."0.'.~2!E~ 

[228 J) [ 229..l ) 

, 
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A. Wintner [333 ], P. Humbert_ [ 262], and !L Pc:}Jar·d [310]. 

Tnere is an interesting relation between h(x; a,y) n l !or ';-) < a < 1 
c. 

and h(x; a,y) for 1 < a < 2 • This relation was f'ound in 1954 by 

V. M. Zolotarev [338]. 

Theorem 7. If 1 < a < 2 , then 

(138) 

for x > O • 

i 

1 1 l 
h(x; a,y) = a+l h Ccz, a' 

x x 
a+y-1 ) 

Cl 

Proof. The proof of (138) follows inl!1lediately from (132) and (135). -r-
We can write (138) in the following equivalent form. If ~ < a < 1 , 

'-

then 

( 139) h( ) = _l_ h (1 1 a+y-1_ ) x,· a,y +l ~, -, a a a a x x 

for x > O . That is (138) is valid if ~ < a < 2 a.:id x > O 

Examples. In the particular cases when a = 1 or a = ~ 3Yld 

S = 1, O, -1 we can express h(x; a,y) with the aid of vfüittaker 

functions. 1 If Re(m+ 2 -k) ~ 0 , then for e':ery z the Whitta.ker function 

wk m(z) is deflned by 
' 

wk (z) = ,m 

z 
e- 2 zk roo 

1 J 
r(m+ .2 -k) O 

(See E_._'I1_. _rw_fh_i_ttaker [ 331], and E. '11
:_ WhLttak~r· and G. __ !:!._'. Wc:~son [ 20e 

p. 339].) 
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If 2rn is not an integer then the Wtd.ttaker function Wk (z) can ,m 
also be e:x"Pressed in the following way: 

f or 

(142) 

f or 

(143) 

and 

(145) 

wk (z) . ,rn 
r(--2m) ( ) - · M z + 

r (~ -m-k) k,m 

r(2rn) 
1 ~ -rn(z) 

r (-;:;- +m-k) ' 
c: 

3 
1 arg z 1 < 2 rr and 

w (-z) = _I(--2m) M_k ~(z) + r(2m) M-k,-m(z) 
-k ,m r 11 +k .J_ ,". r , 1 + . 1 \ \"2 -Dl \ 2- m-i-K; 

larg(-z)i 3 < 2- TI , where 

1 z 1 1 3 

Mk (z) ,rn 

2 +m - 2 2 +JT1-k (-~,- +rn-k) c2 +m-k) 
2 

= z e {l+ 1!(2m+1) z + 2!(2m+l)(2rn+2f- z +."} 

M. (z) = -k,-m 

1 
- -m 
2 z 

-~- - !-m-k (~-m-k)(;-m-k) 2 
e {J.+ l!(l-2rrÎ) z + 2!(1-·2m)(2-2inf- z + ••• } 

If 2m is not a negative integer, then we have 

1 1 
- - -rn 

z 2 ~ rn (z) --

' 

- - -m 
( -z) 2 M . ( -z) 

-K,rn ' 

that is 
' 

-z ~ +m-k (~ +rn-k) (~ +m-k) 

e [l + 1!(2m+l)z + · 2!(2m+l)(2rn+2) 
2 

z + ••• ] = 
( 146) 

} +m+k (~- +m+k) (~ +m+k) 

-· [l -~ Î!(2m+D z + ·21C2:n+fTC2m+2) 
2 z -- ••• ] • 
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and 

(148) 

By using the above results we can prov2 that 

f(x; } , l 
1 

' ~ '0) = 

2 f(x; J , O, 1, O ) -

( 
2 

R 
-?7x2 1~ 

-2 e wl 1 (-·2-) 
TIX ..,... 27X 2' b 

O f or x .::_ 0 , 

2 
--2 

/3 e27x lf 
~---w r---) 
6h lxl 1 l '--·7 2' - 2' b ê,x 

f or x > 0 , 

f or x c ( -c.o, oo) • 

i 

fy.'oof of ( 11+ 7). 
1 

If a = J and 6 = 1 , then by (125) y = ~ znd 
3 

by (126) 
7T 1 

c = cos 3 = 2 . Thus by (132) we obtain that for x > O 

,.... co 

2 1 2 2 -- _13 \ 
f(x; 3' 1, 2' 0) = h(x; 3' 3) 2n j:O 

( -1) j r ( 2j + ~) 

2j+ ! 
(3j-l) ! x 3 

~- where we used that 

( 13 if k = 3j+l 2 

(150) 21rn 0 . if k = 3j sin -
3
- = 

13 if k == 3j·~l -2 

( -1) j r ( 2j + ~) 
j 

c:· 
2 ·..1- ) 

J' 3 
(3j+ 1) ! x 

for j = 0,1,2, •••• If we use the abbrevjation y = 4/27x2 , then by 
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(ll~3), (11+4) and (145) we can write that 

(151) 

f(x; 1, 1, ~' O) 
= 9e-Y12 y~~~ 

2/IT 

9 -v/2 1/2 
= e • y W (y) 

. 2/; 1 1 
2' 6 

for x > 0 where y = ll/27x2 • T.ne last forrnula foJ.lows from (141). In 
1 

1 

(151) we used that 

(152) M 1 1(-y) =Ml l(y) 
- 2' b 2' b 

and M 1 1(-y) 
- 2,- b 

f or y > O , and. further that 

(153) r(-!)r(~) _ rr _ 2n 3 3 - -. -îî- - ·-;;: ' 
sin 3 v3 

(191) 

and 

r ci)r ei-) = -~- = 2rr • 
0 0 . îT sin 0 

=-Ml l(y) 
2,·- b 

If x :;, 0 , then ( 1 1-17) is obvious1y true. We note that 

(155) 
2 l ~ 

f(x; 3, -1, 2, 0) f(-x; 

holds for all x • 

1 
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Prcof of (148). If a = ~ and 8 = 0 , then by (125) y = 0 and 

by ( 126) c = 1 • Thus by ( 132) v1e obtain that for x > 0 

2 r:- 00 

f(x; 2
3
-, O, 1, 0) = h(x; -

3
, O) = ~~ L 

- j=O 

r(2j+ %) 

(3j+1) !x2j+ ~ -
(156) 

where we used that 

13 (-l)j jf k = 3j+l 2- ' 
(157) 

. krr 
0 if k 3j 1 sin - = = 

' 3 ' 
13 (·-l)j if k ::". 3j-l - 2 ' 

for j = 0,1,2,... . If we use the abbreviation y = 1V2'{x
2 for x > O , 

then in a s:iJnilar way as in (151) we obtai.n tliat 

(158) 

3 y/2 1/2 
f(x; }, O, 1, 0) = e _...Y'---

4/i 

3 
y/2 1/2 

= e Y W ( ) 1 1 y 
4;; - 2' b 

M l 
- 2' 

for x > O where y = ll/27./ • Since f(-x; }, O, 1, 0) = f(x; ~' 0, 1, 0) 

for all x , (148) follows frorn (158). 

Fo:nnulas (li-1'7) and (J_ll8) have bE:en. fi..iu.nd by ~-I~_!".ollard [ 310] 
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and V. M. Zolota:eev [338] respedj_vely. 

Next we shall prove that 

13 2x3;27 
e W 

1 if x > 0 ·' 

(159) 3 1 f(x; 2, 1, ~, 0) = 
12 

- ':')' 
'--

if x < 0 . 

Proof of (1:59). If a "" ~ and B = 1 , then by (125) ·y = -1/2 and 

by (126) c == cos % == l//'.~" • If a, = ; and B = -1 , then y = 1/2 and 
i 

c = 1/12 . 
i 

If x > O , then b;y (128), (138) and (J-56) we obt:Lln that 

(160) 

f(x . J_ 1 L o) = h(x· l - l) = 
' 2' ' ' ' 2' 2 /2 

l 1 2 l 1 2 = -572 h ( 372 , ?' O) '= ~ f c372, 3, o, 1, O) 
x x- ..) x x 

and the extreme right member in (160) is given by (148). 

If x < 0 , then by (128), (138) and (149) we obtain that 

3 1 3 1 3 1 f(x; 2, 1, 
12

, 0) = f(-x; 2, -1, 
12

, 0) = h(-x; 2, 2) = 

(161) 

= 
1 1 312 2 ? 1 , 312 2 l 

5/2 h ( (_x-_) ' -3, :::-3_ ) = ---- f ( c-=-) ' -3, 1, °?' 0) 
(-x) (--x)5/2 --x _ 

and the extreme rig.11t member in (161) is p;;iven by (1117). 'Ihis complstef 

1 



VI-69 

the proof of (159). 

Fonnula (159) was found by V. M. Zolotarev ~338]. 

Finally, we consider the case when a. = 1/3 and S = 1 . The density 

function f(x; 1, 1, c, O) for c > O can be expressed with the aJd of 

modified Bessel functions. If v 'I -1, -2, ... , the modified Bessel 

function of order v is defined by 

(162) I (z) 
\) 

00 ')1"+1 = (z/2)'·" \ 
l j lf(ih+l' j==O • u • ) 

for e-Jery z • If v = ..'..1, -2, •.. , then I (z) = I (z) • 
1 \) -\) 

rrhe f\.u1ction 

(163) K,.,.(z) = -2-Sl-.~-v-n [I_)z) - I)z)J 

is called Basset's function or MacDonald's function. 

We have 

1 13 0) (164) f(x; 3' 1, 
2 ' 

where 

(165) 

\ 
1 K (-1--) 

3 3/2 1 3/3X TIX -· X 3 
= 

0 

l 

- 2:_ rr (x\ 
L 1 I 

13 - -· - 3 

f or x > 0 

f or x~O ·' 
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or by Af.ry•s integral 

(166) 

for x > 0 • (See A. E~é'lyi [ 4-9 ] Vol. 2, p. 22.) 

Now we shall prove (164). If a = 1/3 and i3 = 1 , then by (125) 

y = 1/3 and by (126) c = cos 6 = ;3" 

If x > 0 , then by (128), and (132) we obtaJn that 

(167) 

1 /3 11 13~ 
f(x; 3' 1, 2' 0) = h(x; 3' 3) = 2rr )0 

J= 

r(j+l- }) 

j+l- ! 
(3j-1) !x 3 

where we us8d (157). Since 

f( ·+1+ l) 1 2 

(168) 
,J 3 r(3) r(3) 

(3j+l) ! -
j !r(j+ ~)33j+l 

j 

for j = 0,1,2, ... and 

r (j+ 1- ~-) r(l)r(~) 
(169) ..) 

= 3 3 
\33-1)! ( j-1) 1 r (j + }-) 3 3j-l 

for j = 1,2, ••• , we obtaln from (167) that 

r(j+l+ l) 
3 , 
j+l+ ~ 

(3j+l) !x ~ 
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(170) 
1 ~ 1 1 1 

f(x; 3' 1, 2-!.., 0) = -·312 [I 1 ( ;---) - L (--)] 
(3x) · - j. 1 27x } ./27x 

for x >O • 'I'his proves (164). See also 1/. M. Zolotar-ev [33sJ. 

We shall close this section by mentioning several useful properties of 

stable distribut:ion f'unctions. 

First we observe that if S = 1 then the Laplace-·Stieltjes transform 

of the stable distribution function is convergent for Re(s) ~ 0 , v!hereas 

if S = -1 , then the La.place-Stieltjes trans.form. of the stable distribution 

function is convergent for Re ( s) ~ 0 • By symmetry 1 t is sufficient to 

consider the case of B = 1 • 

If 0 < a < 1 , S = 1 , c = r (1-a) cos ~n- and m -· O , then 

00 

J e-sxd v(x: J c 0) 
l.' , a, ., ' 

0 x 

co 

= exp { J ( e -sx _ 1) adx . } = 
0 xa+l 

(171) 

for· Re(s) > 0 • F'or if 0 < a < 1 , rn = 0 , and in ( 90) we choose 

and c2 = 1 , then by (89) S = 1 and by (88) c = r (1-o)cos an 
2 

evaluation of the integral in (171) see Problern 46 . 5 • 

If a = 1 , S = 1 , c = n/2 and rn = 0 , then 

00 

c = 0 
1 

F"or the 

00 

r --sx 
P. d F(x· J J J - x ' ., ., 11 O) __ {re -sx , + sx ) dx _._ (l-C'Jsi-2' , exp ; e - -1 ---2 2 ' , - ~ , -

-cv 

(172) 
sloo-s -- e o 

O ~tx x 
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for He(s) ~ O • For if a -- l , rn = O _, and in (92) we choose c
1 

-- 0 

and c2 == l , then by (89), G - 1 , by (88) c = n/2 , and by (87) µ == -(l-C) 

Pur the evalu8.tion of the integral in (172) see Problem 46 .5. 

If 1 < a < 2 an an S = 1 , c = r(l-a)cos -~ = n/2r(a.)sin ~ , and m = 0 , 

then 

(X) (X) 

J --sx ( ) e d F x; a, 1, c, 0 
- x 

= exp { f Ce-sx_l + sx) ~dx } = 

0 
a+l 

-m x 
(173) 

for Re(s) _::_ O • For if 1 < a < 2 , m = O and in (93) we choose 

and c." = 1 , then by (89) 
L 

S = l and hy (88) c = r(l-a)cos an 2· 

evalu::ition of the integral in Cl 73) see Pr'Oblem 46. 5. 

Fran (171) it follows :iJTrned.iately that if 0 < a < 1 and 

ç; "v S (a, l 3 cos ~n , 0) , then 

(174) E{e-8~} = e-s 
a 

Nv-

for Re(s) ~o . From (173) it follows immed.iately that if 1 < a. 

and Ç, "v S(a., 1, a.n 
-cos 2' 0) 

' 
then 

E{e-sÇ,} 
a. 

(175) s = e 
"'v• 

for- He (s) ~ O • 

< 

c = 0 l 

For the 

,.., 
C:.. 

We note also that if i; .,, S ( a, !3, c-; ~ ra) <md S = 0 alîd rn == O :J thPn 1:: 

ria::: a syrrrnetr:Lc distrj_bution, tha.t i::::, if t; "" S(a., O, c, C) , then 
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-E;. 1V S(a, O, c, 0) too. lf c ~ 0 , then we have 

(1'76) 
en 

J 
-'3X e ' d F(x; a, 0) c, 0) = 

x 

for Re(s) = 0 . If c > 0 and a = 2 , then (176) is convergent for every 
2 

s and is equal to ecs If c = 0 , then (176) is equal to 1 for evcry s . 

Now we shall corn::üder some distributions related to the stable cüstributions. 

Let us suppose that c:-( 1 _crn 0) t,; "-' ...., a, , cos 
2 ' 

where 0 < a < 1 . Then ç is 

a positive randan variable and (174) holds for He(s) ~O. 

The random variable E;.-a has some importa11ce in probability t:teory. 

Let 

c 177) G (x) = P{E;.-a ~ x} 
CL . ,,..,.... 

f or 0 < a < 1 . Obviously we have 

\ 1-F(x-l/a 1, 
an 0) for 0 a, cos 
" ' 

x > , 
(178) G (x) c. = a 

l 0 for x~O . 
T he randan variable t,; 

-a has a density fu11ction 

1 f(x-l/a a, 1.L, cos cor 0) 
1 ' . -2~ 

l+ -
f or x > 0 , 

a 
r:r (x) = 
'='a (179) ax 

0 fur x~O. 

rl'he lxl.pJace-Stieltjes transform or G
0

(x) cnn be cxpressed by the 

Mittag-Leffler fw1ction 



00 k 
(180) E (z) = l ~7""i\ 

a k=O f\ka+l; 

.1 
for 0<o.<1. (See G. Mittag-Leffler [135],[136] andA. Erdelyi 

[49 ] Vol. 3, p. 206.) We have 
00 

(181) J e-sxdG (x) = E (-s) 
0 a a 

for every s and 0 < a < 1 . (See H. Pollard [311 J and w. Feller_ [253 ]p. 1+28.) 

By using 'Iheorem 7 we can deduce from (181) the fo11owing result: 

If 1 < o. < 2 , then 

00 

(182) f -sx ( a7T 1 e f x; a,-1,-cos ~' O)dx = a E1(-s) 
0 

for all s • (See V, M. Zolotarev [339 ] . ) 

By Cl 75) i t follows immediately that 

(183) J
00

e-sxf(x; a,--1,-cos ~7T' O)dx = e(-s)a 
-00 

for Re(s) < 0 and 1 < a. < 2 . 

If we use Theorem 7, then we can prove that 

( 8L ) re· a7T ) i r ) 1 1 x; a,-1,-cos ~' 0 = a gl,x 

Cl. 

for x > 0 and 1 < a < 2 where the right-hand side of (184) is given by 

(1'79). By (181) this irnplies (182). By using t~e notatio~1 (128) 1-ve can 

write (184) in 0he following form 
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(185) h(x; a, 2-a) = ~+l h(x 
x 

1 

a ! !) 
' a' a 

f or x > 0 and 1 < a < ') c._ • This js jndeed true by (138). 

According to (181) if alf 
t; 'V S(a, 1, cos 2-, 0) and C < a < J. , then 

(186) 

f or every s . 

If 0 < a < 1 and if take 5.nto consider-ation t.hat E (-x.a) is a 
a 

decredsing i'unction of x in the interval [ O, 00 ) which varies f'r·orn 1 

to 0 ! , then we can easily see that 

f or x ~ 0 ' 
(187) H (x) = 

a 
f or x < 0 

is a distribut:i.on function. We have 

00 

(188) J e-sxdH (x) 
0 Cl 

1 

for Re(s) > -1 • If Re(s) > 1 , then by (180) we obtain that 

00 00 

J e-sxdH (x) = l 
0 Cl k=l 

(-l)k-l J00

e-sx ka-1 
r(ka) O x dx = 

(189) 
00 (-I)lc-1 

= l 1 
~à-- -

a k=l s l +2. 

and (188) can be obtained by c=mal;ytica1 co;1tinuation. 
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In his investigations of branching processes V. M. Zolotarev_ [ 340 J 

encountered the d.tstribution function 

(190) S (x) = 
a. 

co 

\

( l- --~ J e 
r(l) o 

a 

(x. a. 
-.-u) 

l 0 for x < O 

f( 1 an 0 ,du 
- u' a' ' cos 2 ' Ju 

where 0 < a < 1 , and showed that 

co 

(191) ( e-sxdS (x) = J s 
0 a - - ( l +sa:) 1/ a 

i'or Re(s) > -1 . 

f or x > 0 , 

In 1953 Chung...Jeh Chao [232] proved tl1at if s "-' S(a, S, c, 0) wherc 

a. t 1 a.~d c > 0 , then 

(192) 

where y 

(193) 

1 y 
P{t; < 0} = - - ~ 

"""" = 2 2a 

is defj_ned by (125), that is, 

2 t ( tan a:rr) y=;arc ans 2 

and - ~ <are tan x < ; • (See Problem 46. 7 • ) 

If s "'S(a, B, c, 0) where c > 0 , then s has a continuous density 

function f(x; a, S, c, 0) for which we have 

(194) f(O; a, S, c, 0) 

whene;Jer a /- 1 • 'fhe constant y is defincd by ( 193). Both ( 192) and 
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If a F 1 , then by ( 122) we obtain that 

(195) 
l 

00 - -1 
f ' ü' 1 J -u r an\ a 1,0; a, S, c, ) = - 1- 1-a- e cos,u S tan 2 ,u 

c ' an 0 
du 

and the evaluation of (195) leads to (194). (See D. Bierens de Hah.n [ 11 ] 

p. 505.) 

The 1'-'Ioments of Stable Distributions. If ç; 'V S(2, O, ~' 0) , that is, 

if F, has a normal distribution N(O, 1) , then 

(196) 

') 6 

"' - ~· 22 r(-~+21) 
- _5_ ( e 2 x 6dx = -----

,/2; ó ITI 
1 

for Re(6) > -1 • If t; '\, S(l, O, 1, 0) , that is, if ; has a Cauchy 

distribution then 

(197) 

for -1 < ó < 1 • 

6 
x --dx 

J+x2 
1 

on cos --
2 

If ç; 'V S(a, S, c, O) and a ;t 1 , then we have 

(198) 

for -1 < 6 < 1 

cos yen 
2a 
01T cos -
2 

where y i.s defined by (193). Formula (198) lias been 

If l;, 'V S(a, S, c, m) and 0 < a < 2 , then 

I: 
11 

!I 



VI-78 

(199) E{ l t-;; 1 ó} < oo 
. .vv.-

if -1 < 8 < a and 

(200) 

if 8 ~ a • (See B. V. Gnedenko [ 259].) 

Finally, we shall mention sane characteristic properties of stable 

distribution functions. 

Let us suppose that F(x) is a stable distribution function. We 

exclude the normal distrjbution (a = 2) and the degenerate cüstribution 

i 
Cc = 0) • Then there exists an a (0 < a < 2) and nonnegative consta.'1ts 

c2- .• c2 w-1 th sum c1 + c2 > O such that 

(201) lim x0 [1-F(x)] - c2 x -+ 00 

and 

( 202) 

The constant a. is the characteristic exponent of F(x), and c
1 

and 

c2 are the constants appearing in the representation ( 811) • Thus i t follows 

that necessarily F(x) = F(x; a, 8, c, m) wher~ a (0 < a < 2) is the 

constant appeaPing in (201) and (202), 8 = (c2- c1 )/(c2+ c1 ) and c is 

determ:i.ned by (88). The constant m is not detemüned by (201) and (202). 
,,. 

(See l'_· !_evy l 11.3] ,_-J. 201..) 

If F(x) h; a p.voper stable distr:lbu.tion functjDn (the degen:'.:::·ste 

case, c == 0 , is excluded), then F(x) is ahsolutely ccriU.nuous Erl.d has 
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deri vati ves of .:::ül orders for every x . If cp ( s) denotes the Laplace-

Stteltjes transform of F(x) ~ then by (82) 

(203) i<P(s)j = 

where c > 0 and 0 < a < 2 • 

(204) F(n) (x) = 

By 'lheorem 41.5 we can conclude that 

i n-1 

21T 

00 

J cp( iu)e iux un-ldu 
-oo 

for all x • (A. Ya. Khintchine [ 278 ] • ) 

L. A. Ibraglmov and K. E. Chernin [ 268] proved that every stable 

distr:tbution function is unimodal. A distribut1on function F(x) is 

called ucimodal if there exists at least one x = a such that F(x) is 

convex for x < a and concave for x > a . 

A proper stable distribution function F(x) with chan=i.cteristk 

exponent a ~ 1 is regular on the entire real axis. For a > 1 the 

distribution function F'(x) is an entire function. 

If cp(s) is the Laplace-Stieltjes transform of F(x) and we expand 

F(x) into Taylor series at the point x = a , that is, 

(205) F(x) = 
oo (n) 
\ !'.:__j_§l (x-a) 11 

l n' n=O . 

then by (204) 

n 

(206) u. 

for n = 0,1, ..• and hence the radius of' coiwergence at the point x = a 

is 
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,r 

i =. 00 for a > 1 1 ' 
(207) H(a) l 

~ > c 
= -1-

"_ f or a - 1 

lim sup 
F(n)(a)ln l~ __ ,nT_I 

n -+ oo 

This res ul t is due to A. l. Lap in. ( See B. V. Gnedenko and A. N. 

Kolmogorov [ 260 ] p. 183.) 

A. V. Skorohod [ 320] proved that if a < 1 , then 

x 1 xa 
for x > 0 ' 

(208) f(x; a, B, c, 0) = r l (l \ - g --; 

1 
1 1 

· TXT g2C~) 
\. lxl 

f or x < 0 ' 

aTe entire functions of z • where g
1

(z) and p;') ( z ) - {_ 

43. Limit laws. 'J'hroughout this ;:;ecti.on we suppose that ç:
1

, ç: 2 ~ ... ,; 

E;k, • • • are mut ually independent real random variables. We consider a random 

trial with which a probability space (rt, B, P) is associated and we suppose 
"-"-

that each t;k(w) is a finite measurable function of w defined on st a11d 

that ( 41. 36) is satisfied for n = 1, 2,, . . . 

If E{ I ç;1 ! } < 00 , then let us write 
""' <: 

00 

Cl) 

f or k = 1,2, ... , and if E{E,2} < co then let US i·J1"j_te 
,~- k ' 

00 

(2) b:? = Val'{ E, } = J (x-ak)
2
d y'-t E,k < x} 

k rVV'- k ' x -
_oo 

for k = 1,2' . .. . 
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Mo~:t of the resu.~.t~> deduced in th:Ls secU.on are concerned. wüh the 

case of mutua1ly indcpendc:nt nnd identically distributed real random 

variablc·:'i. In t'nü'. pa.Ptleular case we use the notatlon 

(3) P{t; < x} = F(x) 
""" 1F ' 

00 

' xdP(x) a = J 
0 

and 
<Xl 

b2 f 2 = (x-2) dF(x) ( 5) 
0 

provJdcd that the intec;rnls :J.n. (4) and (5) are abs:.:i1utP1y 8Dnvc.·rgcnt, 

p1~oved tlle vJeak law of 10.r-c;e numbers in the follow~_ng genera] fo2;r:. 

(6) 

Tneorem 1. 

and 

l.im P{ 1 ,.,_ 
n ·+ "° 

[, + 1 

< x } '" F ( x ) , 

r,"+ ••• +E; 
c:. n 
n - al < d - 1 

Proof. Fi.rst, we notc that in '11heorem 1 it is D()t ne:'.ec~33.ry to :-~s::~um:-; 

that the raividom Vé.rriahles { [,k} are mutual1y :independent for ( 6) .1.s vaHö 

for psirw:i se i.ndependent vaxiables { t;k} too. 'll1e van.ables { [, 1 } ai'e 
K 

pairwise independent j_f (i-tl. 3Ó) holds for n == 2 . 

') 

N2xt, \';:-; obse~·ve that if E{(-} < 0 , , then (6) .L; a. simple conseoilt::ncc ,.,,,,._ k -
," 

of >:-,he inoquali ty ( 111. 31). If we write li'' "" V0r{ [, } 
,....._,_ 1\: and 

''t 
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(7) 
r + r -f- ..;. t 
~_, J ·; 2 " " ~ . ~;,;Il 

l'ï ~- ---"~-... --"··- ----~-·- ~--· 

''n n 

for n = 1,2, .•. , then ,I:'.hn} -- a and ~:Yius for any 

E > 0 by (41.31) we have 

') 

(8) 1 
1 } ' ,2 2, b"-0 < P{ n - a 1 > E = P{ln - a: > s 1 < - ,,,,,_ n ,_ n -2--

E rl 

If t ' . 2; 2 (~ d '6'1 " l"l : n -r c.o , -r1en o t:: n · r J , an \. ; 1 o ow s. 

To show that ( 6) is ·va:i.id, v1e 2l r1ll n.'ilJove j n the abovs proo:f the 

restrj_cti ve cond:i.. tion that Var{ F;1J cxist~ . '.l'hió can be ochievcd by w~~hr:; 
~ \ 

i 

the me~Gl1od of trWlcatior.. 

'"'-' "'l·1all- î)I'C).\ce 1-h"t' for• c:;r•l" c· > (î. "-' __ ,...,_,(~ l.·'.'·" r,) t·.h1""I'1-> p.):1's·t:c~ ,_;:i~,_. 'J·.T 1,'"., .-"J) l"JI..- v ' t .. J u" ;CL , . (~. ,) C.. L'! .i • _ r , • ,~ ,_ • • , ~ " , c. v 

such t.hat 

(9) 

if n > N(r., (JJ) • For a fixcd o > 0 and for k = 1,2, ... ,n let u0 

deflne 

~· 
(10) t:k = 

f 01' k -- 1,2~ ..• ,n , 2nd wrj_tc 

(11) 
t:· 

n n 

r t:k 
·1 
! 

ü l 

* E.:1+ 

1f lt.:kl < on -

j_f lt:kl > ón 

* ~-
? .L + ,. 
l_;,") . . ';n c_ 

n 

* Define A "-" { 1 •:n- ai ~ s} é..tril B ':: { nn -- 1\i J" rrhen vJe 1-;ave A -- J\J.:\+fafiCl\[}i-B .• 

ancl thus PU\J < P{AB}-:-P{tÏ} =,,,v > that :u;, 
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(12) 

SJnce E{lr,ki} = C < 00 , it follows that 
,,.,,_ 

* * (13) E{ i;k} -- a.., = 
,......,. \_ J.J. 

on 
J xdF(x) 

-on 

(k = 1,2, ... ,n) converges to a as n -+ 00 • Hence for 8.ny c > 0 v.:e 

have 1 
* 1 c . & - a < -2 , :if n 
n 

is sufficientJy lei.rge. 

If n is · E>c la1 f;C: that 

(14) 

< 

-::n1d r· 1e1.~e we uc,_.·,,·_·:d (IJ 1 .. L. ·_31 \/ ~,_" · 1d ( 10) • (' ti- . - l ' ' Ul " • _ : , .:-.u _;D ,..11'2 ott1er 1î8n1.J i-.re .n~rve 

* n * n 
P{n d. n } < kI:L~lsk ~ ç } = }: P{ 1 ~ 1, 1 > &11 -· 

,..,.. n I n -- K k:c=l""" -
(15) 

-- n ;r dF(x) < ~--
~-= on 

lxl>ón 
f ! x j dF(x) < E 

Jxl >on · 
J~f n is large enough. 

Here we u.sed that 

" (16) f J x i dF ( x) < ó '-
J x J >on 

if n 1.~'3 larti;c enough. "··L·"' "(' thP ]. efr )"''' ·1'1 '~}·C10 '"'f' (]0..) ;-.P..,Q''=' t(l .J. l l'~::: · -- . . v-. lCÜ ~-' ·~ . - ,, \ ·'· L -!l '·, _ c é1S 
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'Ihu:; by (12), (lil) .:ind (15) '"e obt;:ün that 

( -1 r{ '\ 
-· J F{ 1 n

11
·- a J ~0 d 

;\."\-.. 

11(' 
< c...:-;+1)6 

E 

H' n is sufftciently large. Since L > 0 and 8 > 0 a:re a~~ïs1.trary, 

thr: last inic;qualj ty proves (9) and consequently ( 6) tc.10. 

1 " l r;1 , E~ 2 : ••• , [;k' •.. is a sequence of real randorr: variab1es for 

which exists for k = 1,2, •.. , then vJe say that th0 v1eak lm« 
whenever 

of larc;e rnmi~ers L; valid for the sequence fo:r- every c > :J 

1 
n 1 n 

(J 8) Urn P{ J l t,k-· -- I ~I < d - 1 . 
""'-"- n n 

11 + 00 k:'7l. k~J 

proveci that if { [;k} is a ~"'equen8e of mutually indep:,;ndent randu;n V8T:1 é-th~ e~; 

f ·o-,.., w1·11'nJ1 D{I:- - l} ·- p é!J"ld 1'{ 1: - Cî1 - ,., (_r.i..l-:'. l, == l_) • ~--r-_1F_.j"I. (_"LiJ~·.) l1',J~_J __ ,.-_;.,-". - --- .0 .[ "1- - - ' - '71.- - . - '-i ' ''--t - , ~- - - ,, -
.....,.,,_ ~ At- i\." 

mutuo.lly independent random variahles for wh1ch J.::{ t,1r = l} = o and • -k 

[ .'.~'/ ''r -_] ~ th t · f · '-'· proveu - a - i is a sequencc of rnutua11y j ndependc-1 it dj screte 

(19) 

f'or any s > 0 . Yrom ( 19) Ch'2byshev concluded that (18) holcls :LC 
') 

b::. < B < w 
k = 

rep1u.ce ·:;he le.~::t cooditiion , \\T v.,,: 
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(20) 
n 
I t~ = o . 

Y~=l 

[ 
'f 

~~ 
[ 1-1.21 ]~ derived necc-:0s2.ry and suff'i.cient 

conchtions for a sequ'é:'nce of mutua11y independent real random vsriable~~ 

to obey the weak law of J arge nurnbers. In 1929 A. Ya. lfnintc.:rü~ [L~-18 J 

proved that if { t.:1{} is a sequence of pairv;h;e irnJ.ependent, :Ldenticälly 

d:Lstributed real random var:Lables wi th f:Ln-~ te expectations, thcm (18) bolös. 

F'or further extem>ions of the weak law of large number·0 \'Je refer to B. V. 

rfüe Strong I:aw of ~arge Nun1~ers. Let E..
1

, !;,,.., •••• , ~- , ••• be a ~:oeouer1c0~ 
r." K' 

of reaJ. randcJrn variables for v;h:i ch (k=2.,2,.") We 

{ c } say that the secwence "'k obeys the strong 1aw of lar•ge nu1tl.1t•r·s j f 

(21) P{lim ,..,...._ 

(Cl- a1) + (r;2- a2)+. · .+U,n- an) 
------------------- = O} n 1 . 

n _, 0) 

ïf (n, B, p) :Ls a probability space and F,k(lt\) (k = 1,2, .. ,) an:c 

r-eal random v2.riables defined on ~, then for any cho:tce of 

the function 

(22) 
l n .. 

n (u.1):::: =- l (.;1.(w)·-a,) 
n n k=l l\_ ,z 

is a random variable. Denote by A the sc~t of pcünts ~) E 

sequence {n (w)} is convergent and 
n thi:.: ~~irnit J_S (i 

·' t.hat 

n 

a k 

fen 

it~} 

(23) A - .fw· lîr n (0i1 
.._ • -

1
' ri ' - ()} - {iu: .151n ;:",;~p!11r/•u) j ·- 0) 

n ·+ oo n + oo 

(k==l,2,".) 

VilÜeh trx: 

1 

1 
1 

·1 
1 

i: 
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We can eas.i ly see that f1 is 3. random e1/r~nt, that is, A c B , and thw:; 

we can speak about the pr·Jt«:ibiHty of A . If P{A} = 1 

obeys the strong 12-H of 1E!.Y'f~2 rnm11Jers ( fo1' the gi ven sequence { é'l~K}). 

By using 'I"neorem l.Jl. l we can f'orrnulate a useful suff'icient condition 

whlcl1 ernmres that P{ A} ·- 1 . ,,.,._ 

f....e'lli113. J • 

00 

(24) L P{ maxjn_i (w) 1 > d< co , 

k= 1 /V'. nk < i~k+ Î 

then 

Proof. I...et 

(26) 

P { lim n ( u.i ) - O} = J • ,.,,..,. n n -+ ,". 

A(s) = { lim sup ! n ( i.ll) 1 
n 

n -+ "° 

for t. > 0 • 'rl1en A(c) :::: B for every s ~ 0 

> c} 

If (211) holds for every s > 0 , then by 'll1eorem In. l we can conc~.t~dc 

that with probab:ility ~- only f'lnitely many events {inr/w)I > d (n c:: 1,2, ... ) 

occw:, émd this fotplj_es that P{h.(t:)} "'° 0 ,.,__, f or every E; > 0 , Now wc fJ1é:J 1 

prove that P{A(O)} = O • Since evidently, 
M.-
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c"."'I 

(27) /\.(0) l ~ / J_) c..:.. L\-
' r--=-1 r 

i t fo11ows by Boole' s :Lnec~uali ty that 

co 

(28) 0 ~ P{A(O)} < 

"'" 
2, P{A(~)} = 

r=l""" 
0 . 

Accordt:ngly, P{I} = P{A(O)} = 0 wh::'..c:h proves (25). 
A"- /\,,,_.. 

We note that, conver:::~ely, if' P{A(O)} = 0 , the~ P{A(s)} = 0 
~""""' ~ 

f or 

every E > 0 Fot', obv1ow3ly A(c:) c A(CJ) ho1ds fm:· every c > 0 , c.md 
l'V'\A... ..>..,.·-

tl ie re f ore 0 < P{A(c)} ~ PfA(O)j = 0 . --- ;....,..,,,. 

Next we sllall pr·ove a i?;enerét l.i zatj on of tl:e irn:~qu&H ty (19) whi ch mo.ke[; 

it posr:Jble to prove the law of 18re;e mun.lX':Vi-> for mub.~?.lly iridepe:nd;,'1~t randen! 

Lemm..i. 2 • 

(j = 1,2, ... ,n) . 

( ?C) ·--1 

(30) 

P1'ouf. Let 

a. =EU~-;} 
J ""'-" <) 

e.nd varian::;e0 

For every c > 0 we have 

k 
P {max 1 I (t~ .- a.) 1 

r..._ l;j\~p .j = 1 J J 

l;:k::. 

1 n 
~ c} < 2 I 

E k=l 

for k - 1 ~ 2, ... ,n . Defi_ne n randrn1 V<<.riables 

follows 
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(31) 
if <s,, .... , l l;k i· 1 < 

' - 1 
> c 
= ' 

otherwi~e. 

'füen Xfi· x2+· ••• + x
11 

is e1ther O or 1 , an.d x1+ x.;~ ... + x = 1 
c. n if 

and on1y if 1 r. 1 > c f or some k -= 1, 2 .••. , n . 'k == , 

The left-hond üide of (29) can be e:xpressecl in the following way: 

(32) 

(33) 

n 
= E{x-L+ ••• + v l -

/'h' - '~n. I E{x.J . 
k=l"""' K 

If we multiply (32) by 2 
s then wc obtain that 

2 n 
·- E - I E{ x) < 

k=l~ k 

which proves ( ~?9) • In ( 33) we used the f'ollowlng inequaH ties: 

and 

( 35) 

for· k = l, 2, ... ,n • To pnJVe (3li) let us obser'Ve that 

k = 1" 2, .•. , n . If xk = 0 , then tbi::ê- is cbviuus. If Xir :::: 1 then 
.lC 

in the .inequaJ_~; ty just metTc:i uned He get ( JL:). 'l'u prove ( 3'.J) :!.et U'.3 'dt'-~ t·: 



2 
X r + ;?x.,c,, \/1: -- C ) + y rr --- ksk_ .r{ .~<. --n -~{ ~1< \ ··r1 

and forrn the expectation of (36). The sec~)ilJ terra 011 the PÎ.ffht-hanc. side 

of (36) has expectation becaur:;e 

are Jnriependent~ and E{c;n- r,k} ::: 0 'J1he Last term on the r1g;ht-hand 
,,_,,_, 

side of (36) lias expectation ~ O . 'J'lJ.c proves (35). In (33) we also 

used that v + + x < l . "l. • • • Tl~" 
'Ihis cornpletes !J1e proc1f of the Jnequality (29). 

in the fcllowing gener:d. fonn. 

'rt1eorem 2. Let 

variables fm• which 

(37) 

(38) 

00 

I 
k==l 

•) 

b:'
K 

~i 

P { lim 
n -+ "' 

< cc 
' 

n 

Proof. U:t r;n = (l;l-- al)+ ••• + ( F, - a ) _ n n 

can be expressed as 

(39) 
r;n 

- O} - 1 . p { l:lm 
n n -~ oo 

lf for an~' F > Ü 

we have 

cxist. If 

0} = J • 

f or n 1,2,,." . 

nk < ••• n < YO 

1 i lr, 
c. 
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(") 

(40) 
ç~ 

\' I-'j - '''->V ..L 
[, l lolU...J"~ 1 ~ 

t=-: l""" n <-i <nk+lj_ 
y =-= 

-. c} < oo , 

then by Lemna 1 we con concJude that (39) is true. In (40) we cé.ln 1·r.r:Lte 

that 

ç. 
1 l 

P{max 1-.-
,...,._ . ]_ 

nK < i;::Jlk+ 1 

> s} ;;,f_ { max r,i 1 > nk s} < 

nk <i;J\+1 

(41) 

r { max l c:. I 
'"~ 1 <. < ..L 

--=1=nk+l 

Y\ ~ l':+J.. 
\ . 2 
f, [) . 

J ,i=l 

where the last inequalily follov.rr:> from Lemma 2. 

Now j_f 

nl 1 00 {+ 00 

(IQ) I 1 \' b~ 1: 
2 l 1 

= b. i < 00 ,., L, 
é J J k=1 1\: j=l j=l n ---~ nk k+ l="'oJ 

then ( l.JO) holfü; and this irnrlles ( 38) • 

If We Choose nk = 2k f 1 1 2 ti · (42) _, or c = , , .•• , ·11en in 

(43) I 1 I 1 1-t 16 
-·2 -= -2k - ·---- < ----2k ,,,:~ .2 

n >j n 2k+l>. 2 ') 2 0 3J k+l= K '~ _). 

k 
for j = 1, 2'. . . . In (IJ3) ? 0 < j 

k +~ 
< 2 0 

Accordingly, j_f (37) is ~;;atisfied, then (L!~~) and ( lJ()) hold and th::::.-:'e-

fcr·~? ( 38) j s true. ;ni:Ls cornpl ctes the proof. 

l 
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theorem for rnutually i:ide;)('nderJt and identical1y dtstributed random 

variables. 

Theorern 3. Let {t;k} be a sequenc:e of mu.tualJy j_ndl~pcndent ~nd 

r111en 

( 4;~) P { 1:un 
"""' 

t;,l+ r,')+ ••• + Ë 
L n --- ------ -·-
n a} - l 

n -+ co 

i 

Proof. Fir0t we i3hall introduce a usE:ful defin1ttcn. 'I'wo scqL1ences 

' 
of random variablef:; { ~k} are called equivalent if 

cc 

(45) * I P{ t;, / s } 
k=-=i IV'., k k 

< 0:, • 

From Theorem Ltl. l it follov:s ir111cdiatcly that if { (.k} 

equivalent sequences, then 

( L16) * p { lim ( r,k - t;,, J -- 0) =- J_ 
,..,.._k-+oo .• h_ 

holds. Fu_rthe:nnore ( % ) irnplies that 

(47) 

,\!. 

rlYJd { i;,"} ar2 
1: 

By using tlüs observ2tio11 vJe shaJl prove ( 1~4) in sucl1 a way t;·r1t we 

* rcplace the sequence { r_ 1 
".v-

Theorem 2 ü-,, applieable, and then by (47) 'il'" uu1 conc~ludc; th2.t (lili) is 
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val]d. r:::'o J'ind an equ1-valent sequenl>'~ 
-~~-{ c., J we use the method of trlmcation. 

l{ 

Let 

(48) 
\ E:k if JE:kl ~k ' * l 0 

E:k = 
if 1ç;k1 > l{ 

Since 
00 co 00 

(49) 
= 

* it foB"ow~:; that U.;k} and {E:k} are equivalent seque11ces. 

(50) 

Dnd 

( 51) 

Let ,!{ E;k ~ x} = .F(x) . 'l1hen 

ex.> 

a = J xd.F(x) 

* * a = E{E: } = 
K ,.,... k 

* 

J xdF(x) 
lx J_'."._k 

f or k -- 1, 2, • • . • 1:Te have lim ~ = 2 and hence 
k -)>- 00 

(52) 

* Now eac11 r- has a fini te variance, namely sk 

(:53) 

wllere 
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(54) 

for j = 1, 2, . . . . Furth-:cnnore, 

* 
00 Vac{t: } 

I ·'""~ -v.. 
-k2--

k=l ..... 

(55) 

< 

He1'e we used that 

00 

\' 1-_ < 
l 2 

k=j k 

for j = 1,2,... . 

< 

00 k OJ 00 

l~ 
1 l je. 

,, 
\' 

i = l je_. l 
j=l J j=l J k=l k k=j 

•X> 

~ 1 l ' 1 2 
1• kTi-=D- = -J.2 -r -J.- ;;, -,;-

k=J+l !) 

* * * 

1 
·--;::; < 
k(_ -

The random var'iables E,l' t~2, .•• , F,k, . • . are'" rnutually independent. 'lThey 

* * have fin:Lte expectatiom~ ak = !_{F,k} (k=--1,2, ... ) and(5:))holds. 'I'hus 

(57) 
* * * * * * (F,1- a_l)+(F,2- a2)+ ... +(~ - ~) 
i . _ _ n ~ --·- --0}=1. P {Jim 

n n -->· cc 

By (52) it follow;::; frorn (57) that 

(58) p { li11i 
n 

a} - l . 

By a cornparison of (47) and (58) we obtain (4Ll) 1vhich was to be proved. 

Theo rem 3 in the pa't.5 cu12r case when 
/ 

for k =~ 1~2, •.. was proved :Ln 1909 by E._f~n~1_ [ ]6 !. In 1917 li'. I1. Cantr:Jli 



P{E.:v = 0} = q :for k = 1,2, ... , wl1ere p+q = l. Jn the general ca.se 
,,,. . ._ ...... 

Theorem 3 was proved in 1929 by A. N. Kolrilor;orov ['~21~ J. 

Some Gene ral Lfoli t Laws. Let sl' s", ... ' ;., ' ... be a sequer1cc of 
c K 

mutually independent and identically d1stributed real random variahles. 

Let c:.; == t.:1+ ;?+ ... + s for n = 1,2, .... n _ n We are :i._nteres ted in s tudyir:g 

the asymptotic behav.Lor of as n-+oo. rro achieve this goal we shal] 

introduce some useful definitions and vre shall prove c:;everal aux:Lliory 

theor-ems. The Pes l.Ü ts presented here have bee:n found by !.S_.:_~1_:_~l:.::2?_r:-~c; mic:l 

W. H. ,J • F'uch;-; [ 2 5 

De fini tj_on 1. 

that 

(59) 

1 
_) . See a1so K. L. Chun;~ and D. 0J"nstc:tn [ ~?Gb]. 

--------·-~ "'--------------·-

A real nurnber c 

there ex. i_sts m1 n 

P{Jr - cj < c} > 0. 
"-"-- ·n 

{ ( } . 
n 

sudi 

Definition 2. A real nurnber c is ca11ec) a recurrent value of Uir::: 

{~ } n c > 0 

(60) !{ 1 sn- cl < c for inf1nitely many n = l,2, ... } = l 

the set of all the rec:ur1'ent values of { c:.; } • 
n 

Theorem 4. Either 'R R :is idenUcal w:ith p • 

p f C' . 1 R- .--_ P t .rToo • ;ov1.ous y - , JeC'.érn~;e ev( 'l'Y recurrent wtlue 1s nc,ces.03.r0 Uy 

a poc>sible valt;,e. Wc shall provo that if R t- 8 and n î) 
. . t~ ,, ~ 
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Suppose that c1 s R. And c2 s P • Fi rnt we ~3hall show that c1- c~ t: R. c. 

rl'lÜS folJO'.·JS frorn the follow:i.ng inequulüies; 

(61) 

for. 0:1ly a fini te number of n = 1,2, ... } 

Now if k "" 1,2, .•• such that P{ i [,_.- c.; ! 
~ h (.__ 

r::} > C' , 

If c1:- c2 i R 
' 

then ()y (60) P[ 1 i'; - (cl- c2) 1 < 2i:: ,..,.. n for only a finite nt::nb.:::r 

of n = 1,2, ... } > 0 and thus by (61) P{ 1 i;, -- 1 < cl: c ,.._.. ' n for only a fi;i.:~tr:." 

nurriber of n = J,2, ... } > 0 . 11üis contradicts to tho nypotl1e;cj;:: that 

* 'l 
If R is not ernpty, then there is él c c R. , orn1 then olwtnLl:>ly c t P 

* * By the previo~s argument c c = 0 c R If' c s P , then aJ;:c.o r1y the 

previous argument 0-c '"' ~c c R • Hence -c t: P • By ~epre;,;entinr:; the 

same argument, we cbtaiE fim:t11y that 0-(-c) = c c R . 1"n:i ::~ complE't~s Cl1e 

proof of the theorern. 

Next we shall study the Eitructures uf t:1e sets P and 

Theo rem 5. Let 

n 
''-
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Jf suc11 that 

Pc {À, 2>.., ••• , nÀ, ... } and tl1erc ex:Lsts an m sucl1 that nÀ r P fc11 

n ;:__m. 

If 

co , that is, for a.r:w s > 0 there exists an a = a( s) such that the inter-

val (x, x+s) P wheneve:r x > a • 

Proof. FiPst, let us suppose that r,. _ is a nonnegative lattice vs.r~LalJ1e 
L 

for which P{ Ç,,. = 0} < 1 • 
l'vv- E. 

'l'hen therc is a À > 0 su.ch that x c P :trripUcr::. 

that x = n;>. (n == 0,1,2, ... ) . Denote by À the largest positive number 

with the ~;tated pr·operty. Tl1er:'" the g. c. d{n: rü s P} ""' 1 • In tlü:> cD.~P 

we can find a finj_te mm11Jer of positive integer;3 a
1

, a
2

, ••• , o.s such thai, 

g.c.d {ap a 2,.", as}= l and a ;x t: P 
r for r=l,~', ... , s. 

a1 , ari, ... , a , 
c:. s can be obtaincd in the fol:l O'V'üng way: Let U;3 c:!-1uosc· an 

such that Denote by p 2 , p3' •.. , ç:~, the prime cü vL:~or.co of a.1 

For every r = 2,3, ... , s there is at least one é'. sucll that a À s P 
r r 

and ar is not di visible by l") . 
r 

Tne in tegerf, 

the requlred properties.] Then 

(62) 

for all 

integer. 

k =:: 0,1,2, .... 
r 

lf 

s 
l 

r=l 
ké.~ÀsP r l") 

1·1 > a ,, "' = 1 C.t.2 • • "O~S , t.hen n 

!1À E. p if n > r - a a ~ 
' ~~ .11 ·- ·1 r,•, •Cl. o 

c: s 

.J 

Second, let us suppose that Ç,k is a YKmn2gatlv.:::, non-·la.tU ce Vétriat>J F:: 



vr~97 

for which P{ F,:1 = 0} < 1 • 
;{_ 

'i:t1en there exist an a '- p and a b E: P SUClî. 

that 0 < a < b • In tJüs case ma + j (b--a) == (m-j )a + jb s P fo~, ever;' 

j = 0,1, ••• , lil • 

lf a ~ E > b-a and if m is so läTge that (m+l)a < rnb , then every 

subinterval of length t: of the interval (rna, rna+a) contains at least 

one point of P Hence the statement of l;hE~ theorem follows in this case. 

The case r: > a is trivial. 

lt :reina:Lns to cornüöer the ca::;e wh::•n sher-e c·xi:sts a posi U_vf: s Stich 

that c ~b-a wheneve:e a c P , b E P and a < b Wc shaJ 1 prove tl 1::i t 

this j,s jmpossi.ble. If the assurrrption wen: tr>ue, then we -v 1c,uld 1r:c'::<<;arJ ! ;:r 

ha.ve p = { xl ' x2 ' •.• 5 x:t ' .•• } 

In this case we would have that 

wherc· X.i, - X; > ~ > 0 , 
} 1 ...i... _l 

(63) 

exü:;ts where 

lj1n ( xn+ 1 - xn ) - d 
n ->· ," 

d - inf (x,i 1- x.) > c > 0. 
l:;J <oo l -- l 

For i t follows fr•om the previom> prooi' that i'or eve1·y i = l, 2, . . . \'ie have 

xn+ï- x < x. J- x. if n is suffjc;i_ent2-y .1.a:::'ge. IJ.bis irr.plies that 
.L n = 1+ _ i 

(65) JJ_m sup(xn+l- xn) ~ d =~ Jün inf (xn+l- xn) , 
n-+oo D"""''-"" 

which proves (63). 

Nrnv i f x E p é1J1d x > r_; ' trien x.+ x c P 
l 

'Iheref'c,re Y,-1 + x -- xk. whcrc r;eee~~sarily 
l 

k_, > _j_ 
_,_ 

for cvery :L = l,~!.,.~, 
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i = 1,2, .•. we have 

(66) 

x = x - x. and tr~is i:rpltcs that k. l :L 

x = . Hm ( xk. - xi) = 
i-... 00 l 

where the lfolit exists and j is a positj_ve integer. Accord5.ngly, if the 

assumption is Grue, and if x E: P and x > 0 , then it follows that x = dj 

where d > 0 a..'1d j = 1, 2, • • • • Tnis implies that sk j_s a lattice r;mdom 

variable. 'l'his contradietion proves the second half of the theorern. 

The next theorem follows easj_ly frorn the pn~-ffi_ou:s one. 

rrheorem 6. Iet be a sequenee of mutually :indeDendent a.n:-1 
- -·----------~-------·--··-----

P{E,k < O} > 0 • 
N'-

If such U1at 

p = { DÀ : n = 0 , _±:1 , ~? , . , . } . 

If t,:k is a non-latU.ce var:_iable, then P -- {x: -oo < x < 'X> J • 

Proof. Let us apply the previorn:0 theorcm to the random var·:LaJües 

+ ç:k = max(O, ç:k) (k = 1,2, ••• ) a."'ld sk = min(O, E,k) separate:ly. 

+ 
Denote 

by p+ the set of possible va:l ues for the sequcnce { t;k} &'1.Û by 

set of possible valuef:~ for the sequence { i;i~} • 

If ~k is a latt:Lce random variablc _, ti--1er1 tnere exi0ts a À > O and 

a sufficiently léirgc pcé.~i U ve integer m su:;h tha.t P+ C { >., 2_\, ... , nl, . .. } 

+ 
and nÀ c p· if n ?:~ rn and P- C {-À -2.\, .. , , -n>. ~ . •• } and -n>. c p-· -· +' 1-1 
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This :ilT!plies ·LJ12t ·10 ,..- r ,.._ ·• ·• ri - () -r' ..__ L"" - ' - _L' 
I " } :_:_c::' • • • On the: othel' 

hand for every n (n = 0, ±), ~-2, ... ) we have nA s P because \'Je cm1 

c11oose a suff~_ciently large ir,teger a sucJ1 thRt n+a > m and a _?'_ rn • 

( 
. 4 

'l'hen n+a) À E P' and -:lÀ E p~ rl'his impl:Les that l1À = (n+a) À-aÀ E p . 

'Ilüs proves the first pa.rt of '111ecrem 6. 

If ~k is a non-latticc variable, then for cvery positive E ther0 

ex1st8 an a such that the interval ( + x + x + s) a -2, a -2 ~~-
- c' 

contains a t.xünt 

of and tl-:ie :intE.:rvaJ + ~ -a + ~ + -~-) 
2 ' ~, ') contains a pciint of 

C. L 

'I'iüs :::mplj es chat the interval (x, x+c) conta.:.i m> a point of P foT' evcry 

c > O : and for every x . 'l1rüs proves the second part of 'I'nem·e;n 6. We note that 
in the ütter case it msy happen that both j ~ and j k a:r:a Jattice 'Wiliables. 

Now we are 1n a pos:ix:Lon to character1ze the: struct-ure of K. 

R - { n ~- : n = 0 , ±_1, :~_2 , • . . } where À 

R = {x: -oo < x < oo} 

Proo:f. If c E R , then necess2ri.ly nc E R for every n = 0, :±:_l, ±_2, . , . 

11ri.s shov.rs at once that R is necessä.r:Lly ernpty l f i;k :i::: a n01 rr1"~gati ve 

random vaTlable for which P{sk -- 0} < 1 or if t;,_ is a. nonpo~;itive randcJm 
fV\..,. \_ 1\. 

varlable for whjch P{ E,k = O} < J 
IV- c 

If P{E, -- Cl} = 1 ~ th2n R :-:: P - ~O} 
""'- -K 

If > O} > O a·.r.1d' }) J r: < 0} 
""-- l .,k . > 0 and l( 

If in the lat.tel' ca0e ç:k is a :Lattice randrxri v:Jrj_ablc, the:1 R - P -

{nÀ: n = O, .±_l, ±_2 > • •• } where ), • +' 
l.L ~lr ,._ 
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non-lattice random vF,_riaLle, tllen R - P = {x: -"° < x < 00 } • 'fö L.-; complete>s 

the proof of rn1eo1-->em 7. 

Otvious1y R .is not c1npty if and only if x :.= O c R • 'me next theo:rern 

g5.ves a necessary and sufficient concl.ition fop the non-emptiness of R 

identically d.istributed real random varj ab1e~-· penote by R the set of 

recur1·ent valués. The set R 

E we have 

co 

(67) M(s) = l P{ j ç J < c } -- oo 

n=l;v-.- n 

r-roof. First, we shall prove that if M(s) < u:: for sorn2 

M( c) < co fop an c > 0 ' 'l1hiG follows f:rom the fact: Lhat M( s) i\Y[' 

0 < s < 00 ls a non c.lecreas:Lng fu:ncU.on of E and from the inequaJi',_,y 

(68) M(cm) ~ 2m[l + M(t:)] 

whlch holds for all E > 0 and m - 1,2, .... 

Since 

(69) 

and 

('TO) 

00 IT! CfJ 

M(sm) = < Em} < L )' P{ (k-1) s < r. < ks } 
k= -m+l n;::;_l""" -n = 

00 

l P{ (k-l)s < ç
1
: ~ kd = 

n=l rw.. 

co 

\ 
l 

n=:t 

n 
I ,r{ç:i t(Ck-1)s, kr.J 

r~-== 1 
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co cc 

I I P{ç. i ((k-1)t:,!{E] 
~ l 

r=l n=r 

I_f{z;;i l CCk-1)s,kcJ 
r=l 

f or 

ccn2equentJ.y (68) js indeed true. 

;;_ l + M(t::) , 

Now if M( i::) < 00 f or some r. > 0 , the11 by, Theor-em 41.1 P { 1 z;; l < r. 
IV'>. n· 

for j_nfinitely many n = 1, 2, •.. } = 0 , and i1ence 0 l R 'l'hus R is 

empty •. 

If M ( c ) -- 00 for all s > 0 , then 

(71) Q(s) = P{ 1 ç i ~ s fo:r all n = l,?, ... } - O 
,..,__. 11 

fül' aJJ E > Ü , JTtJiS fOllO\l!S fl'Cnl the fOJ10VJÏDg inequa li t:LeS 

= 

(72) 

> 

> 

1 ~~ ~_{ ! i,; 11 1 < s for a finite m.1.··rrfür.::T' of n 1,2," .} == 

00 

for all n > m} + Q(s) > 

OJ 

I :H 1 z;; 1 < c and 
m=l,.,__. m 

:f'or all n > m} + Q ( t: ) > 

Q(2s)[l + I P{jç 1 < c}] - Q(2c)fl + M(c)l . 
-1 ~ ]l m-. 

If !VJ( c) = 00 then nt:ce:.:>s;:1r•Jly Q(2c) - 0 • 

We shall show t.hat if !'ii(c) == . ..,_, for all •: ::- C , then Cl s R . r~~·rll1è~ 

it follows that R ü:; not eIT;pty, and LenC'2 r:. -- P 

\.' 
1 
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The last statement follmJS f'rom the .I.rKqualities 

P{!z: J < s fora finite nurnber of ;:-1 = 1,2, •.. } -- Q(c) + 
~ n 

00 

< c 

00 ,. l ., r ! 1 < l ,,::,11;,m, 
k>l/c rn=l 

00 

= 'Y. I -~{ 1sm1 
k>l/t: m~-'l 

By C'73) p[ 1 ' ~ l ç ~ 1 
,..,,,.__ 11 

< c 

and fcr all n ~ m} < 

1 
< c - k 

<. c 2nd 

< € } Q(~) 
K 

and 

J 1: -·n ( 1 ·m 

-- 0 . 

fcr j_nfinitely many 

for al1 n ;:~ m} < 

J for all rn} ;, 
k n > ---

- --

n = l,:\".} =: l for a1J E > 0 

'J.hus 0 c R and R is not empty. In thi ~3 0ase R = ]) ' . 'l'l J:i s comp tet es 

the proof of the theorem. 

lf H 1 t:- I} < 00 and 
- ""'"' K 

EU;;k} = 0 } thcn R is _not ernpt~r. 
,-.,..., 

Proof. We shall prove that O s R . Ry the weak law of large nw1Ji:Jer.:; 

('lneorem 1) it fo1lows that for any c5 > O 

(74) 
çll 

lirn P{ j 
n -+ ,;,- n 

< ó} -- 1. 

For any c" O and m == 1,2, ... we have 
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(7':5) 

> l 
2m 

[cm/ ó -J r; 
l . p{ 1_ri1 < ó } 
"1 ,.,.,.._ n n= 

t~ 
->- ·- as 

26 m -+ °" 

rm. 
-- } > 
n = 

Here we used (68) and (711). Since in 05) ó > 0 js élrbitrary, it 

follows that M(r) - 00 for all r: > O . Hence 0 c R . 

We car: utili;:e tbs pI'evious resu:Lts in finding the lirnJting beh2vü:r 

of the: partial ~11..mL") of mutually in:::1ependent aria iden~~ically dü;tribu;:c:Ci. 

and L = 0. 
'o 

(76) 

and 

( 77) 

We shall be interested in studying the random va-e:Lablcs 

lirn ~up r 
n _.. "" 

.,n 

11 - f"UP z: 1 O_<::_k <00 .-:: 

They are normer;at1ve random varj ables vvh:i_ch rnay be co with po::ütive 

pPobabj_lity. 

Let us define the probabilities 

(78) V(x) == J:'.{ljm sup r;n ,~ x:r --
n -+ co 

Urn P{ sup ç, _<_ x} 
- .K ~--n ->- co n<.k <co 

and 

(79) W(x) = P{ ~UD r < vl = 
k ~r -:;,, ~ .... : ~ ",_ .i 

O~k<O', · 
1 U. 'l ü[ rriciy r < X1J 

·- 1 .L 1_ .... "-_J. .... "~k 

n -~ 00,.,,__ û,~:;]1 r 

fo:r -"" < x < "" • Eqw.valentl~; we i::2n wr·j te i;t)at 
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(80) V(x) °"' P{ ç _ > x I'or only a fürLt.c' numbcr of k -- O, 1, 2, ... } ,.,,,_ k 

and 

( 81) W(x) '-= PL:;1 > x for none of thr: E>ubscripts k -- O, 1, 2, ... } . 
NV' c 

Lemma 3. ------

then ej ther V(y) = 0 or V(x) = 1 for everv x . --- ---~~-

Pl'oof. By 'I'necr·crn 4J.1j it folJowc; that. for evcry r;1.\1en x e~i:J.~;;, 

~ rc·_-r ;' ~ v \, =-~ u or V(x) 0~ 1 . Since V(x) 1~-o a nondecrea~o:Lng function of 
' ' 

there a-r·e only thre2 possibiJjties (i) V(x) = 0 for cy,>ry x ) ( jJ) 

V(x) - l for every x , and ( ... ) 
\ ]j_l V(x) =-= 0 and V(x) =0 1 

for x ,::_~ c where c ts a f:Lrüte real numne-r·. 

If N!:{ sk = 0} :::: l ' thcm V(x) - 0 ror x < (; and V(x) -- l fOl' 

thcn either V(x) == 0 for ever·y x oio Y(x) = J 

for every x . 'lliis can be proved by using tlle folJ.o~dng Jnequalt ty 

(82) V(x) ~:S P{Ç: 1 5, a} + .~u:1 > a}V(x-a) 
,..,._ ~ ·~ 

whlch hclds for ever'J Y\:oa.L a . 

If !_{1;;
1 

> a} > 0 for so:!"!e a > 0 , and Y(~x.) =-= l , then (f;;~) jrrr_;::ï. ics 

th~t V(x--a) = 1 • Henct"' i t follov)~; that ei th:.~r V(.1..) = 0 or V(x) : 1 , 
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If ~·~ > a1 J t'tt,l . = ' 
,Y,, 

for every a > O , then 2_'{ ~J ~ O} == l . 

P{ ~" == 0} < 1 
,.,.. l. 

by assumpt:Lon ~ there ex:°Lsts 8I1 a < O such that Lir < -~} > o . 
~ '-.:Jl ::.::: a 

In this case for any x < 0 there exü>ti:i a sufficiently la-rge n such 

that P{ r < x t > 0 ·"""- 'n = . 
and consequently we have 

(83) 0 < P{çn~x} = F{çk~x for k~n} ,~V(x). 
;v..,,.- 1·v.... • 

'J.1 hat is for an.y x < 0 we have V(x) > 0 . Tnus nt;cessar:Uy \ ( x) = 1 

f or x < 0 Consequent1;;, V(x) :: 1 • T'h:l;:; coir.pletc:;~~ the proof cf th'::' 

lernrna. W8 note thqt R theor·er~1 sj..rflilar to Lemma ] ha:::~ been prov2d by 

) ~ -
p_!_If'~L113 p. 131], 

Fu.t>U1em1ore, we observe that 

00 

(84) W(x) ;;, V(x) ~ W(x) + x}W(O) 

holds for all x , 'l'he first inequall ty :Ln ( 84) j s obvious. 0.:ince 

(85) 

f or all 

co 

V(x) = W(x) + I P{ [,,r > x and 
k=l tv._. h. 

~ W(x) + 1,I1 !{r,k > x 
.._-.L 

and 

00 

= W(x) + ), !{çk > x}W(O) 
k=l 

If we exclude the tri vial C[:JSe of 

[ < x "n == 
for all n > k} < 

f or all n > k} = 

·- O} = 1 
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it follows that lim sup ç 
n n ·+ m 

ic; eithe:r -f o.:· wltl-J probabili ty 1 or - 00 

with probability 1. We shall si ve various crit2rions to decidè v;hkh is 

Tne follu;dng theorem is an easy consequence of Theorem 9. 'llüs 

theorern was four1d by K. L. Chung and W. H. J. Fu:.:hs [ 25 ] . 

'fheor-:::m 10. Let { t;) ~>e a sequence of rriutua11y :i..ndependent &nel 

identi<:_~~~y --~~-~-~~ib~~_c:I__ real E~dor~.:_Yar:ia~_;les J;~?-2:.~'..l ~i ch E{ 1 ( 1 I } < ''0 

. rvv-. ... i.._ 

and 

(86) 

( 87) 

ar]9_ P{(k = 0} < 1 . 
"'---

If 

r = 0 ' then :"'o 
i 

P{ sup i;;k -- oo} - 1 , 
""- Ü<.k«oo 

P{ lim sup 
n ·+ oo 

for r1 ·- l , 2 ,, • . • , 

1 
-' . 

Prcof. Denote by R the set of r0cu2rent val ucs of { t } . ·n By 

Theorem 9 it follows that R is not er:1pty. 

follow;3 from 'lt1eorem 7 that ei ther R = {n;\ 

A is a positj_ve number or R = { x : - 00 < x < oo} In bot.h cases R 

contains arbitra:riW1arge rcc-urrent values. This prov0.s (fü;) and Cf'7). 

For anotller proof of Tbeorem 10 we rcfer to Y. -~-:..__g~~.:-~_, L!"~-I~~?llii'..~ 

arid D. Siegmund [ 20]. 
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rrheorern 11. 

E
c 1 ! , 

~t 1 ~, ! J 
,..,.,,. K 

< 00 • Let 

(8C1) 

and 

Let 

P{ sup r; 1_ = 00 } - l 
"""" O;;k<oo A 

for n = 1,2, ... and r, = 0. 
--- -- 0 

( 89) p{ 1im sup r -- 00 } --- 1 
'Vw-. .>11 

n + ro 

If E{ ~ 1) < O then 
,..,,._, .J'.'\. '~--

(90) ,!'{ sup sk < 00 } -· 1 
O~k«'° 

and 

(91) 

(92) 

(93) 

_!{ lj_m sup ~n = 
n ·>- '° 

Proof. Let 

a = E[(k} . ,.,,._.. . 

1 _co] 1 . 

FLrs t, let a > 0 . By the weak law of 1ar[_;e numbE:rs ( 'Ihem·em l) 

çn 
lim P{ 1- ·- al < c} -- 1 

-- 11 n ·+ OJ 

for any c > 0 . Hence 

(94) lim P{r < n(a-c)} - 0 . 
""""n = n + co 
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For any Y we have x < n(a·-s) if c ·< a and J.f n is suffic.iently 

large. 

(95) 

1.rhus (94) impli.e2 that 

l.î.Ir P{ c: < x} = û 
~ 'D = n -r ro 

for any x . Since evidently 0 ~ W(x) ~1{z;n ~ x} , tt follows that 

W(x) = 0 for any x • 'I'hj_s proves ( 88). Jn this caf1e by ( 811) we ohtaln 

that V(x) = O for any x . This pr·oves ( 89). 

Second, let a < 0 . By the strong law of 1argc numbers (~.'heorern 3) 

we héwe 

(96) 
ç 

J -· P{ " ' k J , l .. un . ~up 1 k - a < Ei --
n -+ 00 n<k<oo 

for any E: > 0 • If a + r. < 0 :• then we have 

{ 
1 

çk 
al c} (:: { 

ç,k 
+ E} sup k - < sup k < a 

n<k<00 n-.::k< 00 

(9'7) 

çk 
C { sup 1-;- < O Je { sup ç. < O } • 

k \. k k n< <oo n< \.<oo 

By (96) and (97) we cbtaü1 that 

(98) ljm ~{ ~.\up i;:k < 01 == 1 . 
n -r 00 n<k<oo 

Evldently for any x ;;,, 0 we have 

(99) 

Let now c be mw positive nun1l.1er. F'or 1.1ny c > 0 ':ie can chor::;;,;:0 n ::o.o 

larg2 that the second tenn on the r-ight-harn1 <>:l.de 

_L-c • This follows ±rom (98). For any fixr:=~d n the ftrsr term 0~1 U--:2 
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right-hand sid2 of (99) tenàf3 to 1 1f x -C, -JJ 'l'herefore we can choo~;e 

x so :Large that this term :l.s v-eater than 1-c . 'Ihus it fol1ows from 

(99) that for any t: > Cl 

(100) W(x) > l-2c 

j_f x is :Large enough. According1y W(co) = JJ_m W(x) "" l which proves 
X -+ oo 

(90). In this case by (811) we obtain that V( 00 ) = lim V(x) - l He~ce 

x -->- 00 

necessarily V(x) == 1 for every x . This impl:ies (91). 

'l'heorcm 12 . 

iden~~-~-ally dj stri~uteö. r-eal random '!"~_:!:,1lü~~s fo~_w11~ch P{ t.;lr = O} <: 1 . 
"'"'' -\.. 

let 

(101) 

I+~ 
- l M = 00 

(102) 

and 

( 103) 

If M < w 

' 

(101+) 

and 

( 105) 

then 

then 

00 P{ r. > O} 

M ·-
-'n I ~-----· 

n n=l 

P{ SU[' çk ·- oo} = 1 
""'" O<k<oo 

! { lim s up s n = co} = 1 . 
n ->- oo 

< (\."l} ~-· 
_.l_ !I 

P{ J.im sur: r,
11 

-- -cc} 1 • 
n + w 
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Proof. Let 

(106) 

fc,r n = O, 1, 2, . . . and -co < x < 00 
• f' i_,_ x < 0 . 

We havP 

W(x) = 

for ru1y x . 

lirn W (x) n n + oo 

If we let s -;- + 00 in fonnula ( J.'..). l) , then 1.;e ob 'Ga.in that 

(107) l 
n=O 

ir (r)' n '\-1 .'- )Çl = e 

for ! i~ 1 < 1 , \'fhence it follows that 

"'' 
(108) (l--p) l 

n=O 

co n 
I ~-- Ht: _<.. o} 

n~l J1""" n -

Sü1Ge lim W (0) = W(O) extsts, by Abel's theorçm wc n n + m 

obtain that 

( -M if M < e 00 
00 ' 
I n 1 

(109) W(O) - lim (J-p) W (O)p ~l _,. l n=·Ci 
Il p 

0 if M = ::>., 

Accorcling1y :i f +-'1en \rT( () \ ,,. ') 
' t..o " - ,\ ~ / \. V(O) = O , I-îer1c~t? 

V(x) = O for every x 2116. this proves (lC3). Ar:;éün by (81+) U fnl1ows that 

wr:x) _ () fo:i:-· every x Thi.s prove;..; ( 2.C2) . 

If M then by (109) W(O) > 0' 3.nd th<Sl ·e före by ( s1n V(O) > 0 . 
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Hen cc V(x) -- 1 for every x and ·chis .· prcves (105). It remains to 

prove (104)' that is, that W( O'.)) = Jim W(x) = 1. 
x -+ 00 

For every x we have the obvious inequaJ.i ty 

CllO) 

If n-+ 00 in (110), tl1en the sE:cond term on the: r1-ght-hand side tcnd:: to 

V(x) = 1 , c.mcl Jf x + "" , then for any Lixcd n the fj_r::;t ter:n l'.)n the 

r:ight-hand side tends to l lim W(x) 1 , that is_, 

i 
W ( oo) , 1 • '1'his proves ( 104) . 

x ·+ co 

' 

By the prev1ous thrce theorcms we can conclude inrnediate:'..y that the" 

f'ollowing corollaioy :i.s true. 

Corollary 1. Ict 

!U,k = 0} < 1. I.Et z:;n == .;1+ i:.; 2+ ... + ç
11 

for L = 1>2, •••. ~iucç_cx;~-

that -~{ 1 t,k 1 } < oo • 'J'hen ~{ t_:k} ~ o ~-f hl~~<l. on~-~r 

(111) 

and E{ t,, } < 0 
,,,.. K 

(112) 

oo P{i; > O"f 
" ~ n 
l n 

n=l 
= 00 

oo P{r > 01 l ::.._~ ___ ...:._ < 00 

i n n= ... 

By 'l'heorem. 12 i t follo:,.;s U,at :Lf 2.'._H: 1.~ = ü J < J and r:1 < °", then 
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W(x) is a proper ê.i~.tribut:Lc)n functie.in. j_s 

tri vlal. The problem ari~;es l'lO.tLff'ally how to deterr.rbe W( x) for a gJvcn 

!{çk .:':~ x} -- F(x) . For th:Ls problem a solut:Lo;i j_s r~i1rer1 IJy the next 

theorem due to ~-"._ Spit~~~r [ 181]. S0e also ~-~-Tä~~-~tnd [ 196 ] and 

(113) 

f'or -·oo < x < oo • · lf 

transfonn 

(115) 

is c)'iven bv 
--~? ___ ......!:,_ 

(116) 

fop He ( s ) > O 

W(x) = P{ ~mp ç < x} """' n ,= 
O<n«:o 

(Y.) 

n(s) -- f e-sxdW(x) 
0 

Def:Lrn::' 

+ 
00 C' ç 

I :=.:f
l - -._, n -, 

- - 1-E{e } 1 n - ,...... -
s-2(s) = 2 

n-=l 

Let ç =--- n 

:F'roof. Obvious1y W(x) = 0 for x < 0 and by 'I1l1eoeem 12 WE~ h8ve 

W( oo) = 1 • ~rnus (115) is convergent for and 

; ' 

'1 

1' 
'1 
1' 

1 

1: 
1 

1 
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Let 

(117) 

and 

(118) Q (s) 
n 

ro 

J -sxd1 ,_ / , 
= e v' \X) 

O n 

for Re(s) ~ O . Since 1im W (x) 
n 

= W(x) for every x ' by rrheorem 41. 9 
n -+- co 

it follows that lim Q (s) = n ( s) 
n for Re(s) = 0 . 

(119) 

n -+- co 

By fonnuJa (l~) .1) we have 

co 

) ,, 
n=O 

n n (s)p n , -· e 

+ 
00 Yl. -~~r 

ï L Ef e 'n} 
~ n --n--1 

for Re Cs) > 0 and 1 p 1 < 1 . Si nee by Abel 1 s theorern 

(120) 0. ( s ) = lim ( l·-·p ) /~ 
p -+- l n-=ü 

( ) n 
Q s :j 

11 
1 

for Re ( s) ~ 0 , we obtaJn (116) by ( 119). T:.'1is complete~:; the prcof' of 

the theorem. 

We note that obviou":;ly 

(121) w ( o ) == lim r1 ( s ) -M :-: e 
s -~ 00 

'l'he dl.stribution function W(x) can aJso be o1Jtu.inec1 lJy tlK: fuJlowinz', 

theorem found by D. V. Lindley [ 115 J • 
·----·-·-··-----

Theon:"rn l IJ • Let 

(122) 

f or -oo < x < "° • 

P{E: < x} = F(z) 
,v~" -k ;-:'=. 

If P{ç = O} < l 
N- k 

<. (.0 , t:.-,en the cii~; tcLt)1J': -~on 
- ----·-,~·~--------~-R·~" ~· "'°~' -· ... -----

i' 
i: 
'' 
; 1 

: 1 
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funcU on W(x) can be obtaiced as thE::: un·;_cLie ::~olutio21 of the inter,ral ______ ,..._ ·--··-------------· --···--·· - _______________ ;.;;;._.__ 

(123) 

(124) 

( W(x) fue 
co 

J W(x-y )en~ (y) = ) 
-00 

1 0 f or l 

Prc,of. If ·"''e use the representatic1n 

sup ç 
n O;;,n< 00 

x > 0 
·-

:x < 0 . 

and if we take Lnto coriside:cation that 31_.i_n ( r, - ç.,) if', 
J r'l t 

J~r[<OO '. ·-
and has the distribut:lon func.tion W(x) , tl·1r::n \•!e Cibtain 

j nclepencien t u f ,-
'1 

L 

W(x) C'.an be ohtained as a solution of the Wicm'r-}LJpf tyrx~ eyuat:ion (]?3). 

Now we f;haJl show that W(x) is the uniquc ~~o1ut.iun eof (123)" ::.1:·t 

us define a sequence of nmdom varüi.tlles follcwing 

recurTence f ormula 

(125) 

f or n "..:: l, 2, ... where n
0 

is a real random variaLüe whLch is :i.nlepc;nc1ent 

of the sequence {~k} . By (125) we can vJrlte a.Jso that 

(126) 

for n = 1,2, ... 'J1hus i t follows tha t 

(127) W ()~'J-P{n + r > x} < P{n _< ... xl n ' · /V'- · ü 'n == n · - \·J ( x) ·t· l' { r > x} 
n, '""'" 'n 

for every x . If J:H'k = ü} < 1 snel M < "' 

that 
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(128) 

f or any x and for- any Accordingly 3 :Lf = 0} < 1 and 

( 129) lim_t{ nn .:::.. x} = lirn Wn(x) = W(x) 
n-'>- 00 n-+"" 

* Now let U:> assume that W (x) ü; any d:lstribut:lon funct:ion wh:Lch 

.,,"1t·i·"'f~.:.« c·1rJ':>'\ T1" i1· (J·->5) '•Je chOO''e i·1, "'U''1
" ".'> î•"C>V tl1·'t I'fn < er'; -i.,.;c- I ..:_) _ _L..._,..._) - C-.J /. ~ -~- 1 .c... v· . 1 i ,,, no J '--' ~_,j_ ! (J i,.'c;_..f - CL. J ~ l 'C~ ". 

* * vr (x) , then by (123) it follows that P{n :::..._ x} :::: W (x) for evorry 
M-- n .. ". 

n ;::' 1,2, .... Tnen tiy (129) we obtai.n that necer~sar:L1y * W (x) = Vi(x) 

'l'his cornpletes the proof of the theorem. 

In many ca~;es we can eas.ily solve the integra] cquation (1?3) by usji-g 

the method of factcwizat:Lon. 

'l~O) ~ .J 

Let us def:Lne 

--GÇ, 
t(s) = E{e k} -

for Re(s) = 0 , and suppose that P{i;. = O} < l 
""-- re 

Let us suppose that 

(131) 

..L 

and M 

for' Re (r.;) - 0 where iJ.' · ( s) satisf1es t~1e rc~'...li.remcnts: 
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+ 
qi ( s) in the dorna:Ln Re ( s ) > 0 , 

+ 
<l> (s) is a continëmus 311d fi>ee from zcros in I)e ( s \ -?-_ _ O \ . / ---

lJrn [log cJ>+(fè>)]/s = 0 whenever 
1si~ 00 

He( s) _>_ 0 , -- / 

and <Ii - ( s) satisfies the requ1:rement;~: 

Bl 

B2 

B~ 

<I>-(s) is a ret,ul2vr fu:nction of s in the doma.in 

11-(s) is ccnU nuous in Re(s) < 0 ' 
and free Ir'Ql"TJ. 

-· 

lim [log cti--(s)]/f_"; - 0 whenever He(s) < 0. 
1 S l~oo 

Re ( ~') < 0 

ze ros ::_n fü· ( ;')) 

Such a fa.ctorizat:ion 2.lways ex:ists. We can provi óe rm ex.::.mplf; by using 

'lneorern 6 .1. If 1 p 1 < l , tlJen by Trieorem 6 .1 we can 1lfri V:> tl kl.t 

(132) 1-p 1Ji ( s) + = 1> (s, 

for Re(s) = 0 where we can choose 

(133) ~_+(_s, ,
1

) l T[log[l-p~(s)]} 
"' - ' -· (1-~;-y er.. 

for Re(s) ~ 0 and 

(134) p) = (l-p)e1cg[l-ptfi(s)]-,!{1og[l-r-9(s)]} 

for Re(s) _'S.. 0 . Novr let 

035) +( ) l" _+( ) <P s, = . 1m CJl s) p = e 
p -~ 1 

< () 
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f or Re ( s ) ~ O .md 

(136) <Jl-(~'.) '""' UJT1 <P-(s, p) == e 

+ 
co '' r -[ J ,, -1 ,,L 'n l :::__ E{e } 

n=111 
M.. 

p ·->- 1 

We can easily see that + qi ( s) satisfy (131) f'or He(s) == O 

and the n::qu1rcm2nts A1 , A2 , A
3 

and B1 , B~J, B
3 

ref3pectively. However ~ 

jt will be instructive to r;lve another p1:-'oof. 

By using 'i'heorem 19. L! v1e can rcpre~:;ent ::ln the 
1 

fol1o4ng vray too: 

D:.:;note by the f:'..rst ladder index for tlJ:c~ ~~E:quence 

By 'l'heorem 19. Il vre have 

(137) 

·-Sl: 
'p 

l-E{e 1} = e ,.,,,. 
-M -+ -- e ;!> (s) 

V.'e éll~ 
If denotes the fl1:-'st JaddE.'r' ind2x for the sequcncc 

" 
thcn we have 

(138) 

-sr,-
1 n{ pl} 
~--i:, e 

+ 
oo ~r-r J ]_ ' L ._,, - I -[E{e 11 

}-- P{r, > 0}] 
n=ln ~ ,,_ n 

= e M ·-( ) = e 4' s 

In (137) r, is 3- nonr.egati ve ranci(.xn v2ri:1ble. 
pl 

I ro Ü · ( ,_ '_Yl_ ') l S ->- ~: G L 1 , _ , 

then we obtoJn that 
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(139) µrr < oo} = 1--e-M. 
- L .... , 

M- 1--'J_ 

'Ihus i t f ollo1>J0 that <t + ( O) = l and 

(140) 1 
+ j M 1 ~ <P (s) ~ e 

for Re ( s) ~ 0 • Tne representation (J 37) f5hows irrmeàlatel v that iî> + ( s) 

is ref>~ular in the dorna:Ln RE:(s) > 0 and continuous for Re(s) .:::__ 0 . 

1n (138) --ç_ is a nonnegative random vm•iable. If s -+ 0 in 
pl 

(J 38) , then we obté:dn t;hat 

(141) P{-ç < oo} - 1 • 

For jf M < oo } then necessarily 

co P{t, _<:._ 0} 

(142) " ,...._ n --) ------=co 
u n 

n=l 

By(l38)itfo1lowsthat 1'-(0)=0, 111-(s)I >O for Rc(s)<C1 ani 

(143) 
-M 

< e for Re(s) ~ O . 

The reDresentation (138) shows irnmediately that <P-(s) J_s regular tn 

the domain Re ( s) < 0 and continuous for He ( s) ;_; 0 . On t: 1c Un2 

Re(s) ::: O the zeros of -, ) <P \. ~; and the zeros of 

have equal rnuJtipJicHies. 

+ <t (s) and <t (0) up to a const<'l!1t faetor. 

the cent.ent of the rr2xt thecrem. 

'· i 
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Theorem 15. p.1 :: - 0} < l 
~ L'·"'j{ and lf 

( l 4l~) 

for Re(s) = 0 where + rp (s) ~~atisfy the requ:Lrement~::; 

A
2

, A
3 

and B
1

, B
2

, B
3 

respectiye1y_L..lhc12__the Lapl~ce-Stiei tj :;_:?___trans-[_o:n~ 

of W(x) is g:iv~n by 

(145) 

f or Re (s) > O • 

If +c . qi s) 

Q(s) 
+c , 

::. <l> 0) 
-:i:-
<V ( s) 

. by· ( J ~-~··)--) l.'3 c,:L ven . .1,- (" \ 
'1 1.J .1 

Now Jet us suppose that 

:i.-~(s) 

for Re(s) = O where 
+ 

Il' ( s) 

T'hen 
+ + 

Y (s)/qi (s) is a regLüar function of 

and ccntinuous and free from zeros in He(s) ~ 0 

is givcn by ~l3Ó), 

Fle (s) > 0 • 

is a .regL:lar function of s in the dornain Re(s) <, 0 , and continuous a;-;:l 

free from ::':eros :in He ( c;) < 0 

coincjde on the line He ( s) "~ 0 illlU t~rK='Y car:cel ui.<t each c)the:c :iri t"K' 
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~ -· I \ 

:!!. \J~L 

By using Mo.r·era 1 s theorem (see e.g. W. J~. Osc;oad. [782] p. 122) wc can 

easily see that 

( + + Rs(s) 'F (s)/q, (s) for > 0 --

(1118) G(s) = { 
! 
j 
1J-(0)h-(~;) f or Ee(s) r. ' < ' u 

\, -

is a regular· function of C' 
'-" on the whole complex plane) and indc;ed G ( s) 

:;"s a'l entire f'unction. 

1
. log G([;)_ O 

.im ------, s 1S1 ·r <YO 

anö this impJ.jc~> that Jog G(s) i;:; constont on the whci1c- complex plè111e, 

.,, ''L8· .. ll , P}·. .L -11,.) 

(1.50) 

'J1ius 
+ + 

'l U;) -- c11 (s) 

for .Since vJe exc1uded the tr:Lvial case 

C 'f. O • 'l''nus b:; (150) 

(151) 

for Re(s) > 0 where 

..L 

'f'(O) ----- --
+. ) '1' (;::; 

is given by (135). Obv:Lously, o \o) :.:: 1 , 

3.nd thus the léist equality in (l:il) follm.'s frorn (116) anö (135). 'i'hJf. 

compietes the proof of the theorcm. 

For the solut:Lon of the intcgral equ.,:::Uon 023) He älso r\:;fer to 
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F. &nithef-; Lr.l 80] W. L. '.:Jiüth 
~- - ' 

'I'he lav1 of the iteratecl 

lcgar i tb..i:i hns its origin in a proliabili ty problem in the theory of num1Jer;3. 
/ 

:L>-1 1909 E. Borel [ 16] considered the folJ.cMing random trial. We choos8 

a point w at rar1dorn in the interval ( 0, l) 2 . ..nd assume that the random 

Doint has a uniform distribut:j_on over the interval (0, l) . Let us form 

the binary expans1on of u.1 , that is, 

m (k (tl\) 
052) U.l ::::: l -----

k=-1 2]( 

If t.h~::'re is MY arntügu.i.ty in the exparn.;i.on CL52), then lt is i.mlla;;<::·r·i_;1_; 

wlüch form we choose. Denote by v (w) 
n 

arnong the fir0t n digit~:; of the hirnu·y 

is tcJ cif:ternüne tl-Je asymptotl.c l-iehm 1.or 

e x:pan:::: ::i e:n of (.l) 

uf \) ( (<! ) as n -)- '" d. 

To describe the above random trlal rnatl1ernat:Lc0,1Jy let us a.ssr:me that 

the associated probability spaee is , ·13 P) (S:t, ' ; vJriel'e S1 is t:oe intervaJ_ 
IV-

(O, 1) 
' 

B is the class of Bo rel subsets of \ .~ 
' 

an cl p is t!-1c L'C;be~~qtle 
"-

measure. Then t;(w) -- (l) defincd f or 0 < w < 1 is a rar1dom var:Lable 

whj_ch has a unifonn distribu~_;ion over the int0rvéll (0, 1) . In thü: r:a;oi~ 

s1 (w), ~~ 2 (tü), ••• , E_,k(l0), ••• defJn2d by (152) Ü:; a Sequence of !JlUtually 

independent and i.dentically distr·i.buted r0.Jvido:n variaoJ.cs for whtch 

t'îr;") 
\ ···-· _) 

J l} ::-:. P{r_ (;;,~ == IJ' ---
~ ;,~'~ ! 'J •î ' c: 
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(; c.·4) 
\-lJ 

ft)r j - 0,1, ... , n. 

"-
In 1909 E. Dore_~ [ 16 ] proved tliat 

(155) 
\) ( 0J) 

P{Hm (~--- - 1
2

) - 0} = l 
,.,,... n -

Jn 1914 

(156) 

for aLL 
l 

8 < 

n -+"" 

s \) (tü) ; 
P{lim nu (-!1

-- - ~) = 0} 
Nv rt L. n -+ <YJ 

ca:_,e of a more gencral remüt that 

(157) 

1 v (w) 1 

P{liEl 
2· n ll sup n --- -

"''"' n 2 
n -+ (X'.) 

and 

== 

l 

00} = 1 

(158) Jv (w)-· ~J 
P{ 1:lJ11 sup . -~---~: - -2. _f_ -} ,.,, 1 • 

,.,,.__ n -+ IX' I n log n -- /2 
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(160) P {J im r; 1.:tr> 
IV" • 

l 'J (w)- !!_lr 
n 2 1 

-·----·---·--·--- -· - _::__} ·- 1 . 
n + ().) 

A:;tually, !'.,_, Ya. Kh~l~12tcJ_1ine [ 4-15] pj 'oved a scm2\vhat more (:!;ene ral 

r-esult, namely that if t:: 1 , ~ 2 , ... , ~k'··· is an infinite secmence of 

mutuaJ.ly independent and identj_calJy dist?:'ibuted random variables for 

wlüch 

(161) and P{ (. ·- 0} -- q 
,..,_ K 

p~ q -- 1 élncl 0 < p < 1 micJ if f or 

tl1en 

(16?) 
lv - np! 

P{l1rn ~·up n = l} -,,,... 1-----------
n -+ "" 1 2npq log loe; n 

l . 

Tllis result can a1:::;o be interpr-eted in the fol101ür1r; vïay. 1 et y ( n) 

( c. - . 103) 

be an increasing sc:;quence of posi ti ve real nu:1;bc:rs. 

A 
n 

v - np 
n 

- { ·--;.::_::-~- > Y ( n) l 
vnpq 

for n = 1,2,,., anu let 

00 00 

* 2' (164) !1 -- II [L 
rv:.-J. i=-=n l 

By ( 16;~) :i t fD:LJuws that if 

;. 
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(165) y(n) 

for :ri > 3 , thc-m 

c 
for c > l 

' 
* (166) P{A } = 

"'""'"" 
fOI' c < 1 . 

.... 

In 1931 P. ri:vy [1+2e ] pr-oved that jf' 

1 
'1-

(167) y(n) -- ( ?Jou -Lor:- l'" + r. .. 1·~ ()f_•: ],_)f:;~ _l_CJ,C.-__ ,,· l".!)r:_ 
~ . u - b l -, , -~ • • 

for sufficiently large n , then 

{ 0 f or c > 3 .. 
* (168) t'{A } =-

""' 1 for c -, 
1 < _[ 

\. 

ln this resuJt the:re is a g~:;_p for 1 < c ,:;, 3 

Ry the zero-or-one law which was p:r-cved in 19T3 by f,._ n_. Kolnt:?fSOJ:Q.''!.. 

r.., J" -, 
L .L\. ;.,) _i ('lrreorem 11 in Section 41) we can c0nc:Lude th'?lt f":)r any y(n) 

* * (n =' 1,~2_, ••. ) we have é:i.ther PU\. } == 0 or F{J\ } = 1 
,.,.,,. ""'" 

ln OUY' case we 

have 

l / 

* °'·' "( ( '") - :{ y ( ,~ \ l -
1 

2 ,JJ/ .J 

(169) P{A } -· 0 ~i_f 1 
-· _.1.:_<- e < co ,_ n ' """- n=1 

and 

] - I ' ·1? 

* 
u.:· 

L~!.~2 
-r;:[ '( ( L) 1 

( 17 1J) P{A } l •p 
,-. ('_ -- J_.L l e -·- m 

(V. tF]_ 
n 
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In 1931 P. LJvy [ 428 J fonnula.ted a conjecturc wMch wa~~ cJme to 

the above re::>ults. In fa.et he rnissed the factor y (n) in (169) ancl 

(170). 
I 

In 1937 ~-_0~vy [113 p. 266] mentioncd the re:3ul.ts (169) and 

(170) without p:coof and attributed ttem -\r) A. N. Ko1~?I:Q_Y!. In 1937 

J ._ VD)!:_ ['+78pp. 101-111] p:coved (169) and in 19Lr:::! ~:._ Er~d's. [ ?5'?7 J 

proved that Jf y(n)/ln (n = 1,2, ... ) is an jnc:rcasing sequence of 

pmdtj_v2 numbers, then (169) and (170) aJ~e true. .. , l // p. 1'.l'COS L .. . 3'1'7 ·J; clernor1st:r·~at~n 

that if 
J_ 

in (161) and if p -· q = 2 

(171) y(n) l 3 
= ------ ( 21og log n + ,)_- J.og __ ·;'n + 1'J~11 1; -t 

n:·-~~1-0-.- c 1 
2.Lo0 . .06 n 

+ . ·1 + l ) , •• -t .J..ügK. _
1

n c og;,n, 
.Ï'.. 

for s'1füciently lar·ge n \·;here k > 3 and 

·x 
r-.th :Lter•ated logar:Lthm of n , then P{A } = (1 w:1<-~lJ(~vcr c > 1 and 

* P{A } = l whenever· c < 1 • 

Now let w.~ consider somc generaliza1.J.or1s of the prev-J.ous n::si.Ü t~~, 

Let us a::;surr:é: that t: 1 , t: 2 , ... } l;:k, •.. is a bequence of mt:tua1ly inc1ependcnt 

real ranélnm vari0.ble::. for which E{ t. } = a and "'"'rr"" } =: ,...,-;.· ex:i;:;t for ,.,._ . k k :::... ! "'k ~k 

k -- 1,2' ... 

2 b~+ .•. + 
') 

bl+ b'· 
!. n 

(172) 

Let 

for 

C) 

çni ·· E;,l+ E;,')+ ••• + t; , fl. = a1 + a-;+ •.• + '- and Fc. -
L r) · r1 t::.. r~ r1 

n -- l, 2, ... , m1d cle f'i11f; 

Tl 
11 

ç - I~ 
n n 

>.I 
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B 
n 

is thE; po3iti vt-: ::squ::.1r<': root of 

obey~~ the 13.w of the ite:catc"'d logarühn1 if 

(173) P{lim sup 
,.,....n -+ oo 

n n 

12log log B -
n 

l} = 1 . 

In 1926 A. Ya. FJ11ntehin=: [ 416:1 proveö that (173) i::: valici if 

P{ F,1r = 0} -- q k ,. 

Tn 1929 A. N. KoJuq~or~~ [ L\22 J proved that j_f l·i_m l3 :::: '" 
n 

r·andorn VEi.J'Ü~.u1es 1 [ 1 
1 •ki 

(175) 

then (173) is valid. 

n + "'' 
(k ·- ., ') ) \. - J_' {_' ••• a.re boundcd, r,;rncly 

In the particular case when 0 
k 

1 - -" 

all k = 1,2" .. the proof of (173) has been given by A, 'h.. füt\1_:1t/'.r;~_'1''° L Sî'/ ], 

"";hich dcmonstratef3 that if we rcplace ( 1'(5) by the weax:8"' cnnd:l t LcT, 

(176) 

va lid anymore. 
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te 

"l' 

sk' ... are mutually independent anè idcntj_c::ll.~y distributed random 

variablef, for 111hich and 
') 

'J~-r{ r i = ·1·,'-
~ ~k' . 

ç;l+ ç;2+ ... + sn for n =:: 1,2, ... ' then 

(17'7) P{]5.In sup ,.,,...,. 
n ·+ °" 

r; - na n 

l 2 . v2b n Jog log n 

that 1s, Cl 73) j_s valid in tlns case. 

l} = l ' 

n = 1,2, ... where {ç;k} j~c; a sequencc of mutua11y Ü:Ldc.pendent and 

ident:Lcnlly distributed real random varLabl e.s and ·'. f' 
~J. 

(178) 
1 z: 1 n 

P{ lirn öUp --------- · < "'"} -· C) , 
~ p,--·---------

n -+ 00 ~ 2n log 1og ;1 

then E [ ç;, .} -· Cl 
/\/'.... l"~ 

< co 

In i91n Ph. Hartman [403] proved that j_f 

mutually :independent random varJ.abJ.e~~ anrl 

t-:"' ... ' c:: 

ç 
n 

= 

f or k = 1,2, ... , then Jim B 
n n -+ oo 

== co is a sufflelent cond·; tlon 

for tlie v&lid.ity of (173). 

T'ne law of the i tera.ted J ogari thm 0 73) can also be j_n1~ 2rp;octuJ l n 

the foJ.10wir10 Wä.y. 1.1:/c y(n) (n"'"' 1,2., ... ) be an incre0~;:in~~ sequr::ru.~,:' 

* of posJ.ti ve reél.l nurnbers and dcftne A 

many events occur in the sequence 

;1 
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(179) 

If 

( 180) 

{ Tî 
n 

y(n) 

> y(n) ' ·n ·-· --

r;:::-.-- ----
- et 2 lc)O' log B 

o n 

fCL' suff:Lciently large n values > tlien (J 73) is equivalent to the 

* * follow5-ng statement: P{A } = 0 whenevcx• c > 1 and P{A } = 1 when-

ev(;r· c < 1 . 

Jn 1931 IJ.! :-Jé) J 1 42Cl] '',f-uc'1ic·d ~r·, c:.r)p,,-:· ·o°"'J··p-f-,_i ," 11J -=ir· ",c;c:c"~)· f-t.-·1r> 
L. j.._ __ • ' l_ / l_ \./ _... ·' -~· ·· ...._,'- ,;[,_,. ·'· '- ·-'- ~ 'v ··~~J ~-- '..·'-~\._; \.,/1 "•-' 

prc;blçm of fJnd:ing n2cei:3.'iért'V 8Jll1 suff:i c:i 2:1 ~t conditions for a ;sequ.c:enr;e 

No * · {y(n)l to imply P{A"} "' 0 or F{A } := 1 • 
....... 

By the zero-nr-on::: 1av.' ('11heorem 41. 4) :Lt fo]J_cvis that eH-h~:r 
No 

cw P{J~··} = l . 

In l s·r:; F. l). C::;nteJ.li [ 4 9'7J proved thä.t ~f ]_S a ;:'.(::Cl U.C:r1r~t~ cf 
-----·-·---~-------- ., 

-- () y·· re'} -- -, 

' ~1.-;l{ _J_ mu.tu::..:Tîy 1ndcpendent rm1dom vm·iables for v1hici1 E{ s, } 
,.,,,._. .i:\ ' 

L'{ 2+o 
ü r,1 } < °" f or some ü > ü and some otht '1' cond.i ticr.s m·e ::oati sfied too ,..,_ { 

y(n2 by (167) , then 
·/; 

P{A } = 0 
/',,,_ 

1.'ihenever c > 3 ét.i1d 

* P{ A } "'- l wheneve:c c < l 'l1üs is a generalizat.ion of a r2sult of 

Jn J9Lr 3 W, Feller [ 38!~J gave neceósary and f,Uff:Lc.ient con,:F v~_ons 

to .imr'lY 
~:. 

F{ J\ ! = Cl 
/V,_ 

Or' ( *' J?1 A ; ~ 1 ,..,_ 

!, 
11 
!I 

il 
f. 
•I 
'· ; 

. i 
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identica.lly dj s trföuted :candorn vari :ctb1e~~ { Ç,,J 
h. 

EU;. } == O 
,.,....,. K 

(181) log log a f 
lxl>a 

< c 

* as a -+ oo ·' wbere C < 00 and proved that P{ A } = C H' and only if 
"'""' 

(] 82) I 
n=l 

1 r) 

y(n) -2[y(n)]<-____ e 
n 

< 00 • 

He ah>o showcd that the theorem is no lor[',d' va!Jd if 

(183)' 2 Jim 1oë; log a f z dJi'(x) -- 00 

a _,. w lxl>a 
In all the results mentioned unti1 now it wa;:-, assi.;1ned that the ir.anJorn 

variabJ.es { ( 1 } are :7.nclependent and have f:Lrüte varj_0r1ces. I-k)v.:ev~:e, we 
,<:: 

célJJ com.'.iller· émy scqucnce of nmtually i11cieperdent r&rclom var>iahLe~'> 

i;
1

, t:
2

, .•. , Ç,n' .•• and pose problems analogous to the above on2s. 'fr;us 

let r; = Ç, 1+ ; ') + .•• + i; for n = 1, 2, . . . and let us ask vihetber the re n ,-_ n 

ex:ist constants 

(18'1) 

c ' ... such that 
n 

sn 
P{ lim sup --- - l} = 

c 
n-+co n 

l 
' 

or what conditions shou1d the constants C- ' J 

order th!lt 

(185) P{ J c 1 > e
11 

fo:c· 1nU nj tcly rnan~: n - 1 ~ ;l) . , . ) 
A~ n 

be 0 or 1 . 

1 . ' 
1 

! 
1 
1 

•' 
' 
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I 

Such probler.1s were ccn3idered f'or tLe first time in 1931 by P . _ _Jev;y 

[ l.J. 34 ] . 'I'hey as s urnsd thé~ t 

(186) 

holds ur~iformly :'.:'or large x and all k where 0 < a < 2 and c1 and c2 

are posit:Lve constants, and that 

(187) 
a 

lim J 
a -+ 00 ·-a 

in the c:ase of 1 :;, a < 2 . 'lliey proved that if 

(1fü3) C - [n log n À (log n) ]l/0< 
n 

where À (x) is a positive :i_ncreasing fur·::tion of x for 1.'lhich. 

Urn ), (2x)/!. (x) == l , then 
x -+ 00 

(189) Pi 1 r 1 > c for infin:i.tely nans n = 1,2," .. } ,,,,,. · "'n n 

:Ls O or 1 acc:Jrdir1g as the series 

w 

(190) 
\ ]_ 
L i1À (n_)_ 

n=l 

, 
converges or di verges. Thü> rcf,ult lias bf:c:n pr'.)vcd hy P. Iévy [ '~-~?.'3 ] :in 

In 1946 VJ. Feller [ 3B?] proveà that jf E.:1, 1;:2, ••• , F_., , • • • a.ce 
;{ 
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mutua.11y ~Lndependent and :i_dent icany cii::>t!·~outed random varic-:.b:Les for 

v-rh:Lcl:J E{~ } :.c O 
··"~ k 

éHld for f.>cme 0 < ó < 1 , the;1 the 

probabl 11ty (1!15) j_s 0 f'or c = n n and 1 for· - r1 11(1 +o J For 

any seq_uence {en} for wr1:Lch ther>e cxists an t. with o ~ c < l such 

that {cnn-l/(l+E:)} is increasing and {c,jn} ü_; decrea2,lnr_:> the 
" 

probabiJjty (185) is zero or one acco:eding as tlle series 

ro 

(191) l P{ 11;1 J ~ en} 
n=l ...,._.. 

convcrges or clt verges. Furthermore, !J. Felle_:i: [ 38? J µroved 2J so thr1t tf 

E{ 1 s,_i} = 00 
5 then the prohabil:ity (18~î) j_;3 

'v'- h 
1 for c '-'- n . 

n 

For any sequence { c } for which {c /n} is increasinr;, the p:cobab:Llity 
n n 

In 1968 W. _ _:~l~e-e [ 389J considc:red mutualJy indepc"rtelt:nt ;:,_.nd :l_denticnHy 

condit:Lon0 for the vtlHd:ity of (184). Sec ah_;o B, f\. Hor~c;~;i,i [_l;-);3 
---...--~-------,_..,,,:;.---·· ~· ---~ 

In 1969 W. Feller [391] comüdered mutually ind2pf'1K1cnt -random v:=1rj_at1=1_eE) 

for which E{ç
1 

} = O ,.._ ( 
and 

distr:i.buted ranclan wix·iables fm:· wh5_ch :-=: 1 ...).. > 

and ::rludied the asymptotie behavior of u--,e randc·;n 1nx-i<:'ldc~ \) ., ( c) d•;fLrcd 

as the~ number· of subscrtpts k :" 1,?,.,. ~ n for 1drüch 

(19~~) 
-, ;'' " + 1- -f + r 1· --. -1 o·'' ''".J" 'r).L ,_; ç,1 ..:_,;:: ·• • • "'l<:: > C ,r~Y: __ ,_ c, ü•t:o i .. 
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funct:ion. Let E, 1 , i,), ••• , ( 1 _, ••• be a sequence of m.utually indepeLder.t 
_J_ '- y_ 

real random vä.rialJles h:i.ving the SéJJne d:i:::tribution function 

(1) P{~ < x} == F(:,z) 
"""' k 

f'or lc ·- 1, 2 !· • • • • i;fl'.-1· t·."' L·- - F -l- r + + /" for n - l ') ~ - tv - ·'n - '}' C,~~ ·, '• ('n • ! - .,L, •' • • 

(v) c 1 ? ) é',1J~ 1.('1 t.}1a' 1-. ·.·• -· ,-, .. ,, - ---- - , ~ 

(2) lim P{ 
""'n -+ oo 

j_n every continuity point of :r~(z) '? 

I\ 
n 

(n=l,2, ... ) 

n(v·J' ll.. .n" 

and 

\;lhat condition::> shoulû HC irrposc on F'(x) <lnd rcM sho1"üè. vrc ci'x~·OE1e 

t!ie co:nstants 

(3) 

A r.. (n-·1,2,.") and 

ç - A 
1 - P{ n n } im -- B·-- < x 

n + 00 n 

in every continui ty point "'·f' IJL n<x) 0 

(n '-"" 1,2, ... ) 

R(x) 
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problems. 

'The solut:i.ons a1:e based on some cont:Lnui ty tr,2orems for t}:-1e L:i.place-

Stieltjes transfor1ns of infinitely divisible d.istribution funct5_ons. 

'rhese continuJty theorems were provcd in 1938 and in 1939 by ~\_'."_: __ Gnedenko 
[529 J) 

[ 526], [ 52?], [528], [ 5~il]. They are the consequences of '11heorem 41. 9 
/\ 

and Theorem l! 1.10 in this chapter. 

Let H (x) (n = 1,2, .•. ) be a sequence of ~nfinil~ely öivis1h1c~ 
n 

distributüm furictions. Let 

00 

(4) ,,, (s) '"" J -sxd" (· '1 'f' e ._Kr
1 

x, n . 
-:.<> 

for Re(s) = 0 • By 'I'heort'm 1~2.1 wr.~ C2.Il write that 

°'' 
'.) 

(5) lcwliJ ( s) = -µ s + J ( e--sx -
0 'n n 

s-\: ]_-{··x'- ~-, , 
1 + - ·' r,".l __ :..~. dlî ( x) 

c ':' n · 

for· He(s) = O where 

-co l +x x'- , 

is a real con~; t?"nt, G ( x) n 

function of x for which G (-oo) = Ü G ( oo) 
n ' n 

is f:i_nite, and the inter;;-cand 

at x = O is defined by 

(6) [(e -sx 1 + -

Let us suppose that 

R(x) , that is, 

_sx?) 
l+x'-

R (x) 
n 

l+x 2 2 
J s 

= 
" 2 c.. x=n x 

converges weakly to a distribution funct~Lon 

(7) lio Rn(x) = R(x) 
n -i- "° 

'1 



in every continuity point of l~(x) It is evident that in this case 

R(x) is necessarily an inünltely divisible distribution function. Let 

00 

(8) ( ) f -sx ( ) ~\s = e dR x 

for Re(s) ;::> 0 • Then by T'neorem 1~2.1 we can Wl.~ite that 

(9) lo@l! (s) = -µS + foo( -sx 1 ·' S)~) l +x2 dG .. ) e - r ? --2- :r\X 
-oo J+x ·· x 

for He (s) = O where v l:> a r.o~al constont, G (:x-) j_s a nondec1'Ea;.c;ine; 

f'unction of x for which G (-00 ) = 0 ar1d G ( oc ) is fini te é:.md the 

integrand at x = O ifO defin.:c;c.1. by (6) . 

The following tbeorem gives a n::cessacy and sufficient conditi.C.Kl f'or 

'l'heorem 1. Let R1 (x), H2 (x), .•• , I\
1 
(x), ... an~ R(x) be jn_~~!.1:~-!~~

di visible di.stribut1on fu.nctions \'1_:1:10~- ~:P1J.C(~-Stieltj es tr<J.YlSform~~_E.Te 

gj_ven_by ( 4 ) , (5) arid (8) ~ (9). 

to R(x) if and on1y if 

[H (x)} 
n 

(10) l:im G (x) -·- G(x) 
n n -+ oo 

in every _ cont~nui ty point of G ( x) , 

(11) 

and 

( 12) 

lirr: G (co) = G ( oo) 
n 

n -+ "' 

l:im µ = µ. 
n n -+ oo 

' ! 



1 
~·. 
t 
1 
! 
t 
1 
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Prnof. In prov5ng this theorern we can use the same rr1ethod as j_n the 

procif of j_1heorem L12 .1 . 

F'Jrst> we s!1an. prove that the conditj_or;s (lO), (11) and (12) are 

Let H (x) \ ==::·;> R(x) n . . • By 'I'.r.eorE:m lJJ.. 9 it fol1ows that 

(13) 
l~n ~ (s) - ~(s) n n -+ oo 

for Re(;:;) -· 0 and . the convergence is uniform on Re ( s) - 0 • Hence 

(Jlj) 
lim log~ (s) = log~(s) n r1 + 00 

for p.e Cs) = 0 and the convergence :i_s unlf onn in every fini l:.e interval 

of Re([',) = O . By using thJg fact we can prove that the c3UJtti::nce 

{ G (ro) } j_s boundec1. Since n 

( " r '· L_) I 

fo:l' eve1 'Y x , we have 

2 2 y • 
__ ___:__ ~- J (1-cos:xu)ctu 
l+x2 - O 

G (ro) = n· oo x2 1 +x2 2 oo 1+x2 dr" ( ) J-·d f (-'1-) ---J dGr1(x) ~ f [ f CL-cosxu) -
3

_---- v
11 

x. u 
-

00 1 +xc. xc. 0 - 00 x-
(16) 

2 
= - f logl~ (iu))du-+ 

0 n 

2 
f lof~l(J(:Lu)idu 
n 

rI'his impJies that { Gn (co)} is bounded. 

(J 7) 

We observe that for any E: > 0 

J 
lxl>a 

dG ( x)· < i:. n· 

d
r (" 

c) n -·)- C) - . 
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if a ü_; a sufficient1y large positj_ve rPéÜ number and n is a sufficient-

ly large integer. Si nee 

(18) 
2 2/a 

_x_ < a J (1-cosxu)du 
l+x2 0 

for 1 x l ~ a > O , we have 

.J
• dG (x) -- f x2 1 +x2 2/Ja f J t-..2 (-:2) ~ dG

11 
(x) ,'.S a [ (1-cosxu)-~- dG

11 
(x) ]du 

lxl>a n l:x.l>a 1+x x C! lxl>a x 

~ -a 
2/a 
J logj 41 (iu) i rJ·,1 -+ -a 
0 n 

(19) 2/a 
J 1og 1 iJ! (ju) 1 du as 
0 

n -+ w • 

In (19) the last integral tends to O è1S a ·>- 00 and tlüs provi:·~; (17). 

Since Gn(-00 ) :::: 0 , and Gn( 00
) < K ) the sequence {G (x)} 

n 

compact, that is, every inf:inite subsequenC;e of {G
11

(x)} cc''-ä.lrn=> 2 su0--

sequence {G
11 

(x)} which converges weak~y to a nondecreasing fi,iJJ(~r,Lcn 

k 
1°; 

G (x) • (See Theo rem 41 • 7,) By (17) lt follows aJ.so that J.im G (-0'..) ·
k _,,_ oo n}\ 

* G (_po) * and lim G (oo) = G (oo) • 
k -+ oo nk 

Thus we can apply 'Iheor-em lf l. 8 to 

obtain that 

00 2 
(2-o) 1 . Je -sx 1 + sx ) i+x ,8 r ) im e - -2 ~ a 

11 
\X 

k > oo -co 1 +x - x k 

00 2 
* J (e 

-·SX 
-1 + -~~) J.+x 

dG (x) = ---;)···-

l+x2 r_ 
-00 x 

for He(s) = 0 • By (14) we have 

( 21) lirn log ij; ( s) = 
k -+ "" nl-: 

100' •11(") , ë~ ~;~ '..._) 
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for Re(s) = 0 . ~.'hu~; H fo11ows tha.t 

* (22) lün v = µ 
k -+ "' l~c 

also exists. 

Accordingly, we have 

(23) * = ·-µ s + 
00

1 -Qx sv l+x2 * J ,e "' - 1 + --'~-) -~- dG (x) 
- 00 1+x

2 
x

2 

for Re(s) = 0 

By Theorein 112.1 the fu.nction loc w(s) defi.neè. for He(s) = O 

* * uniquely determ:ines v , éi1.1d G (x) in Hs cont:Lnulty points. 'mu::: 

* ~· 
b~' (9) we have µ - i1 c.111d G (x) "' C(x) at the co:1tinuity po.incs of 

G(x) • 

as k -+ 00 • S.ince E.'Vcry 1nfinj_te subsequcnce of {G (x)} 
n 

and µ -r u 
n, 

f\ 

cont:üns J 

subsequence { G (x)} which. converges weal.ly and co;;;pletely to the srnne 
nk 

limit G(x) , j t follovm that G (x ) ·=.;. G ( x ) , G ( oo ) -+ G ( oo ) 
n n 

and G ( -oo) -+ 
n 

G (.-oo) as n -+ 00 • Fur-therrnon:::, v -:>- J1 as ~·1 -+ oo 
n 

T'nis proveE.; that the 

cond:Ltions (10) (11) and (12) ai·e necessary. 

Now let us prove that the condLtions (10), (11) and (12) é.JT8 sufficient 

too. If (10), (Jl) ancl (12) are satisfied and log iJ; (s) 
n 

and 

are given by (r3) and (9) respectivc:ly, then j_t follows irnmecUately froin 

Theorem 41.8 thä.t 
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(24) 1 . l • . ,,, ( ~ = 1Jl1 Cf:', 'j/n \s. 
n _", "" 

log ·.)i(s) 

for Re(s) = O , and therefore 

(25) lim ~' ( s ) = \jJ ( s ) n n + c.o 

for Re(s) = 0. Fj_nally, by Theorem 41.10 we can conclude that Hn(x)=-~ 

R(x) • 'I"nis com:pletes the proof of the theorem. 

We can express Theorem 1 in an equivalent form jf we use the represcntation 

( ·.11· 2 • 411, ) for 1 · ( ) og ~)n s and Jog \jJ(s) instead of (5) and (9). 

Tut us suppose that inctead of (5) log ijJn(:.o) is given by the~ following 
1 

exp:eession 

(26) 

2 2 0 0 S - en 
n J (e-·~>x_1 sx J -·'"'X · sx , , = -11 s+ -2- + + ~)clI\(x)+ (e L.' -1 + -----)·)d1~ \x) 

n .. -oo l+x'- l_ +O l +xL n 

fo"' R,..,,1 ° ) - " -.L _i::;;-\;..J -v where 2 µn is a real constant, o:r. is a n:mneg;=;,t:1.ve con:::t::,nt, 

M (x) is a nondecreasing function of x in the interval (-·'"'> 0), N (x) n n 

is a nondecreasing function of x in the interval (O, 00 ) and these 

functions satisf'y the requirements 

(27) 

and 

( 28) 

f or some E > 0 . 

lim M (x) = 
n x-+-oo 

lim n (x) = o 
r x-++oo. 

-0 2 E ? 

J x dlVJ: (x'1 + J xLàH (x) < "" 
-E n ' +O n 
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F'urthermore, let US suppose that j_ns t.ead of ( 9) log 1jJ ( S) is p;l.ven 

by the following expresslon 

(29) log l)J(s) = -µs 
22 ~ 00 

0 s J -sx sx J -sx sx ) + ~-- + (e -1+ ----;y)dM(x)+ (e -1+ -~ dN(x) 
- 00 1 +xL +O J+xé 

for Re(s) = O where µ is a real constant, 
2 o is a nonnegative 

constant, Iv'J ( x) is a nondecrea::üng function of x in the interval ( - 00
, 0) , 

N(x) is a nondecreasing functlon of x in the interval (O, "'-') and 

tric::se functions saUsfy the requj rements 

(30) }jm M(x) -- lirn N(x) = C 

c 31) 
--0 

J x2dM(x) + 
E ? 

J x~clH(x) <- ~ 
-E; +O 

for some s > 0 . 

Let us introduce the notation 

(32) 
-0 c ? 

J x2dM (x) + o2 + J x-dN (x) 
-c n n +O n 

for c > 0 änd n = 1,2, .... 

Theorem 2. Let H
1

(x), R(x), ... , R (z), .... and R(x) 
ê. n --

be j nf:initel~1 
-----·-----·-·-

gi ven by (L!), ( ~:6) an~ ( e) , ( 29) • ~l'l1e _ _?_f'.S.l~11c~:_ { R) x)} co2'?_':".~0JI2.~ 

wealcly to R ( x) if and or~1Y._~( 

(33) lim M (x) -- M(x) 
n n -+ co 
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(34) 

(35) 

··and 

in the :interval 

üm N (x) "° N(x) 
n n ->- ro 

lim µn = µ , 
n -+ co 

in the interval 

( 36) lirn lim sup Ir/i:::) = ljm JJ_m inf ln(c) 
c -+ 0 n ~ 00 E ~ 0 n ~ 00 

Pr·oof. If ü1 'Theorern l we de fine 

(37) 

f'Or' X < 0 , 

(38) 

f or x > O , and 

(39) 

M (x) = n 

JV1( x) -· J 
·~-0') 

x i +- ;::i 
-L '! d(' ( \ ---'·--. T\VI 

/ '>., v I 

y-· 

(-oo' Ü) ' 

(0, r..o), 

2 = CT 
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for x < O , 

(41) N(x) 

00 ;:> 
l+ - , 

J - y d'"'' ) -- - ·--;::.- 'u,y 
L~ x y 

for· x > O , and 

2 o = G(+O) - G(-0) , 

then we obtain Theorem 2 and converse1y Theorem 2 can be reduced to 

~L'heo::->em 1 by the suJJst:LtutJons (37), (38)} (39) m1d (40), (41), (112). 

F:l.r~>t, we sh2-U prove that the ,_;ondi tj_ons ( 33), ( 34), ( 35) and ( 36) 

are necessary. If R (z):.:-::~>H(x) , then bJ rrheorem l we have 
n 

G (x) ~~> G(x) 
11 ' 

Tnu::-' by (3"{) we obtain (33), hy 

( 38) v1e obtain ( 31~)) and ( 35) is ohv:i_ow;. It r·emt:.ir:s to prove ( 3(i). 

If we take into consJ.dcrat1on that 

(43) 
-0 ') E: 

G (s) - G (-€) - J X~r- dM (x) + o2 + J 
n n -c 1 +x2 n n +O 

for s > O and that 

( L~4) 
" ? 

Xc: X- 2 
---2- ,;~ ---2 ~ x 
l·h. l+x -

for 1 x ! ~ <= , th?n obtain t:hat · 

(115) 
,..., , ) 

- ll \ -·C n· 

2 
~- dl\f (x) 
l+x2 n 

for E~ > O . l'Jow let u~; i"!llppose tha.t Y :.:: <: and x - -c éU'e C·)ntinrLt r 
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points of G(x) , then 

(%) li..rn [Gn(t:) - G
1
/-c)] == G(E:) - G(-E:) 

n _" oo 

and by ( lt5) we obtain that 

(47) 2 G(s)-G(-c) ~ lim inf In(c) ~ lim sup In(c) ~ (1·1-E: )[G(c)-G(-s)] • 

Since 

(48) 

we obtain ( 36) • 
' 

n->oo n-+w 

lim [G(t:) - G(-E:)J = G(+O) - 3(-0) 
c -+ 0 

2 
... 0 

Now let u;3 prove that the condüiom; ( 33), ( 311), ( 35) and (36) are 

::mfficient toe. We sha11 prove that these conditlons imply (10) and (11) 

in Theorem 1. 

Since by U7) 

x 2 
(49) G (x) = f _y_ dM (y) 

n l+ 2 n -oo y 

for x < O and by (40) 

(50) G(x) ::.: f 
x 2 

__l_ c1'V!(y) 
l+y2 

for x < 0 , therefore (33) irnplies tnat 

(51) lim G (x) = G(x) 
n 

n -+ "' 

at every continu.:Lty point of G(x) in the; interval (-00 , 0) . 

By (45) we have 
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()2) 
1 (c) n . 

G (-E:) + --" .~ G (c) ~ G (-c) + I (c) n "_n --n n 
l+s'-

for• c > 0 o.nd therefore by (]6) it follows tbat 

(53) lim lim sup Gn(t:) = lim lirn inf Gn(E:) 
2 = G(-0) + o = G(+O) • 

c-+On-~ 00 c->-On-+ 00 

If 0 < c < 1': , then by ( 38) 

x 2 
(54) G (x) - G (E.:) - f _y__-;-dlJ (y) 

n n 
1

, 2 n 
c TY 

and by (41) 

(55) G(x) - G(t:) 

a'1d ther;:;fore by ( 34) we ol!tain tht:-~L 

(56) l:Lrr. [G
1
/x2 _, G

1
/c)] = G(x) - G(c) 

n ·+ co 

fop O < c < x prov:ided that x and c are contü1uity points of G(x) . 

'mus by (53) and (56) 

(57) lim sup Gn(_x) = lim lim sup [Gn(c) + G
11

(x) - G (c)] = 
n-+m c-+On-+co n 

= G(+O) + G(x) - G(+O) G(x) 

and 

( 58) lfo1 inf G (x) -- lim Jjm inf [G <c) + G n(x) - G r f 1] --- \ ~ ) n· 
0 

() ' n 
n ~ 00 c ->- n -)- co 

;::: G(+O) + G(x) -· G ( -i-CJ) -- (' (-) ,J >. 

if x > 0 i.s a continuity po:Lnt of G(x) . 'I'Jü::. pc,)1e2. tint G
1
/x) :::::"':',>CJ(x) 



for x > O • 

(59) 

and 

( 60) 

for 

(61) 

Finally, sjnce 

00 2 
G (00 ) - G (x) n n 

= J _}!__ dN ( y) 
x l+y2 n 

00 2 
G( 00 ) - G(x) = f ~ dP(y) 

x l+y2 

x > 0 , l.t follrn...:s from (34) that 

lim [G (00 ) - G (x)] = G(ro) - Q(x) 
n n 

n ->- "" 

if x > 0 is a continuity po-Lnt of G(x) • Ttüs proves tl1at 

G(00 ) as n + 00 • 

'r'nis completes the proof of the theorcm. 

Note. Theorem 2 rernains valid ill1changcably l.f :Ln ( 2Ó) and l.n ( 29) 

we choose another centerj_ng fill1ction. Thm~ we may assume that instead 

of (26) log ~1 (s) 
m 

is given by 

(62) log iJ! (s) m 
* -- -µ s+ m 

for Re(s) = O where 

2 2 
CJ s -0 00 

m J ( -sx ( ) ) • ) J I -sx • ' ) ( \ --
2
- + e -l+só x dM (x + \e -l+so\xJ dN x/ 

~ n ro n 

* µm is a real constant, a11d on2
1
- , M (x) , N (x) 

n n 

satisfy the same req11j.rE:ments as j_n (26). 11he functj_on o (x) def:Lned 

for - 00 < x < cc can be chosen as any bounded a.:.1d continuous fu'1.ction of 

x for which o (x) - x = O(x2 ) as x -)- 0 . (Insteu.d of cont.hm.it.y 1.1:c 
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may require only that 6 (x) i.s piecewisP continuow::: and the d.i3continuity 

p.::.ünts of o(x) are continuity points of M (x) m as the case 

may be.) Bes:ide o(x) -· x/(1+/) the following f'unctions are suitable 

choicf:s in (62): ó(x) -- sin x or o(x) = x if lxl < T and o(x) = O 

if lxl ~ T where T > 0 and ~(x) is eontinuous at x = -T and 

N Cx) lf> continuous at x = T • n· 

Let m; assurne aJso that instead of (2?) log lf.J(s) is given by 

(63) 
~ 0 00 -

J ( -".x o ( , , 1 . ( ) r , -.-:ix , , - -- / -
c; -l+:::>o x,1;cJ:il x + ,(e -1-h'.o\x))cl~\î.) 

for 1He (s) ~::. O where * 
jJ 

-oo +O 

:is a real constavit, and 2 o , M(x), N(x) s ,J_ t ~1 .. s f;1 

the same requirements as in (29). 'l~'le functj_on o(x) is the S8JK' as in 

(62). 

If we suppose that lors ~1 ( s) 
t~ m :Ls gJven by (62) and loc; iµ(s) 

e:iven by (6J), then Theorem 2 remains va1Ld pr·o--:ic.led that the concüt,Jon 

(35) is :replaced by 

(64) 

(65) 

* 1: 
lj_rn lJ,,., = lJ 

iJ n _,_ ()) 

For if in (62) we put 

]J + m 

-0 
J [ 8 (x)- ~-]dM (x; ,-

_oo l+x2 n 
f 

+O 

then we obtRin (26), a-'-YJd if in (63) we put 
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(6'6) * µ = µ + 
-0 00 x x J [c(x)-- - 2JdM(x)+ J [cS(x)- --]dN(x) , 
- 00 1+x +o 1 +x

2 

then we obtain ( 29) , and fJ ->- µ 
rn 

implies * * µ -)- µ 
m and conv2rsely. 

In what f ollows we shall prove some more a:JX.iliary theorerns which 

are needed in sol ving the problerr13 formulated 2"t the beginning of this 

section. 

Let R(x) be the distribution function of a rcé:il rw1dorn v<:U"'iable 

and define 

(6'() 

for Re(s) = 0 • Let 

(68) 

00 

ij!(s) - J e-sxdR(x) 

a = f xd.H(x) 
lxl <1 

where T is some positive real number and let m be a median of H(x) , 

that is, any real number for which 

(69) l H(m) 2_--- 2 and l-H(rn--0) l 
> --
::.~~ 2 • 

'lneorem 3. If Re(s) = O , if i)!(iu) -1 O for O ~ u ~ ó ~ 2 , and 

if T > lm I , then 
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Proof, 

that 
We sh.J.11 pr·ove (70) in sovera1 steps. First we f;hall prove 

(71) 

()j 

"'a sx l~Cs)e
0 

-1/ = / J (e- -l)dR(x+a)/ < 

< 1kf[l+(;+J_a/ )2] + (2+ / tlJ"cJ )[ 1+~2::-kl_Ó_) { x2" dR(x+a) 

(T-la/) - 00 l+xL 

f or Re Cs ) = 0 • 

(72) 

Let us wr.i te 

(. ) sa i/1 s e -1 = 
00 

f (e-sx_l)dR(x+a) = J (e -sx_l +sx)clli(x+a) + 
1 x+al <1 

+ f (e-sx_l)dfi(x+a) - s J xdf~(.x-1a) • 
1 x+a/,2;_T / x+a/ <T 

In (72 2 in the last term 

(73) ( xdH(xta) = 
/ xt~./ <1 . . f (x-a)dR(x) == a-a J dR(x) = a J dR(y) 

/xl<1 /x/<1 lx/~1 

If Re .s . = O , then e - _:::.. 2 ( ) 1 -sx 1/ and 

(74) 

for all real x • By (73) and ( 7 4) v'e obtd.n :F'rcorii U2) tha.t 

(75) 
(2+i3/ /a/) f dH(x+a) . 

· I x+af2~1 



,. 
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S1nce 

2 -· co 2 
(76) J x2dR(x+ë)~ [1+(1+ial )

2J f _ _}{ 2dH(x+a)dl+(T+laJ ) 2
] J ~--') clH(x+a.) 

lx+al<T lx+al<1 l+x- -oo l+x'-

and 

(77) J dH(x+a)_~l+(-r-lal~2 J x2 dR(x+a)~l+(-r-lal~2 /'' x2') dH(x+a)' 
jx+al~1 --- (-r-lal) lx+al~T l+x2 (T--lal) · - 00 l+xL 

'/Je obtain (71) by (75), (76) and (T{). F'rom (71) wc· obtain eas:Lly that 

1 

(78); 
1 

( )i 2) r · 1 1 ) 2 c'O 2 
1,1,(s)esa ..... 1! < l+ tT \l+s T - f ~ dR( + ) 

'V , , 2 , 2 ,X a 
2(1-lal 1- -oo ~+x 

for Re (s) = 0 . We note that by ( GS) 1a1 < ' • 

Next He shall rrove that if T > lml , then 

(79) J"" x2 2 dH(x+a)~{ [l +(T+ !ml )2]+ 1) +(:_r-1 mJ )2]p+21 (T+ [mW_} /" _:·/ 2 dE(x+rn) . 
-oo l+x (T-lml) - - 00 l+x 

Since 

( 80) (x-a) 2 
= (x-m) 2+ 2(m-a) (x-a) - (rn-a) 2 

2_ (x-rn) 2+ 2(m-a) (x-a) , 

we can wri.te down that 

(81) 

+ 2(T+lr:-1I) f (x-a)dH(x) + f dR(x) = 

Jxl <T jxJ~i 

+ [2(T+lml )a+l] J dR(x) 
1 xl.:_T 

f (x-rn)
2
dH(x) + 

1 xj <-r 



and further 

? 2 ( ) 2 ,, co ( )2 
( 8 ) J ( ) ( ) , 1 ( 1 1 \ ] J X·-m ( , __ 1 ( .

1 
' ) c_ - , x-rn ( ) · 2 _x-m -dH x _:j_l+ T+ m1; _ -----?- dc11 x,i_:::_i_l+ T+ mi _1 J ----·--2 de'\ x 

1 x 1 < T - J x J < 1 1 + ( x-m) · - 00 l + ( x-m) 

and 

_ I, · 2 2 I I 2 00 2 
( 83) J dR(x)~ _!_+(.2:.:-_1..'.nl~- J - ~x-rQ_\:1 &1.(x)~ l+(T- m ~ J ·-~x-m~2 c.m(x) 

!xl~' (T-lml) !xJ~' 1-h,x-m) (T-lmJ) ·-00 l+(x--mj 

for T >IIrd . By (81), (82) and (83) 1ve ubtain U9). Brom (ï9) it follows 

oo':l ? ') 002 

' (l+~ ~)'1+2 c) J -~~ dH(x+a) _s_ __ _:! __ ~~~:r____ J _::s.__~1 dR(x+rn) 
- 00 l +x - (-:.- - J m 1 ) L - 00 :1 +xL 

for T :"> !ml . 

Now let 

(85) * R (x) - f H(x+y)dl\(y) 
-oo 

We sha11 prove that 

(86) 
002 002 * 

J -~ dR(x+rn) ~ 2 J ·-7 dR. (x) • 
-"' 1 +x - 00 1 +x -

If we suppose that Ç, and n are :Lndependent random var:Lables for 

* wlü ch P { t: < x} == R ( x ) 
'""'"' . = 

and P{ n ~ :xJ c R(x) , the.n P{Ç:~-n 5-.. x} = n (x) , 

and ( 86) Cill1 be expre~~sed as 

(87) 
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Por any x we have 

P{~-n > x} = P{(t_;-m) - (n-m) > x}~ 
(88) 

P{ f;-m > x, r1-m _.::_ 0} P{ ~-m > x}P{n ' 1 
x} = < m1 > - P{t-n > -- = ') - ' ""' "--

t:hat is 

(89) P{ç;-m > x} ~ 2P{Ç-n > x} 
"'"' 

for all x . - If we replace ~, n, m b~/ -.ç;, -n, -m respecti vely in 

the above inequality, then we obtain that 

(90) P{m-t.; > x} ~ 2H n-( > x} 
,.,._. 

for all x • Thus by ( 89) a.ncJ ( 90) >ve have 

for x ~ O , and hence it follows tllat 

(92) 
( c ) 2 ( c -n) 2 

P{ ~--- > x} < 2P{ _.'.:;:> __ > x} 
""' l+(~-m) 2 = ,,.,. 1+(~-n) 2 

for x :: 0 • If we integrate ( 92) from 0 to 00 , thcn we obta:i n ( 97) 

aJ1d there fore ( 86) too. 

If O < ó ~ 2 , then we have 

(93) 

Si nee 

lil 
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(94) 

for Re(s) = 0 and since by (42. 28) 

(95) 
2 8 0 

__2S__ __ -::__ - J (1-cosxu)du 
l+x2 - 03 0 

for every x if 0 < o ~ 2 i t follows that 

(96) 
c.o 2. * 8 '0 00 * . - 8 0 . . 2 J _Y..:_')_ dH (x) ~ 3 ) {j (1-cosxu)dH (x) ;du -= ···-=":" J [l-! ~J (iu) 1 ]du 

- 00 1 tx'- o O - 00 6.:i O 

1 

whicn was to be proved. 

For any r·eal x we have -x 1-x ~ e and hence 1-x ~ -log x f or 

x > 0 • Since iJ; (0) = 1 and iJ; (iu) is a continuous fu::1ction of li 
' 

1t follows that there exists a posüive o such that ~' (j_u) f O for 

0 ~ u .2. l . Then log 1 iH iu) 1 is continuous and hounded in the intervaJ 

w:[O, ó] . Thus 

(9ï) 
6 - 2 6 1 

J Ll-ll/!Ciu)I ]du:::_2 J logl'(" 'Tdu 
0 0 \/! lU; 

whenever iJ; (iu) 'f O for O ~ u :::_ o 

If we combine (78), ( 84), (86), ( 93) arid ( 97), then we obtain that 

(70) holds for Re(s) = 0 whenever ' > lml , 0 < o ::_ 2 and Vi(iu) f 0 

for O ~ u ~ o . 

We s:':la.11 m~ntion two more 1neqUé.ûi tie;~. Let ~ be a rea1 eandom 
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variable for which P{ t; ~ x} = R(x) and 
"'"" 

00 

(98) l/!(s) -- J e-sxcffi(x) 

for Re(s) = 0 • We have 

(99) 

f or any s > 0 and 

l/s 
~2d < s J 11--i)!(iu)ldu 

-1/E: 

(100) l-Re{~(2iu)} ~ 4[1-Re{~(iu)}] 

fcr -oo < u < oo • 

Since 

1/€ 
(101) 1 ~ J ~(iu)dul = 

-1/s 
l 7 ~~~;~~E) dR(x) 1 ~ [1-!{ j t; j 2~ 2s} J + ! !:{ ! E" 1 ~~ 2s} 
-co 

and 

l/c . l/c l/c 
(102) 1-j ~ J ijJ(j_u)dul ~ ~ 1 J [l- ip(iu)]dul ,;, ~ J 11-iJJ(iu) jdu 

-1/s - -1/c -1/c 

for any c > O , ( 99) follovm immediately. 

Since l-cos2x = 2(1-cos2x) .::_ 4(1-cosx) for every x , (100) fo1lows 

imned__-'Late ly. 

We shalJ need also the fol1ov-.':ing m.L'é:1liar·y thecn:ms. 
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Lemma l. Le'L. R(x) ~~0-~_.!:_iü~?egenerate distribution function. If 

(103) fl(x) = R(a+bx) 

for every x where a u; a real constéint and b is a positiye real 

constant, then a = 0 and b = 1 • 

Proof. If 0 < b < 1 , then by (103) we obtain that 

( l ) . ( , ( ( n-1) n ) 10 i R x J = H a J+b+ .•. +b +u x 

for n = 1,2, ..• and for every x . lf n _" '"' } then tP _" O and by (104) 

R(x) ::.: R(a/(l-b)) which is impossible. 

If 1 < b < 00 , and we express (103) in the form 

(lO~) 
x a R(x) = H(- - __ \ 
tl b / ' 

then this case reduces to the prcvious c.q;:·e a'1d thus we obtain that 

l < b < 00 is irnpossible. Consequently, b = 1 must hold. 

Finally, we shall prove that a = O • If a 1- O and b = 1- , then 

by (103) we obtain that 

(106) R(x) = H(x + na) 

for n = O, .:!:_l, .:!:_2,... • If n -~ 00 and n -+ - 00 iJ1 (106), then we obtain 

that R(x) = H(+co) = R(.-.ro) v1hid1 is impos~-oible. '11.h:is jmplies thu.t a = 0 

must hold. 

.. 
' 
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Lernr:1a 2. Let {Hn (x)} ~e a sequence of distribution funcj:;io_00, 

and an (n = 1,2, ... ) 

(107) 
and 

(108) 

and b > 0 
Il 

(n = 1,2, ... ) be real constants. 

R (x) ~R(x) n , 

R (a + b x)-:!-S(x) 
n n n ' 

where H(x) and S(x) are nondegenerate distribution functions, then 

there exist two constants a and b > O snch that 

(109) 

and , 
-- 1 

( 110) 

and 

( 111) 

lim a = a 
n n -;. co 

lim b = b 
n n ·+ oo 

S(x) -- R(a+bx) • 

If 

Proof. We shall prove that every J..nfirüte sL,bsequencE: of (a , b ) 
n n 

(n=l,2, ... ) 

which a -+ a 
n. 

J 

j -+ ro and that 

contains a subsequence 

where --00 < a < co and 

(111) holds. If (111) 

(a ' n. 
J 

b -+ 
n. 

<l 

ho1ds, 

b ) (j = 1,2, ... ) f or n. 
J 

b Hhere 0 < 0 < co as 

then a and b do not 

depend on the particular snbsequence of (an, bn) (n = 1,2, ... ) . '!'hus 

the whole sequence (an' bn) (n = 1,2, ... ) is convergent and (109) and 

(110) hold. 

Obviously every infinite subsequence of (a " b ) n :-i 
r,'"1 = J 2 ) 1' .,._, •• , 

contains a subsequence (a n.' (j :-: 1,2,.") sueh tint Jim & . r1. 
J -+ co J J 

= é1 
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and lim b = b wherc -oo < a < 00 anG. 0 < b < 00 Now we shall ~how n. - -
j ~r 00 J 

that necessarily -oo < a < 00 and 0 < b < "' . 

If b = 00 
, and c = sup{x: lim sup(a + b x) < 00 } , then 

. n. n. 
J 7 00 J J 

-
00 îor x < c and lirn sup(a + b x) = += for . n. n. 

J 7 ~ J J 
lim sup(a + b x) = . n. n. 

J -~ "' J J 

x > c Then by (108) S ( x) = O f'or x < c émd S ( x) = l f or x > c , 

that is, S(x) is degenerate. 'mis cont:mdict~; to the hypothesis and 

therefore 0 .::._ b < 00 • 

If 0 ,;;:,. b <00 and a = 00 or a = - 00 ) then by (108) it follow;::; that 

S(x) ::: 1 or S(x) = 0 which is impossible. 

If b = O , thcn f or everry x and e verry i::; > 0 we have a-s ~ 

a + b x < a+c whenever j n. n. 
J J 

fa sufflcü:.ntly large. Hence R (&-E) < n. 
J 

RH, (an.+ bn. x) ~ Rn. (a+E:) if j is large enoug,11.. If x = a+E: and 
J J J J 

x = n.-s m>e continuity point~" of R(x) anc1 i f' we let j 7 00 1n the 

abovc inequality, then we ohtain that R(a--t.:) ~ S(x) ~ R(a+c) . Since x 

is arbitrary, it follows that R(a-d "" O and R(a+t.) = 1 for any c > O 

for which x = a+c and x = a-c are continuity points of R(x) • This 

irnplies that R(x) is degenerate which contradicts to the hypothe;=üs. 

Thus we proved that -00 <a < 00 and 0 < b < 00 . Now f or any E > 0 

we have a+bx-c < a + b x < a+bx+t: if j j ,, larce enou17)1. 'I1hL..::: 'uy .û n. n. 
J J 

(107) and (108) it f ollows that 

(112) R(a+bx-c) ~ S(x) ~ R(a+bx+i::) 

provided that x is a continuity poJnt of ~:.Cz) and 
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are continuity points cf R(x) . If i::-+ O in (112), then we obtatn 

that (111) holds whenever x is a continuity point of S(x) and a+bx 

is a contj_nuity point R(x) Howevcr, if two distributicn funct:\o;i2 

are equal on a set which is dense ever;:rwhere, then the two distr-ibution 

functions are identical. This proves (111). 

Since by Lemma 1 the constants a and b are uniquely determ1ned 

by S(x) , that is, they do not dependent on the particular subsequ.ence 

(a.. > b ) (j == 1,2, ... ) , it follows that (a , b ) (n = 1,2, ... ) ls n. n. n n 
J cJ 

converP'cnt and (109) and (110) hold. 
10 
i 
i 
1Corollary 1. If' in Lenmia 2 we have S(x) -- R(x) , t11cn ~ce0~ar~Uy 

lim a = O 
n n -i-- co 

and lirn b = 1 . 
n n ...,. °" 

Tnis follows from Lerrrna 1. 

Now we are in a position to provide a solution of the problems stated 

at the beginning of this section. 

Fir;::;t wc shall characterize the class of distrföution functions 

R(x) which can appear as limitlng distr:Lbutions of suitably nonnaUzed 

sums of rnutually independent and identic:al ly dist:r1.buted real random 

variables. 

Let us suppose that ç1 , r,
2

, .• , , Çk,. . . are mutually j_ndependcnt 

and identically distributed real random variables for wrüch 

(113) 
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and 
00 

( J 14) ( ) J -sx,.~c ) 
~ s = e m x 

-"" 

for Re(s) ~ 0. Let ~n = ~ 1+ ~ 2+ .•. + ~n for n = 1,2, .... Let us 

suppose that there exist constants An (n = 1,2, •.. ) and Bn > 0 

(n :: 1,2, ••• ) such that 

(115) 
n ..,. A 

J:Lrn,!'{ ~~ ~ x} = R(x) 
n-~ 00 n 

5n every continui ty point of the distrilmtion function R(x) . Let 

o:> 

(116) 1jJ (s) -- J e-sxdR(x) 

for He(3) ;:: 0 • 

The following au.xilia.r·y theorem contains some infonnat ·1.011 about the 

asymptcitic behavi.or of B as n _,. co • 
n 

Lemna 3. If R(x) is a nonder;enerate distribution function and 

(1152 holds, then 

(117) 

and 

c 118) 

}roof. 

lim B = oc 
n n -1- °" 

If (115) holds, then we have 
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(119) 
'1 

• r (s )'' l 1m L q\ o::;-- J 
B n -+ ex· D 

for Re(3) = O . This implies that 

(120) llm <P c~ ) = 1 
n -+ 00 n 

sA /G n n , e = 1[;1..s) 

for all Re ( s) = 0 . 'I'he proof of (120) fo1lovrn on the sa111e line~~ c:.s 

the proof of Lemma 4 2 .1. Since l/J ( 0) = 1 and ~) ( s) is continuous on 

Re(s) = 0 , it follows that there is a11 a > O such that 1 ~i (s) 1 > 0 

f or s = iu and 1 
1 ..., 

Uj ~Cc • Hence by (119) 

1 

(121) lim i<PC~ )j == lim 11/!(s)jn = 1 
n-+co n n-+ 00 

for s == i u a.nd 1 u. i _::_ a • 'föis i_.rnpJj es aL::;o tha.t (l?O) ho}d s fcr s -0- i.1J 

and jul ~ a . By usl.ng the inequality (100) repeatedly, we can conc1udo 

that (120 2 holds for al:L Re (s) == 0 . 

Now we sha11 prove (11/') by contradiction. If (ll'ï') does not hold, 

then {Bn} contains a bounded infinite subsequence, and by the Bolzanc--

Weierstrass theorem this latter sequence contains a convergent subseq"c.lence 

{B } n. fo:r whl.ch 
J 

(122) 

for Re(s) = 0 

lim B = B < oo • . n. Then by (120) Ne obtain that 
J-+oo ,J 

sB n. 
= 1 iJn <P (-J_) . B J --;-oo n. 

J 

= l:hn <P ( sJ?_) -- 1 
. B J -+ oo n. 

J 

~ f , () . h . 'l')')) t i + .L ü > , , c en in ~ cc we use .;)8...; is uni förmly 

continuous on Re ( s) -· C • If B = 0 , then H s) = 1 is obviously true. 
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If. "(s) :::: J f'or all He(s) = 0 , then by- (119) I '(<') 1 - 1 f' .,.. _ . 1;1 0 1 - or 

all Re ( s) = O • In tfèi~; case R (x) is degener<=:i.te. This contradiction 

proves Cll 7) . 

lf B -+ oo as . n -+ oo , then 
n 

(l23) 

as n -+ oo for any i:: ~, O • Thtm by (115) i t follows that 

(124) 

in every cont:Lnuity point of R(x). If we compare (115) .::incl (J?LI), then 

by Corollary 1 vre can conclude that (118) holds, and furthermore tha.t 

(125) 
" - A . 1-in+l n 

llm ·---.1--- = O • 
n + oo bn 

The following theorern wrn=; discovered in 1925 by .!:'. Lévy [ 111]. See 

also A. Ya. Klüntchi.ne [ 2?8 J. 

'Iheorem lt. The d:LstrJbution function R(x) 5s th2 limitil]3_ 

distr~_?u~io!1 of ::;uitably nnrm'llized. SlJ!'1S of muLually i1!_dependent and 

identically di.std:buted rca1 random_ variables j_f -~::_~r'J. only_ j_f R(x) :is 

stable. 

Proof'. B'ir:3t we shall prove tl iat the condJt:ion is necessary. 
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R(x) is degenerate, then H(x) is stable. If R(x) is nond0generate, 

then we shall prove th.qt for every 

two constants a and b > 0 such that 

(126) 

a._,, 
c. 

there extst 

holds. Without loss of generality, we wa.y assume that b
1 

;i b
2 

• In 

this case by Lerrma 3 we have lim B = 00 arid 11m B /B +l = 1 , and for n n n 
n-+oo n-+ro 

every n = 1,2, ... we can find an m = m(n) ~ n 2.uch that m -~ oo as 

and 

wheJ>e 0 < b < b < 00 . 1 •= 2 Since B
1
/B -+ 0 

n as n -+ 00 and B /P = r: "-'n 1 ' 

f'or every sufficj_ently large n we cari find an m such tha.~. 1 < m ~ n 

and 

(128) 

holds. If we choo.se m = m(n) in sucl1 a way, then ( L~7) is sati sfied. 

Now let us wri te 

1 
ç - A B ç - [ - A n n 

al) 
rn (~~+m ___ -·n_~ _ 

a2) ( D + = 
bl b B r· u .j 

n 1 n m 
(129) 

ç (A + A + a B + a~B ) n+m - n m 1 n .:. m 
b.B ----

1 n 

1 

1 

11 

l 
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for n = 1, 2, • . • and rn == m (n) . On the Jeft-ha.nd side of (1;~9) r,n 

and z:; + - z:; are independent and nm n 
r - r has the sarne distribution "n+m "n 

as çm • F'urthermore Br/ b1Bn -+ 1/b2 as n ·t- 00 
• 'I'hus by (115) it 

follows tl1at the distribt~tion function of the left-hand side of (129) 

converges wealdy to 

(1302 

as n -t- oo • If n -+ 00 , then hy { 115) 

(131)' lim P{ 
""-· n --r ro 

i;; - A 
n~n ~::1:.1:0: < x} = R(x) 

B = n+m 

jn every cont:i.nuity point of R(x) No1.1 by Lemma 2 we can conc:lude that 

tI'iere exist t1·10 constants a and b > () such tbat the distritution 

function of the right-hand side of (129) converges weakly to 

(132) R(a+bx) 

as n ->- 00 • 'l'tüs proves (126) • 

We can easily prove that the condition of the theorem is sufflcient 

too. Let R(x) be a stable distribution function of type S(a,S,c,m) 

defined by (42. 97). If v1e suppose that sl' Ç, 2 , ••• , r,k' . .. are mutually 

independent random variables having tL;; sarne distribution function R(x) , 

and 

{ ( 1/. for ~ l m n-n ) a 

c 1332 A 
=:: 2cBnlT lou_ n 

f o:c a = 1 
' 
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and 

( 134) B 
l/a, 

::-:: n ' n 

then by (42.101) we have 

(135) 
s1+ s?+ ... + s - A 

A~rl - ~ B n n } "_ ::._ x ·- R(x) 
n 

for every n = 1,2, .... Thus if n-+ 00 Jn (135) then R(x) appears 

also as a lim5ting distribution. 'I'his eorr;nlete:c; the p1'oof of the theorer:i. 

~.et F'(x) be a dis tri button funct:1 on and denote by the n-t'.l 

iterated convolution of F(x) with itself. 
1 

We say that the distribution runctiun }1'(x) bel.:)ngs to the clonG.1-n 

of attraction of a èistdbution function 1·-:,c" J 'A, if and orüy if t:i1f:rP c~xi;; t 

constants A 
n (n = 1,2, ... ) and B > O n (r~ = 1,2, ... ) 

(136) 1irn .B' (A + B x) ·- H(x) n · n n 
n -+ "'' 

in every continuity point of R(x) . 

JS s1 , s2, ... , .';k' •.• is a sequen'-'.C: C)f mutually independent éU1d 

identically distributed random variablc::s for vrllich I{E~k ~ x} = F'(x) and 

1;; = sl+ ... + s for n = 1,2' ... ' then (136) is equ.tvalent to ti-1e n n 

requirement that 

(137) 

in ever-y continu..i.ty point uf F:(x) . 
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It follows from T.heo:cem ~ that all st<.0"ble distribution functions 

and only those have a àomain of attraction. 

Our next aim i.s to find necessary and sufficient conditions for F(x) 

to belong to the domain of attraction of a stable distributjon function 

R(x) and to give a procedure for determirLi"ne; the normalizing constants 

An Cn = 1,2, ... ) and Bn > O (n = 1,2, ... ) . 

If R(x) is a stable d::..stribution fW1ction of type S(a,S,c,m) 

defined by (42.97) and 

co 

~{s) - J e-sxdR(x) 

fo.r· Re Cs) = 0 , then by 'lneorem 1~2 .1i 1,;e h:.we 

(139) 

for Re Cs) ;:: 0 whenever 0 < a < l or 1 < a ~ 2 , -1 ~ 8 ..'.":.. l , c -~ O 

and m is a real constant, and 

(1402 log ljJ(s) 
')Ss 

= -ms-c J s I (l- ; 1 s ! log 1 s 1 ) 

for Re (s) - 0 whenever a = 1 , -1 ~ S ::::." 1 , c .'."... 0 and rn is a real 

constant. 

We can write clovm also triat 

2 2 -0 00 

( ) a s f( -sx sx ) adx j( -sx sx , adx log 1)! s_ = -µs+ - 2- tcJ_ e -1-1 -·---r; ----.::,.,- +c') e -l+ --·----:;_; ---t·-1-· c... 1 J (.(• c • o.·. 
- 00 l+x x ..L --:o l+x" .x 
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') 

for Re(s) () where o, ~ o, r:. 
C' and is real nw.iber, -- cl > c,... 0 > } \l a 

- c:.. ~= 

and 
2 0 if cl+ > 0 0 = c2 . 

If in (ll!l) 
2 > 0 and 0 then obtain (139) with 0 cl = c2 = we 

-- ' 
et= 2, c = a2

12 and m - \l . 

If in (llll) 
2 o = O , and c

1
+ c

2 
> O, c1 ;;., O, c2 ~ o, then we obtain 

(139) with 0 < a < 1 and 1 < a < 2 , and (140) with et = 1 and with 

the following pai"ameters 

f or 0 < et < 2 , 

(14-3) c for 0 < a < 2 , 

\'!here, L"1 particular, f or a = l 

f or 0 < et < 1 o:r 1 < et < 2 , 

f or a = 1 , 

where C = 0. 57'7215. . . j_s Euier' s constant. 

If we use the centering function 

~: 
for~ lxl < l 

' 
(145) ·S (x) --

f or !x! > T 

' --
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where T is some positive number, then (141) can be expressed in the 

following equivalent form 

for Re(s} = 0 where 

if 

mr] 
2cos 2 

f or 0 < a < 1 or 1 < a < 2 , 

(147) 

1 

By Clf4) and (147) we can express the relation between m and µ(T) as 
i 

fellows: 
1-a 

(148} 

= ) m+Cc2- c.1 )a ~ _ 0 if 0 < a < 1 or 1 

l m+(c2- c1)[log T-(1-C)] if a = 1 , 

< a < 2 , 

where C = 0.577215 ••• is Euler's constant. 

To prove (1472 we compare (141) and (146). Then we obtain that 

(149) 

where 

T 2-a oo -a 
(150) I(a,T) = f x 2 dx - J ~ dx 

0 l+x T l+x 

If 0 ~ a < 1 , then 

1 
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(151) I(a,T) 
T co -a 1-a 

= J x -adx - f ~ dx = _T -- - 7T 

O 0 l+x~ 1 - a 2cos ~TT 

If 1 < a < 2 , then 

(152) I(a,-r) 
co 2-a co 7T 1-a 

= f ~ dx - f x-adx = - + -•--
0 ltx T 2cos ~TT 1 - a 

If a = l , then 

(153) 
T co 

I(l,-r) = f _x_ dx -j [ l __ x_]dx =log -r • 
0 l+ 2 x i· 2 X T TX 

Thus (147) follows. 
1 

i 
1 

Now let us suppose that R(x) is a stable distribution ftmction of 
' 

type S(a,(3,c,m) • If c = 0 , then R(x) ls degenerate. If c > O , 

then R(x) is nondegenerate. Let F(x) be a distribution function arid 

denote by Fn(x) the n-th iterated convolution of F(x) with itself. 

Theorem 5. Let. R(x) be a nondegenernte sta.ble distribution function 

of type S(a,8,c,m) , F(x) a distribution function and A (n = 1,2, ••. ) 
n 

and B > 0 - n 

(154) 

(n = 1,2, ••• ) constants. We have 

llin F (A + B x) = R(x) 
n n n n -+ oo 

in every continuity point of R(x) if and only if 

(155) 

~ x < 0 ' 
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(156) 

· ·rcr x > 0 ' 

0.57J 

and 

c 
lim n [1-F<B x)] = ~ , n a. 

n + 00 x 

. 1 
lim i3"" [n J xdF(x)-An] = µ(•) 

n + ""'n lxl<-rB n 

Cl58J l:Un lim sup n2 [ J x2dFCx) - C f xdF(x) ) 2J = 
e: + 0 n + "" B 1 x 1 < e:B 1 x ! < e:B n n n 

= lim lim inf n 
2 

[ J x2d.F(x) - ( J xdF(x) )2] 
g-+Qn-+ 00 B lxl<e:B lxl<i:;B 

n ' n n 

= (J 
2 

where c
1 

= c2 = 0 for. a. = 2, and c1 and c 2 are detennined by (11+2) 

and (14 3) f or 0 < a. < 2 , a 
2 = 0 if c1 + c2 > 0 and O < a. < 2 , and 

2 a = 2c if' c1 = c2 = O and a. = 2 , 1 is an arbitrary positive number, 

and µ(Ï I i-s given by (1481 for 0 < a < 2 and µ(-r) = m for a = 2 • 

?roof'. Let 

00 

(159) ~(s) = f e-sxdF(x) 
_oo 

and 

00 

( 160) iJi(s) = f e-sxdR(x) 
-"" 

f or Re(s) = 0 • 

~, Lemna 3 we have lim B = oo and n 
n + "" 
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(161) 

for all Re(s) = O • 

By Theorem 41.9 and Theorem 41.10 we can conclude that (154) holds 

if' and only if 

sA /B 
0.62) lim [cp(~ )]n e rr n = ijJ(s) 

n -+ co n 

ff~r Re(s-) = O. In (162) the convergence is necessarily uniform on 

Re(s·J = o . Now let us define 

(1631 a = f xdF(B x) 
n lxl<-r n 

for some positive real • , and let us write 

(l64J 
sa 

ljln(s) = <f>(~ )e n 
n 

for Re(s) = 0 and n = 1,2,... • Then (162) can be expressed as follows 

(1651 
-sna +sA /B 

lim [ipn(s}]n e n rr n = 1/J(s) 
n -+ co 

The distribution function R(Jc) is stable and therefore it is necessarily 

înf'in:ttely divisible. Thus ip(s) ~ 0 for Re(s) = 0 and we can define 

log ip(s} uniquely as a continuous function of s on Re(s) = O .for 

which log ip(O) = 0 • By (161) it fellows that ljln(s) -;é 0 for Re(s) = 0 

if n is sufficiently large. Thus log 1/Jn(s) is uniquely determined 

for Re(s) = O and for sufficiently large n values if we define it in 
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a similar way as log ip(s) • 'Ihus (165) can be expressed as fellows 

(1661 
sAn 

lim {n log ipn(s) - sna + ~} = log ip(s) 
n+oo n n 

for Re (s J = O and the convergence is W1..tform in any fini te interval 

of Re(s) = 0 • Accordingly, (154) holds if and only if (166) holds 

for Re(s). = O • 

First we·shall deduce necessary conditions for the validity of (166) 

and then we shall prove that the condi tions a..-rie su.fficient too. 

1 

~t us suppose that (166) holds. 'Ihen we can prove that 
1 

(167) lim n{log ipn(s) - [ipn(s)-1]} = 0 
n -+ oo 

ror ReG'3J = 0 • 

Since 

00 k 00 

0.68} llog(l+u)-ul = l Z: Jf-1 < ~ l !ulk < lul 2 

k=2 ·- k=2 

. 1 
if lul < 2 , it follows from (161) that 

for Re (s) = 0 if n is sufficiently large. By (161) we have 

(170) lim lip (s)-11 = 0 n n -+ oo 

for Re(s) = O and by 'Iheorem 3 we have 
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(171) 

'

,,, (s)-_,LI ~6(1+2T) 6 (1+1slt) 2 J
2 

1 1 du 
'I' < 2 · 2 og ·1• (i ) n (t-[a [)-(t-lm [) O l'l'n u 1 

n n 

for Re (s) = O if n is sufficiently large and T > 1mn1 where mn 

is a rredian of the distribution function F(Bnx) • If n + 00 , then 

Il\i + O 0 For ~ = m*/Bn where m* is a median of F(x) • Thus (171) 

holds for any T > 0 if n is sufficiently large. 

If' 0-601 holds, and if we form i ts· real part, then we obtain that 

Cl72I lim n logl$n(s)I = loglljl(s)I 
n + "° 

for Re(sJ = O , and the convergence is uniform for s = iu where 
·-

0 ~ u < 2 • Thus it follows from (172) that if we multiply (171) by n 

and let n + oo, then the right-hand side has a finite lllnit. This fact 

together wîth (170) proves that if (166) holds then 

(1731 lim nlljl (s)-11 2 = 0 n n +--w.. 

f0r Re(sl = O • Finally (167) fellows from (169) and (173). 

Accordingly, if (166) holds, then (167) holds too, and this implies 

that 

sA 
(1741 lim {n[ljln(s)-1] - snan + B n} = log ljl(s) 

n + oo n 

f'or Re(s) = 0 • 

We recognize that 
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sAn "" . Si\J 
(175) n[l/J (s}-1] - snan+ -B = n f (e-sx_l)dF(B x+B a )-sna + -B i n n · n nn n _.., n 

iä the logarithrn of the La.place-stieltjes transform of an infinitely 

divisible distribution function. If we define 

f or lxl < T' 

0.76) 
f or lxl ~ T) 

then {1751 can also be expressed as 
1 

1 
1 

o.11~ n J(e-sx-1 + so0c}:w03nx+Bnan)+ ~ snan-sn f~(Bnx+Bnad. 
_,, n -T 

If n + "°" then by (174) the expression (177) tends to log ij>(s) for 

Re(sJ = 0 • Let us use the representation (146) for log iji(s) • Then 

by Theorem 2 we can conclude that (177) converges to log ij>(s) for 

Re(3) = O if and only if 

(178) 

for x <: 0 , 

U79) 

for x > O " 

___ cl 
lim rJi' (B x + B a ) 

n+oo n nn Ixia 

c2 
lim n[l-F(B x + B a )] = ~ 

n -+ co n n n xa. 
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(180) 
A 

lim [n f xdF(B x +Ba ) +na - Bn] = µ(T) 
n+oo lx!<T n nn n n 

and 

(181) lim lim sup n f x2dF 03nx+ Bn~) = 
E."+On+""" lxl<t: 

= lim lirn inf n f x2dF(Bnx+ Bnan) = ~2 • 
t: +On+ 00 lxl<t: 

Accordingly, (178), (179), (180) and (181) are necessary ccnditions 

for (154). We can easily prove that they are sufficient too. By Theorem 

2 it ~ollows that (178), (179), (180) and (181) imply (174). Nor~ we shall 
1 

1 

prove! that (173) holds in this case too. If we apply Theorem 1, then by 
1 

(11) it follows from (174) that 

00 2 
(182) lim n f ~2 dF(B x + B a ) 

1 n n n n + 00 -oo +x 

exists and is finite. By the inequality (78) we have 

(183) 
2 112 002 < (1+4T )(l+ s T) f _x~ dF(B x +Ba ) 

= 2(T-la 1)2 -oo l+x2 n n n 
n 

for Re(s) = O • By (170), (182) and (183) it follows (173), and thus 

by (169) we obtain (167). By (174) and (167) we obtain (166) wr~ch further 

implies (154). 

'Ihus we have proved that the conditions (178), (179), (180) and (181) 

are necessary and sufficient for the validity of (154). 
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Finally, we ~.hall prove that the two sets of conditions (155), (156), 

(157), (158) and (178), (179), (180), and (181) are equivalent. First we 

observe that by (163) 

(184) 

f or any € > 0 • Since by (161) 

=r 
if x > 0 , 

(185} lim F(B x) 
n if x < 0 ' n -+ oo lo 

it fellows from (184) that 

(186) lima =O. 
n -+ oo n 

~s :imrrediately implies that (155) and (178) are equivalent, and further

rwre that (156) and (179) are equivalent. Now we sha11 prove that 

(187) lim n f xdF(Bnx+ Bnan) = lim n f (x-an)dF(Bnx) = O 
n -+ oo 1 xl <L n -+ w 1x-an1 <T 

and this implies that (157) and (180) are equivalent. Since by the 

definition (163) we have 

(188) f (x-a )dF(B x) = a f dF(B x) , 
lxl<L n n nlxl>T n 

it follows that 

1 f (x-an)dF(Bnx) 1 
!x-a l<T 

(189) n 

.5.. la 1 f d.F(B x) + 
- n 1 1 n X >T = 

(i:+a ) j dF(B x) • 
n T-la l<lxl<T+la l n n n 
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If we multiply (189) by n and let n + ro , then by (155) and (156) we 

have 

(190) 

and since lirn an = 0 also by (155) and (156) it follows that 
n + co 

(191) 11m n f dF(B x) = 0 • 
n + co •-la 1 < lxl <-r+la 1 n n n 

In (189) lanl + 0 and (•+lanl) + • as n + co , and thus (187) follows. 

It rema.ins to prove that (158) and (181) are equivalent too. 

First, we observe that 

1 
f x

2
dF(B x + B a ) - J (x-a )

2
dF(B x) 1 = 

lxl<e: n n n lxl<e: n n 

(192) 
= 1 f (x-a )

2
dF(B x) - f (x-a )

2
dF(B x) 1 < 

lx-a l<e: n n lxl<e: n n 
n 

< (e: + 1 a 1 ) 
2 f dF (B x) • 

- n e:-lanl,~Jxl<e:+lanl n 

Next, we observe that if 0 < e: < ·r , then 

f (x-a )2dF(B x) - [ f x2dF(B x) - ( f xdF(B x))2J = 
lxl<e: n n lxl<e: n lxl<e: n 

(193) 

= (a - f xdW(B x))
2

- a2 
{ dF(B x) = ( f xdF(B x))

2
- a

2 f dF(B x) 
n 1 1 n . nl n 1 1 n nl 1 n X <e: X Z'._€ e:< X <T X >E 
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and hen0eforth 

(194) 

< (-r 2 f dF(Bnx) + a2)n f d.F(B x) • 
lxl::_e: · n lxl>e: n 

If we multiply (192) by n and let n + 00 then the extreme right 

member tends to O by (155) and (156). If in (194,~et n + 00 
, then 

the first factor on the right-hand side tends to 0 , and the integral 

multiplied by n tends to (c1+c2)/e:a. by (155) and (156). 'Ihus 

(195J lim [n f x2d.F(B x+ B a ) - n f (x-a )2d.F(B x)] = O 
1 n + oo 1 xl <e: n n n 1 xl <e: n n 
! 

f or any e: > 0 and 

(196) lim {n f (x-a )2dF(B x) - n [ l x2dF(B x) - f xd.F(B x)]} = 0 
n + 00 lxl<e: n n lxl<e: n lxl<e: n 

f or O < e: < -r • 

By (181), (195) and (196) we can conclude that (181) is equivalent 

to the following relation 

lim lim sup n[ f x2dF'(B x) - ( f xdF'(B x)) 
2J = 

e: + 0 n +"" lxl<e: n lxl<e: n 
(197) 

= lim lirn inf n[ f x2dF'(B x) - ( f xdF(B x)) 2J = cr 2 , 
e: + 0 n +"" lxl<e: n lxl<e: n 

which is the same as (159). This completes the proof of the theorern. 

'Iheorern 5 makes it possible to find necessary and sufficient conditions 

for F(x) to belong to the domain of attraction of a nondegenerate stable 
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distribution function R(x) • First we shall consider the case when R(x) 

is the normal distribution f'unction defined by 

(198) 

f or -oo < x < oo • 

The following theorern was found in 1935 by A. Ya. Khintchine [545 ] , 
I 

W. Feller [51:7 ], [518] and P. Lèvy [ 560]. 

'Illeorern 6. The distribution function F(x) belongs to the dornain 
1 

of attraction of a nondegenerate nonnal distribution function R(x) if 
1 

1 

and only if F (x) is nondegenerate and 

(199) 

x2 f dF(u) 
lul>x lirn _.._ _ _. ____ = 0 • 

x -+ 
00 f u2dF(u) 

lul<x 
If (199) is satisfied, then 

(200) lim F (A + B x) = ~(x) 
n -+ 00 n n n 

defined by (198) if we choose An (n = 1,2, ••• ) in such a way that 

00 
(201) An = n f xdF(x) 

-oo 

for n = 1,2, ••• , and if we choose Bn (n = 1,2, ••• ) in such a way that 

(202) B~ = n [ f 00x2aF(x) - ( f 00xdF(x))2J 
-m -oo 

for n = 1,2, ••• whenever 

"' 
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(203) 
< 00 

) 

- 00 

and if we choose Bn (n = 1,2, ••• ) in such a way that Bn > 0 for 

n = 1,2, ••• , lirn Bn = 00 and 
n + oo 

(204) n J 2 lirn 2 x dF(x) = 1 
n + ooB lxl<e:B n n 

f or sorne e: > 0 whenever 

(205) = co 

_co 

(200) holds if and only if (155), iProof. By Theorern 5 it fellows that 

(156L (157) and (158) are satisfied with c1 = O, c2 = o, µ(•) = O for 

T > 0 and a2 
= 1 • Usi.ng this result we can easily prove that (200) 

holds if and only if f or every e: > O we have 

(206) 

(207) 

and 

(208) 

lirn n J dF(x) = O , 
n + 00 lxl>e:B n 

lirn ~ [n J xdF(x) - A ] = 0 , 
n + co n 1 xl <e:B n n 

lim n2 [ J x
2
dF(x) - ( f xdF(x)) 2J = 1 

n+OC>B lxl<e:B lxl<e:Bn n n 

2 If c1 = O, c2 = O, µ(•) = O for T > 0 and a = 1 , then we can 

i.rnrnediately see that (155) and (156) irnply (206), and (157) irnplies (207). 

It rerrains to show that (158) irnplies (208). Let 



(209) I (e:) = n[ f x
2dF(B x) - ( f xdF(B x)) 2J 

n 1.x 1 < e; n 1x1 <e: n 
for e: > O • For O < e:' < e: we have 

(210) 

- 2n( f xdF(B x))( J xdF(B x)) • 
lxl<e:' n e:'<lxl<e: n 

Hence 

(211) 

1 

and tiY (206) it fellows that 

! 
(212) lim [In(e:) - In(e:')] = 0 

n -+ oo 

for 0 < e:'< e: • Now (158) and (212) imply that lim sup I (e) = 1 and n n + oo 

lim inf I (e:) = 1 • For by (212) these l:i.mits are independent of e: and n 
n -+ "° 
by (158) they tend to 1 as e: + O • Thus it fellows that lim I (e:) = 1 

n n -+ oo 

for all e: > O and this proves (208). 

Conversely, the conditions (206), (207) and (208) evidently imply 

(155), (156), (157) and (158) with c1 = O, c2 = O, µ(•) = 0 for • > O 
2 and o =1. 

Before proving the theorem we shall deduce some relations which we 

shall need in what follows. Let us introduce the abbreviation 

(213) 

f or x > 0 • 

h(x) = f u2dF(u) 
lul<x 



First, we observe that if we exclude the case when F(x) = 1 for 

x > O and F(x) = 0 for x < 0 , then (199) :implies that 

(214) lim h(px) = 1 
X -+ ooh(x) 

f or any O < p < oo • 

We note that if (203) is 9atis:fied, then (214) is obvious. Now we 

shall prove (214) for 1 < p < 00 • From this case it follows immediately 

that (214) holds for 0 < p < 1 too. By (199) it follows that for arw 

e: > 0 

(215J O ~ x2 J d.F(u) < e: h(x) 
lul>x 

:1f' x is sufficiently large. '.rhus if 1 ~ p < 00 , then 

(210) 0 .:::.. h(px)-h(x) = f u2d.F(u) .:::.. p
2x2 f d.F(u) <e:p 2h(x) 

- x.:s.Jul<px - lul>x 

:1f x is sufficiently large. Since e: > 0 is arbitrary, (216) implies 

(2141. 

Next, we observe that if we exclude the case when F(x) = 1 for 

x ~o and F(xJ = o for x ~ o, then (199) implies that 

(217J 

x J luld.F(u) 
· lul:!.x · 

lim h(x) = 0 • 
x -+ 00 

'lb prove (217) we note that 

~ 
1 
i 
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()() 

f !ujdF(u) = J [1-F(u)+B'(-u)]du+x[l-F(x)+F(-x)] 
lul~x x 

(218) 

for x > 0 • If ( 199) holds, then for any E: > 0 ( 215) is satisfi.ed if 

x is large enough, and in this case by (218) we obtain that 

(219J 

for sufficiently large x • Here we used that 

{, h(~)du < h~x) + f luj.dF(u) 
x u lul~x 

(220) 

for r > 0 which follows by integrating by parts. By (219) it follows 

that 1if O < E < 1 and if x is sufficiently large, then 

(221J x f · 1 ui dF(u) .s. 
1
2

E h(x) • 
1 u[ l>X - -c 

S:înce 0 <i E < l is arbitrary, this proves (217). 

Fînally, we observe that if 

(2221 _oo 

. then 

C223I lim 

( f udF(u) ) 2 

lu[<x = 0 2 • 
f u dF(u) 

[ul<x 
X-+<X> 

To prove (223) let 0 < c < x • Then we can write that 



(224) ( f udF(u)- f udP(u))
2 ~ ( f luld.F'(u))

2 
< ( f u

2
dF(u»( f clF(u)). 

lul<x lu!<c cjul<x lul<x lul~c 

Hence it follows that 

( l udF(u) ) 2 

(225) 0 < lim sup _j_ui <x < f dF(u) 
x + 00 f u2dF(u) = lul >c 

lul<x 

+ O as c + OJ • 

Nowwe shall prove first that if F(x) is a nondegenerate distribution 

function for which (199) holds and if we choose A (n = 1,2, ••• ) and B n n 

(n = 1,2, ••• ) accord.ing to (201) ani (202) or (20L\), respectively then (206), 

(207)\ and (208) are satisfied. 

! 
~ shall consider the two cases (203) and (205) separately. 

F1rst, let us suppose that F(x) is a nondegenerate d.istribution 

function for which (199) and (203) are satisfied. In this case 

(226) a = J xdF(x) 

exists- and 

(227) 
CXI 00 

b2 
= f x2dF(x) - ( f xdF(x)) 2 

is' a finite positive number. We note that in this case (199) is automatical-

ly satis·fied because by (2031 

(228) 0 ~- x2 J · dF(u) ~ f u
2dF(u) + 0 

- lul!X lull:.x 
as x -+ 00 • 

Now by (201) An:; na and by (202) B2 = nb
2 for n = 1,2, ••.• 

n 
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We want to show that (20G), (207) and (208) are satisfied in this case. 

Since by (203) we have 

(229) 0 ~ n J dF(x) < 2n 2 f x
2
dF(x) = ""~ 2 f x

2
dF'(x) + O as n + 00 

1 
lxl>e:B e: B- lx!>e:B .... o lxl>e:B n n n n 

it fellows that (206) holds for E > 0 • Since by (203)::we have 

(230) 

it fellows that (207) is satisfied for t: > O • Since B2 = nb2 , (208) 
n 

trivially holds. 

Sécond, let US suppose that F(x) satisfies (199) and (205). In 

th:ts case F(xJ is autorratically nondegenerate, and it follows from (221) 

that the expectatlon (226) exists. Now by (201) An = na and let us 

choose B > O in such a way that lirn B = 00 and that (204) is satisfied n n n + oo 
for som= E > O • If (~04) is satisfied for sorne E > O , then by (214) 

it fellows that (204) is satisfied for every E > 0 • By (204) and (199) 

we obtain that 

2 .. B. 
(2311 lim n f dF(x) = lim h ~ 

n+oolxl>EB. n+oo(e:n) 
n 

f dF(x) = O 
lxl>EB n 

for t: > Cl • This pro~s (206}. By (204) and (21'1) we obtain that 

(232) 
. B. 

lim ~ I I f xdF(x) = lim h(É:~ ) f xdF(x) = o 
n + oo n x ~i::Bn n + 00 n lxl.~e:Bn 
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for e: > 0 • This proves (20'(). Finally by (223) it follows that (204) 

implies (208). This proves that the conditions of the theorem are 

sufficient. 

Next we shall prove that if (206), (207) and (208) are satisfied for 

SOIIE A (n = 1,2, ••• ) and B > O (n = 1,2, ••• ) for which lim B = 00 , n n n n -+ oo 

then !t1 (x) is nondegenerate and (199) holds. Furtherrrore, we can choose 

An accordi~ to (201) and Bn according to ( 202) or ( 204) • 

From (208) it follows irrmediately that F(x) is nondegenerate. Since 

lim Bn = 00 , for every sufficiently large positive x and for any given 
n + oo 

e: >0 there is an n such that e:B < x < 2e:B • If e:B < x < 2e:B , then n= n n= n 

we have 

(233) 0 < 
= 

x2 f dF(u) 4e:2n f dF(u) 
lul~ lul:~~.,<-Bn 

2 ~ n 2 

{ 
u dF(u) - 2 [ J u dF(u) 

ju <X B lul <e:B n n 

- ( f udF(u) /J. 
lul<e:Bn 

If we suppose that (206) and (208) hold and if we let x-+ 00 in (233), 

then n -+ 00 and we obtain that the extreme right rnember in (233) tends to 

0 • This proves that (199) is a necessa.ry condition. 

We shall consider again two cases, namely the case of (203) and the 

case of (205). 

2 If (203) holds and if we choose ~=na and Bn = nb for n = 1,2, ••• 

where a and b2 are defined by (226) and (227) respectively, then (206) 

is satisfied. This follows from (229). The relation (207) is al.so satisfied. 
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This f'ollows from (230). Since B2 = nb2 , (208) trivially holds. n 

Now let us suppose that (205) holds. 1'hen by (223) we can conclude 

that (208) is equivalent to (204) for all e: > O • Thus it follows that 

we can choose B
11 

(n = 1,2, ••• ) in only one wey namely so that (204) is 

satisfied for some e: > 0 . Then by (208) it follows that (204) is 

necessari1y satisfied for all e > 0 • The condition (206) does not irnpose 

further restrictions on the choice of Bn • We have alreàdy seen that if 

(2o6) and (208) hold for sorre e: > 0 , then (199) is satisfied, and further

more ithat (199) and (204) imply (206) for every E" > 0. Since (206) and (208) 
1 
t 

imply (199), and since (199) imply that the expectation of F(x) exists, therefore 
we cain 

'{choose l\i = na for n = 1,2, ••• where a is defined by (226). If we 

suppose that l\i =na for n = 1,2, ••• , then (207) is satisfied. This 

fellows frorn (232). This completes the proof of the theorem. 

We note that in the particular case when (203) is satisfied, (200) 

has been proved in 1887 by P. L. Chebyshev [616 J and in 1898 by A. A. Markov 

[ 579]. This result is the generalization of some more particular results 

of A.De Moivre [36] and P. S. Laplace [10'7]. 

In the above proof we have already used the fact that if (199) is 

satisfied, then the expectation of F(x) exists. This is a particular 

case of the following more general theorem due to A. Ya. Khintchine [ 545 ] 
/ 

and H. Cramer [ 503]. 

Theorem 7. Suppose tr.iat the distribution function F(x) satisfies 

(199). Then 
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00 

(234) f lxl
0
d.F(x) < 00 

f or 0 < ö < 2 • = 

Proof. Since 

00 

(235) f jxj 0d.F(x) = a0[1-F(a) + F(-a)] + ö J x0
-
1[1-F(x) + F(-x)]dx 

lxl>a a 

for any a > O and ê > 0 , it is sufficient to prove that the last tenn 

in (235) is f'lnitefor some a > O and for O < ê < 2 • If h(x) is 
i 

defin~d by (219), then by (199) we have 

1 

(236) O < x2[1-F(x) + F(-x)] < h(x) = 

for sufficiently large x values. Accordingly (234) is satisfied if 

00 

(237) f x 0- 3h(x)dx < oo 

a 

for some a > 0 . Let p > 1 • If (199) holds, then by (214) we obtain 

that for any e: > O 

(238) h(px) 
h(x) < l+e: 

if x ~ a and a is sufficiently large. If O < ö < 2 and if we choose 

2-ö 8 p such that p > l+e: and if we choose a such that (23 ) holds for 

x > a , then 

(239) 

k 
00

6".l 
00 

a.p 63 
00 

k 
00 ö3 f x -~h(x)dx = l f x - h(x)dx < I h(ap ) J x - dx ~ 

a k=l apk-1 k=l k-1 ar 
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This proves (234). 

Our next aim is to give necessary and sufficient conditions for 

F'(x) to belang to the domain of attraction of a nondegenerate and non-

nonnal stable distribution function R(x) • 

If R(x) is a stable distribution fu.~ction of type S(a,S,c,m) 

defined by (42.97), then R(x) is nondegenerate (c > 0) and nonnormal 

(0 < a < 2) :i.f and only if 0 < Cl. < 2 ' -1 < {3 :s" 1, c > 0 and - 00 <; m < on 

If in this case 

00 

~(s) = f e-sxdR(x) 

for Re(s) = 0 , then 

(241) log ~(s) = -ms-clsla(l + S "T%r tan a.;) 

for Re(s) = O, 0 < a < l or l < a < 2, -1 < S < 1 , c > 0 and - 00 < m < 00 , 

and 

( 242) log ~(s) = -ms-clsl(l - ~ loglsl) 
'IT 1s1 

for Re(s) = o, a. = 1, -1 .::_ S < 1, c > 0 a~d - 00 < m < ~. 

For any T > 0 let us write 

1-a 
+ 2ScaT r( ) . a'!T "f 0 l 1 ~ m TilT~ a sm 

2 
J. < a < _ or < a < ,:. , 

(243) µ(T) = 

m + 2sc [log T - (1-C)] it' a = 1 
1f 
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where C = 0.577215 ••• is Euler's constant. 

Let F(x) be a distribution functlon and denote by Fn(x) the n-th 

iterated convolution of F(x) with itself. 

The following theorem was found in 1938 by W. Doeblin [508 ] , [ 510] 

and in 1939 B.V. Gnedenko [529 ], [ 530] deduced it as a particular 

case of his more general theorem ( [ 527], [528 ] ) . 

Theorem 8. Iet R(x) be a stable distribution function of type 

S(a,~,c,m) where 0 < a. < 2, -1 ~ S ~ 1, c > 0 and - 00 < m < 00 • The 
1 

distribution function F(x) belongs to the domain of attraction of R(x) 
1 

if and only if 1-F(x) + F(-x) > 0 for all x > 0 , 

(244) 

and 

(245) 

for 0 < p < 00 • 

" F(-x) _ 1-8 
llm 1-FCXT - l+s ' x -+ 00 

1 . 1-F(x) + F(-x) = Pa 
J.m 1-F(px) + F(-px) x -+ co 

Let l\i (n = 1,2, ••• ) and Bn > O (n = 1,2, ••• ) be real constants. 

We ·have 

( 246) lim F (A + B x) = R(x) n n n n -+- ""' 

if and only if in addition to (244) and (245) the following conditions 82'.'e 

satisfied too 
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(247) lim n[l-F(Bn)+F(-Bn)J = 
n + co 

and 

( 248) A = n n 

2c ( ) . a:rr - r a. SJJl ..,..- when a ~ 1 , 
1T -

2c when a = 1 , 
1T 

where • is some positive number, µ(•) is defined b.Y_ ( 243) and lim E = 0 
n n + "° 

Pro©f. F'irst we observe that if F(x) is nondegenerate and 

1-F(x) + F(-x) = 0 for some x > 0 , then F(x) is the d.istribution function 

of a ~ounded random variable. 
1 

In this case the second moment of F(x) is 

f1nite and by Theorem 7 F(x) belongs to the doma.in of attraction of a 

nondegenerate normal distribution function. Thus 1-F(x) + F(-x) > O for 

all x > 0 is a necessary condition in the theorem. 

If R(x) is a stable distribution fun.ction of type S(a,B,c,m) where 

0 < a. < 2, -1 2. B < 1, c > O and -co < m < co , then by Thecr:rem 5 we can 

conclude that (246) holds if and only if the following conditions are 

satisfied: 

(249) 

for x > 0 and 

(250) 
n + co 

lim n [1-F(B x)] 
n a 

.X 

for x > 0 where c1 and c2 are determined by (142) and (143), and 

furthermore 
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(251) l:i.m ~- [n J xdF(x) - An] = µ(•) 
n + 00 n 1 x 1 <TB n 

where -r is some given positive nurnber and µ(,:) is defined by (243), 

and 

(252) 

In (249) and (250) c1 > O, c2 > O, c1+ c2 > O and the constants c1 

and c2 can be expressed by a and a by the relations (142) and (143) 

which are as fellows: 

1 

(253~ 

and 

(254) for 0 < a < 2, 

for rx = 1 • 

First we shall pr~ve that the conditions (244) and (245) are necessary 

and that the constants Bn (n = 1,2, ••• ) and An (n = 1,2, ••• ~ should 

be chosen accordJng to (247) arid (2118) respectively. 

Naw we suppose that (249), (250), (251) and (252) are satisfied. 

Since B + "' , for every sufficiently large x there is an n su.ch 
n 

that B < x < B 1 • If x + 00 , then n + oo • n = n+ If Bn < x < Bn+ 1 , then 

(255) 

and 
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(256) 

f or any p > O , and consequently we have also 

(257) 
F(-Bn+l) F(-x) F(-Bn) 
-1--F-(B-) < 1-F(x) < 1-F(B ) 

n n+l 

and 

(258) 
1-F(Bn+l)+F(-Bn+l) 1-F(x)+F(-x) 1-F(Bn)+F(-Bn) 
1-F(p~n)+F(-pBn) :__ 1-F(px)+F(-px) < 1-F(pBn+l)+F(-pBn+l"") • 

If we let x-+ 00 :in (257), then by (249) and (250) we obtain that 

1 

1 

1 

(259) 
i 

lim F(-x) = cl 
. 1-F(x) c

2 x -+ 00 

where the right-hand side of (259) is 00 if c2 = O • If c2 > O , then 

by (253) we obta.in (244) from (259). If c2 = 0 , then S = -1 , and thus 

(244) follows in this case too. If we let x-+ 00 in (258) and if we take 

into consideration that c1+ c2 > O , then by (249) and (250) we obtain 

that (245) holds for all p > 0 • 

If we put x = 1 in (249) and (250) and add the two equations, then we 

obtain that 

(260) l1m n[l-F(Bn) + F(-Bn)] = c1+ c2 n -+ oo 

where c1+ c2 can expressed by (254). This proves (247). 

'Il1e condition (248) is exactly the same as (251). 
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This completes the proof of the necessity of the conditions (244), 

(245), (247) and (248). 

Next we shall prove that the conclitions (244), (245), (247) and (248) 

are sufficient too, that is, they imply (249), (250)' (251), and (252). 

Let 

(261) G(x) = 1-F(x) + F(-x) 

defined for x > O Then G(x) > 0 for all x > O , a~d G(x) is a non-
= 

increasing function of x for which G(O) = 1 and lim G(x) = 0 • For 
x -+ 00 

everry n = 1,2, ••• let us choose a B > 0 such that n 

(262) lim n G(Bn) = lim n [1-F(Bn) + F(-Bn)]= c1+ c2 , 
n+oo n+oo 

that is, such that (247) be satisfied. Then lim Bn = 00 • 

n + oo 

Now by (245) it fellows that 

(263) 

f or x > O • 

(264) 

f or x > O • 

c + c 
lim n [1-F(B x) + F(-B x)J = l 2 
~ n n a. 

n~ 00 x 

From (244) it follows tha.t 

lim nF(-Bnx) = c1 
n[l-F(B x)] c2 n +.., n 

By (263) and (264) we obtain that both (249) and (250) hold. 

If we choose the constants An (n = 1,2, ••• ) according to (248), 
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then (251) is satisfied too. 

It remains to prove that (252) is satisfied toa. First we shall prove 

that (244) and (245) irrply that 

(265) 
co 

J x [1-F(x) + F(-x)]dx = co 

0 

and then we shall show that if we choose Bn (n = 1,2, ••• ) according to 

(247), then 

(266) 
! 
1 

1 

e:Bn 
l:im lim sup n2 J x [1-F(x) + F(-x)]dx = O • 

e: + 0 n + co B 0 
n 

'Ihls :1mp1ies (252) because 

e:R 
n 

(267) ~ J x2dF(x)-( J xdF(x) )2J < n 2 f x2dF(x) < ~ f x[l-F(x)+F(-x)]dx: 
B

2 lxl<e:B lxl<e:B B lxl<e:B B 0 n n n n n n 

The last inequality follows from the fact t:hat 

a 2 a 
J x dF(x) = 2 f x[F(a)-F(x)+F(-x)-F(-a)]dx = 

-a 0 
(268) 

a 2 
= 2 J x[l-F(x)+F(-x)]dx - a [1-F(a)+F(-a)] 

0 

holds f or all a > O • 

(269) 

that 

We shall use the notation (261) and prove that 

Iet (. > 0 

co 

f x G(x)dx = co • 

0 

2-a and choose p so that p > 1 + e: • By (245) we obtain 
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(270) G(x) < a(l+e:) 
G(px) P 

if x > a > 0 and a is sufficiently large. '11hus if x ~ a , then 

? 

(271) 
px px l+ p-x 
J uG(u)du < pa(l+e:) J uG(pu)du = 2~ J vG(v)dv • 
x x p px 

By applying this inequality repeatedly we get that 

k+l 
oo oo a.p ap 00 2-a k 

(272) J xG(x)dx ~ l J xG(x)dx > f xG(x)dx l <i+e:) = 00 

0 k=O k a k=O a.p 

which.proves (265). 
1 . 

i 
2-a. JFinally, let us prove (266). Let e: > O , p > 1 + e: and a > O 

1 

be so large that (270) is satisfied for x ~ a • 

Since (269) holds, we have 

e:B a n 
(273) J xG(x)dx < J xG(x)dx 

O a 

if n is sufficiently large. Then 

e:Bn e:Bn 
f xG(x)dx ~ 2 J xG(x)dx (274) 
o a 

For each n let us choose an r such that apr-l < e: B
11 

< apr • Then by 

(271) we obtain that 

e:B r ap 5 a.pr+l r s 
f11 xG(x)dx < l J xG(x)dx < J xG(x)dx l c1 ;~) .:5. 
a s=l aps-1 apr s=l p 

(275) 

~ e:B p
2 G(EB )e:B p (o-1) ( 

2
1 + e: ) • 

- n n n P -a-l-e: 



Thus by (274) we obtain that if n is sufficiently large, then 

e:Bn 2e:2(l+e:)p4 nG(e:B ) 
n J · n (276) - xG(x)dx _< -------
B2 0 2-a 

p -1-e: n 

SL!ce by (263) 1:1.m nG(e:Bn) = (c1+ c2)e:-ex , and 0 < ex < 2 , it fellows from 
n + co 

(276) that 

e:B 
n 

(277) lim lim n2 J xG(x)dx = 0 
e: -+ 0 n -+ coB 0 

n 

which;proves (266). Finally, (252) fellows from the inequalities (267). 
1 

This danpletes the proof of the theorem. 
1 

1 

The following theorem was found by B. V. Gnedenko [ 77 5 ] • 

'lheorem 9. If the distribution function F(x) satisfies (245) for 

O < p < co and if 0 < ex < 2 , then 

co 
(278) J lx l 0dF(x) < co 

for 0 s. ó < ex • 

Proof. By (245) for any e: > 0 and for any p > 1 there exists a 

sufficiently large a > O such that 

ex 
p 

(279) 1-F(x) + F(-x) > 
Ï-F(px) + F(-px) 1 + e: 

if x > a • If 0 < ó < ex ex-ó and p > 1 + e:, then we obtain that 
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which proves the theorem. 

We observe that if F(x) is a stable distribution function with 

characteristic exponent a where 0 < a < 2 , then (278) is satisfied, 

because F(x) ·belongs to the dornain of attraction of itself and thus (245) 

holds. This proves that (42.199) is indeed true. 

Note. If 1 < a < 2 in Theorem 8, then 

co 

(281) JlxldF(x) < "° 

and in (248) we can choose 

co 

(282) An = n J xdF(x) - mBn • 
-co 

For if T + 00 , then by (243) lim µ(t) = m • 
'[ + co 

If 0 < a < 1 in Theorem 8, then in (248) we can choose 

(283) A = -m B ·n n • 

For if t + 0 , then by (243) lim µ(t) = m • 
î + 0 

If a = 1 in 1heorem 8, then in (248) t can be chosen as any finite 

posi ti ve mrrnber. However, if we suppose that 1-C 
t = e where C = 0.577215 ••• , 

then by (243) we have µ(t) = m and by (248) we can choose 
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(284) A = n f xdF(x) - m B • 
n lC n 

lxl<(e - )Bn 

Second we observe, that if F(-x) = 0 for some x > 0 , then by 

1heorerr. 8 it follows that F(x) belongs to the domain of attraction of a 

stable distribution function R(x) of type S(a.,8,c,m) where 0 < a. < 2 , 

8 = 1 , c > O and - 00 < m < 00 if and only if 

(285) lim , 1-F(x) = Pa. 
- 1-F(px) x + 00 

f or O < p < oo • For in this case necessarily 8 = 1 • 

Third, we observe that if the lim:i.ts 

(286) 

and 

(287) 

exist 

lim xa. F(-x) = ~ 
x + 00 

lim xa.[1-F(x)] = a2 x + 00 

where a
1 
+ a

2 
> 0 , and O < a. < 2 , then the condi tior..s of Theorem 8 

a.I"2 satisfied and F(x) belongs to the domain of attraction of a stable 

distribution function R(x) of type S(a.,8,c,m) where now 8 = (a2- ~)/(a2+ a1) • 

In this case we can choose 

(288) 

for n = 1,2, ••• where b = (a1+ a2)/(c1+ c2) and (c1+ c2) can be obtained 

by (254). 

Fourth, we note that in Theorem 8 the cond.itions (244), (245), (247), 

and (248) can also be expressed with the aid of ~·(s) , the Iaplace-Stieltjes 

transform of F(x) • In this respect we refer to B. V. Gnedenko and V. S. 

Korolyuk [535 ], and B. V. Gnedenko [776 ]. 
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If R(x) is a stab1e distribution function of type S(ct s c m) and ' , ' . 

~(s) denotes the La.place-Stieltjes transfonn of R(x) , then log 1"(s) 

is given by (241) anà (242) for Re(s) = 0 • 

(289) 

We !"la.ve already stated in the proof of Theorem 5 that 

F (A + B x)~R(x) n n n 

holds if and only, if 

(290) 

1 

1 

. n sA /B 
lim [ <I> (~ ) ] e n n == 1" ( s ) 

n+oo n 

for Re(s) = 0 , or equivalently, 

(291) 
sA 

lim [ n log<!>(~ ) + B n ]= logiji(s) 
n-+ 00 n n 

for ReCs) = O • Now let us put s = iu , where u is real, in (291) and 

fonn the real part and the imagina.ry part of (291). Then we obtain that 

(292) lim n log! <I> (~u ) 1 = -c lu 1 a. 
n + oo 

and 

• uA 
1 1 ~1 CllT -u u Sctan 2 for a. ~ 1 

(293) lim [n Lrn(log<l>(~u) )+ B n ] = -urn + 
n+<X> n n 

2Bc I I - u log u for 
1T 

a = 1 

for real u are the necessa..I'Y and sufficient conditions for (289). 

Now let us suppose that R(x) is non~degenerate, that is, c > 0 • By .....,, 

(292) and (293) we can easily deduce the following necessa.ry conditions for 

(289). 
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First, the constants B > 0 (n = 1,2, ••• ) should be chosen in such n 

a wey that lim Bn = 00 and 
n -+ oo 

(294) lim n logj <P(~ ) 1 = -c • 
n + 00 n 

'Ihis follows from (292) if we put u = 1 in it. 

By (293) it follows that the constants A (n = 1,2, ••• ) should be 
n 

chosen in the following way: 

n: _ a for 1 < a < 2 , 

(295) A = -(m+e )B + n n n 
i 

-nB11Irrl(log<ji(~)) for a = 1 , 

where lim e = O and 
n-+ oo n 

(296) 

n 

0 f or 0 < a < 1 

00 

a = f xdF(x) • 

If we divide (293) by u and if we let u -+ 0 , then we obtain A for 
n 

1 < a < 2 , and if we let u + 00 , then we obtain A for 0 < a < 1 • 
n 

If we put u = 1 in (293) then we obtain (295) for a = 1 Jsy (292) and 

(294) we obtain that 

(297) lim logl<P_ ( ip u) .1 = a 
u + 0 logfî(iu)f P 

for 0 < p < 00 • If u > 0 in (293), then by (295) we obtain that 
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(298) l "'"" Lrr1(logcp (ipu)) + apt~ = (otan o.rr)pa f 1 2 
u ;·~ logl4>(iu)i µ 2 or < o. < ' 

(299) llrr Im[logqi (tpu) - Ïlogqi (iu)] = ~ plog P for a. = l 
u -+ ~ logj qi(iu) 1T 

and 

(300) lim Im(logT(ipu)) =(Stan o.1T)po. for O < a. < 1 
u _. 0 log qi(iu) 1 2 

and for any o· < p < 00 • 

It can be proved that these condi.tions are not only necessary but 

sufficient too for F n (Ar/ Bnx) to converge weakly to a nondegenerate 

stable distribution function R(x) of type S(a,S,c,m) • 

To close this section we shall give a brief account of some results 

concerning the l:imiting distributions of suitably normalized sums of 

nru.tually independent real random variables whose distributions are not 

necessarily identical. Most of the results mentioned here are concerned 

with the solutions of two main problerns. 

First, let us assume that s
1

, s
2

, ••• , t,;k, ••• is a sequence of mutual

ly independent real randan variables and 1Nrite çn = s1+ t.:2+ ••• + sn for 

n = 1,2,... • Furthermore, let R(x) be a nondegenerate distribution 

fucntion. 

The first problem is as follows: What conditions should be imposed 

on ~~{~k < x} (k = 1,2, ••• ) in order that there exist constants A
11 

and 

B > 0 such that n 
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(301) 
l;n- An 

lim -~{ ---:: x} = R(x) --- B = . 
n-+ 00 n 

in every cont:inuity point of R(x) a"1d what kind of distribution functions 

R(x) can appear in (301)? 

Second, let us assume that ~nl' ~112 , •• ,~nk area finite munber of 
n 

mutually independent real random variables for each n = 1,2, ... and write 

r; = s 1+ s 2+ ••• + snk for n = 1,2, •.•• Furthermore, let R(x) be a 
n n n n 

nondegenerate distribution function. 

The second problem ].s as fellows: What conditions should be imposed 

on !{~nk < x} 

constants An 

(1 < k < kn and 1 ,:;,.n <co) 

(n = 1,2, ••• ) such that 

in order that there exist 

(302) lim P{r; - A ~ x} = R(x) 
"""" n n -n -+ co 

in every continuity point of R(x) and what kind of distribution functions 

R(x) can appear in (302)? 

The first result conceming the first problem was found in 1733 by 

A~ ·0e Moivre [ 36 · ] . He found that if vn denotes the number of successes 

ln n Bemoulll trials with probability p for success and if 0 < p < 1 , 

then 

(303) 
v-np f3 2 

lira P{ a < n ~ f3} = _l_ f e -u 12 du 
n -+ "" = lnp(l-p) - /2; a 

for a < 13. Actually, A. De Moivr€ dernonstrated that 
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(304) 

~)2 
l - 2np(l-p) 

P{\> = k} rv ------ e 
M- n /21rnp{l-PT 

as n + 00 and lk-npj < Cm and obtained (303) for s = -a = 1,2,3 by 

numerical integration. 

Let US a.ssociate a sequence of ra.Ddom variables sl' s2, ••• , sk' ••• 

with the sequence of Bemoulli trials in the following wa:y: ç;k = 1 if 

the k-th trial_results in success a..~d ç;k = 0 if the k-th trial results 

in failure. Then { ç;k} is a sequence of mutually jndependent and identically 

distributed random variables for which ,l'{ç;k = l} = p and !{ç;k = O} = 1-p • 

By (303) we obtain that (301) holds for the sequence {ç;k} if we choose 

~ = np , Bn = v'np(l-p) and R(x)=4>(x) where 

(305) 
1 x 2/2 

4>(x) = - J e-u du 
l21r -00 

is the normal clistribution function. 

By usîng the method of Fourier transfonns (characteristic functions) 

in 1812 P ~ S~ Lei.place [ 10? J,femonstrated t:hat if { ç;k} is a sequence of 

mutually independent and identically clistributed syrrrnetric random varia.bles 

for which ,~{ç;k} = 0 and y~{ç;k} = b2 
> O exist, then (301) holds when

ever ~ = 0 , Bn = birï and R(x) = <P (x) defined by ( 305). It should be 

noted tha.t a.lthough Laplace's proof is ingenious, it is not rigorous by 

present standards. A rigorous proof for this result was given only in 1925 

by P. IÁV'J_ [111 p. 233 ] by using a continuity theorem for characteristic 

functions. 
f 

/Ctl781 PP• 588-604.) 
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Now let us follow first the historica.1 development of the solution 

of the first problem rnentioned above in the particular case when R(x) = '.-t(x) 

is g1 ven by (305) • 

In 1887 P. L. Chebyshev [ 616 ] considered the case where c· i:: 
~1' "'2' ..• ' 

E;;k'... is a sequence of mutually independent random variables for which 

~{l~klrl < Cr< co for r = 1,2, .•• and k = 1,2, .••• By writing ~{~k} = 
2 2 2 a. , Var{~k} = bk for k = 1,2, ••• and A = a1+ ... + a and B = t 1+ ••• -K ~ - · n n n . 

+ b 2 for n = 1, 2, ..• , Chebyshev proved that if B -+ co as n -+ co , then n n 

for r = 0,1,2, ••• and hence he concluded that (301) holds with these 

A , B and R(x) = cp(x) • Chebyshev's conclusion is based on two auxiliary n n 
theorems. First, that the normal distribution function cp ( x) is uniquely 

detennined by its manents. This follows from some extremely useful 

inequalities of P. L. Chebyshev [197 )which he announced in 1874 without 

proof. These inequalities were proved first in 1884 by 8-· A. Markov[130 ] , [ 131). 

See also P. L. Chebyshev [198],[199], T. J. Stieltjes [189 ],[190],[192] 

and J. V. Uspensky [·204 pp. 356-395]. Fran these results of Chebyshev it 

follows that if F(x) is any distribution function for which 

co co 

(307) - fxrdF(x) = f xrdcI>(x) 

holds whenever r = 0 ,1, .•• >-2m, then 

(308) IFCx)-cI>(x) 1 < /_ ~ • 
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Since the right-hand side of (308) tends to O as rn -+ 00 , j_t follows that 

the normal d.istribution :f'ur.ction is uniquely determined by its rnanents. 

The second awdlia.....ry theorern wiûch is needed for Chebyshev' s conclusion 

is Theorem 11 in Section 41. Chebyshev d.id not prove this theorem. He 

accepted it as an obvious fact. The proof of this auxiliary theorern was 

. given i...'1 1898 by A. A. Markov [ 580 ) . 

It should be noted that in his proof Chebyshev proved the convergence 

of the semiinvariants instead of the rnornents; however, the equivalence of 

the ~wo procedures is obvious. Indeed in 1899 A. A. Markov [ 579) 
1 

' 
prcv1jded a direct proof for (306) . 

Ih later years A. A. Markov [ 584 pp. 77-81 )proved that Chebyshev's 

conditions for the valldity of (J06) can be weakened. He showed that if 

(309) 

< .,., for r = 1,2, ••. and k = 1,2, .•• , if 

lirn .L 
r n -+ 00B 
n 

B -+ co 
n and if 

for r = 3,4,5, ••• , then (306} is satisfied and therefore (301) holds 

with R(x) = ~(x) • 

In 1900 a sigpifica11t step was made by A. Liapounoff [ 564- ) conceming 

the solution of the first problem in the case of a lirniting nonnal 

distribution. He supposed that { t;k} is a sequence of rnutually independ

ent randan variables for which,~{,;k}= ~ and ~{t;k} = b~ exist. 

Write An= a1+ ..• +é\i and B~ = bÎ+ .•• +b~ for n = 1,2, .... Liapounoff 

proved that if B -+ co as n -+ "° and if n 
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(310) 

for è = 1 , then (301) holds with R(x) = <P(x) . Let us observe that 

Liapounoff's conditions do not require the existence of the moments 

~{ 1 ç:kjr} for r > 3 • In 1901 A. Liapounoff [ 565] showed that the 

same result holds unchangeably if we require only that (310) hold for 

sane o > 0 • Tu his proof Liapounoff made use of Dirichlet 's discon-

tinuity factor 

1 f or lxl < h , 

2 co • h 1 lxl (311) J(x) = - J sin u cos xu du = 2 for =h 
' 11' 0" u 

0 f or lxl > h • 

(See alSó A. A. Markov [584 pp. 67-76 ].) It should be mentioned that 

the factor (311) was already used in 1872 by J. W. L. Glaisher [ 525 ] 

in his stuày on the generalization of Laplace's result mentioned earlier. 

It is interesting to mention that in 1913 A. A. Markov [ 585 pp. 319-338 1 

dem.onstrated that Liapounoff's result can also be proved by the method 

of manents by :introducing an ingenieus arti.fice, the truncation of randan 

variables. 

If ~l' ~2 , ••• , ~k, ••• is a sequence of mutually independent randçm 

v-o.riables for which "12{ ~k} = ~ and_ 22.{(t;k-~~ exist and i~ we write 

2 2 2 
and Bn = b1 + b2 + ••• + b2 n , 

I 
then following the terminology which was introduced in 1920 by G. Polya 

[ 596 l we say that the central limit theorem is valid for the sequence 
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· { .;k} whenever 

(312) 
r,; - A 

limJ~ . .i -n B n ~ x} = <P(x) 
n+..,, n 

where <t>(x) is def-"illed by (305). 

The investigations of P. L. Chebyshev, A. A. Markov and A. Liapmmoff 

yielded weaker and weaker sufficient conditions for the validity of {312). 

The ultimate ·condition was found in 1922 by J. W. Lindeberg [ 566] . ( See 

also [ 567 ] .) L.indeberg proved that if 

(313) 

fo1• all . e: > 0 , then the central limit theorem is valid for the sequence 

{ç;k} , that is (312) holds. Actually, Lindeberg's condition is somewhat 

different from (313), but it can easily be seen that it can be replaced 

by (3J3). Lindeberg's method is entirely different from the previous 

methods. It is based on the estimation of the difference P{.; < A + 
"""' n = n 

Bnx} - <t>(x) for large n va.lues. Similar methods were used in 1919 by 

R. v. Mises [ 588 ] . 

I 
In 1922 P. Iévy [llQ 1 found powerful theorems which proved to be 

the stepping stones for the solutions of the problems mentioned at the 

beginning -of this · historical review. P. r_lvy proved that a distribution 

function F(x) is uniquely determined by its characteristic function 

iji(w) • His inverilion formula is g:i_ven by Theorem 41. 5 • P. ~vy also 

proved that if F1(x), F2(x), •.• ,.Fn(x), •.• and F(x) are distribution 
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flmctions and their characteristic flmctions are ip1 (w) , ip2 (w) , ••• , ipn (w) , ••• 

and ip(w) respectively, then Fn(x)~ F(x) as n-+ 00 if and only if 

l:im ipn(w) = ip(w) for all w (See also P. Lévy [111] pp. 195-200.) 
n-+ro ·- / , 
In 1923 G. Polya [ 598] showed that the latter theorern of P. Levy can be 

proved in a similar way as a continuity theorern found in 1919 by himself. 
. / 

(See G. Polya [ 596].) 

For. another approach of the proof of the central l:imit theorem we 

refer to A. Ya-. Khintchine [ 97 ] . 

In 1935 W. Feller [ 517 ]proved that Lindeberg's condition (313) is 
1 . . 

not orjuy sufficient but necessary too for the validity of (312). W. Feller 
1 

. i 

proved that if (312) holds and if 

(314) 
~-a 

l1m max !{ 1 kB -x 1 > e } = 0 
e -+ 0 l<k<n n 

== 

for all e > 0 , then Lindeberg's condition (313) is satisfied. However, 

it should be noted that it may happen that (çn- An)/Bn has a lirniting 

normal distribution as n -+ .n and Lindeberg's condition (313) fails. In 

this case, however, the l:imiting no:rmal distribution has variance < 1 • 

In 1926 S. Bernstein [ 4-91 ] gave sufficient conditions and in 1935 

and also in 1937 W. Feller ( 517 ] , [ 518 ] gave necessary and sufficient 

conditions for the existence of constants A and B > 0 such that (301) n n 

holds with R(x) = <P(x) defined by (305). These results of Bemstein and 

Feller show that even if the randan variables have infinite second rnoments 

it rnay happen that there exist normalizing constants A and Bn > 0 . n 

such that (r.: - A )/B has a lirniting normal distribution as n -+ oo 
îl n n 
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In the particular case where the randan variables {f,k} have an ülentical 

d.tstribution and R(x) = <I>(x) , the solutlon of the first problern was 
- / 

gi.ven in 1935 by W. Feller [517 ], A. Ya. Khintchine L545] and P. Levy 

[ 560]. (See Theorem 44.6.) 

In the case where R(x) = <I> (x) , a necessary and sufficient 

condition for the validity of (302) was given in 1939 by B. V. Gnedenko 

[ 528 ] , as a particular case of a more general result. 

Now let us consider the solutions of the first problem in the case 

\'.ihe~ R(x2 is not necessarily a normal distribution. JAJready in 1827_ 
i 

S. Df Polsson [154] and in 1853 A. Cauchy[231 ] dei11onstrated that if 

(315) 1 1 
P{ c:- < x} = - + - are tan x 

NV "'k = 2 7f ) 

then R(x) is not a nonna.l distribution. Since in this case 

(316) 
i',;n 1 1 

P{ - < x} = - + - are tan x """' n = 2 7T 

for all n = 1,2, •.• , it fellows that if A. = O and B = n , then 
n n 

(317) 1 1 R(x) = - + - are tan x . 2 Tr 

In 1853 A. Cauchy [231 ] proved that if the randan variables have 

a synmetric distribution, then necessarily 

(318) 

where a > 0 and c > 0 . Cauchy, however, di.d not recognize that 

ij>(w) is nota characteristic function if a >-2. This fact was pointed 

out only in 1923 by G. P~lya [ 598]. In 1925 P. u{vy [111 pp. 254-257] 
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showed that R(x) is necessarily a stable dis.tribution function and 

found the general fonu of \ji (w) • (See Definition 42.2 and Theorem 

42.4.) Actually P. IÁvy used a sornewhat more restrictive def:tnition 

of a stable distribution function than Definition 42.2 (having excluded 

the case where a. = 1 and 8 ~ O) . A rigorous proof for the general 

form of IJ,• (w) was given only in 1936 by A. Ya. Khintchine_ and P. Lévy 

[ 279 ] . lt is easy to see that every stable distribution function 

R(x) can appear as a lirniting distribution in (301). 

, Ih ~1938 W. Doeblin [ 508 ] , [ 510 ] gave necessary and sufficient 
1 . 
! 

cond!ttons for the validity of (301) in the case of identically 
i 

distributed random variables. In 1939 B. V. Gnedenko [ 529 ] gave 

another proof of this result as a particular case of a more general 

result. See also B. V. Gnedenko [ 530 ] . 

If the random variables { ç; k" are not necessarily identically 

distributed, the solution of the first problem has interest only if 

we impose the following conditions on { ç; ~ 

(319) 
t; . m 

lim max P{ k- K > d = 0 
n+ oo l<k<n- Bn = === 

for all e: > O where ~ is a rnedian of ç;k • 

Following A. Ya. Khintchine [ 2781 we say that R(x) belongs 

to· the class L if R(x) can appear as a limiting distribution in 

(301}. In solving a pr.oblem of A. Ya. Khintchine (stated in a letter 

to P. Lévy) in 1936 P. Lévy [ 561], [563 pp. 195-197] gave necessary 

and sufficient conditions for R(x) to belong to the class L . 
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In 1939 B. V. Gnedenko a"11.d A. V. Groshev [ 534 ] gave necessary 

and sufficient conditions for the existence of constants An and 

Bn > 0 such that (301) holds with an R(x) belonging to the class L • 

Now let us consider the solution of the second problem. To exclude 

obvious cases: we assume that the randar1 variables { ~} satisfy the 

following condition: 

(320) . lim max ! { 1 ~- Ilbk 1 > d = O 
n + =l<k~ = ,___ n 

for an;/ e: > 0 where r1hk is a median of ~ • 

The first result concerning the solution of the second problem 

was obtained in 1837 by S. D. Poisson [156 ],[ 15? ] (. § 66 - § 93). 

Forevery n = 1,2, ••• he considered 8:- sequence of n Bernoulli trials 

with probability Pn for· success. Let us define xnk == 1 if the 

k-th trial results in success and ~ = 0 if the k-th trials resu1ts 

in failure i.11. the n-th sequence. Write A = p1+ p2+ ••• +p and B2 = n n n 

By the results of Poisson we can 

conclude that if Bn + "" , then 

(321) 
Xru + ••• + X -A 

lim P{ nn · n < x} = it>(x) ,....., B = 
n+<Xl n 

defjned by (305) and if lim npn = a where a is a positive number, 
n + "" 

then 

(322) 
k · -a a 

l1m P{x l+ ••• +x = k} = e kl. 
n+;;-- n nn 

f'or k = 0, 1, 2 , . • . . 
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In 1936 G. M. Bawly [ 482] considered the case where for each 

n = 1, 2 , • • • the random varia.bles ç;nl, sn2 , ••• , ~,n are il1dependent 

2 
and !'.H;nk} = ~ and ,Y~{ç;nk} = bnk exist. He supposed that 

(323) 

and 

( 324) 
n 

B2 = l ~ < C 
n k=l 

where C is a finite constant independent of n . Under these conditions 

1 Bawly showed that R(x) is necessarily an infinitely divisible distribution 
1 

func~ion with a finite variance. The most general form of the character-

istic function of such an R(x) was determined in 1932 by A. N. KoJmogorov 

[ 280 ] , [ 281]. By using a continuity theorem f'or infinitely di visible 

clistributîon functions with finite variances (a particular case of Theorem 

44.1) G. M. Bawly [ 482] gave necessary and sufficient condition..<> for 

the valîdity of 

(325) 

In 1937 A. Khintchine_ [277 ]proved that if the condition (320) is 

satisfied, then in (.302) R(x) is necessarily an infinitely divisible 

distribution function. The converse is obvious. Every infinitely 

divisible distribution function R(x) can appear as a limiting 

distribution in (302) • 

In 1938 B. V. Gnedenko [ 526 ]gave necessary and sufficient 

conditions for the validity of (302) in the case where R(x) is an 



VI-211 

a.rbitrary infin:i.tely divisible dis.tribution function. This result of 

B. V. Gnedenko is based on a continuity theorem for infinitely divisible 

distribution functions which uses Khintchine's representation of the 

characteristic function of R(x} • (Theorem 41.1.) 

In 1939 B. V. Gnedenko [527 ] published another paper which contains 

the same fundamental theorem as the previous paper except that in this 

, . 
paper he used_ Ievy' s representation of the characteristic function of 

R(x) . (Theorem 41. 2.) 

1 

1 !In 1939 B. V. Gnedenko [ 528] published in detail the results 
1 

1 

annoUriced in the previous two papers. In 1944 B. V. Gnedenko [ 531 ] 

published an expository article which contains most of the results concerning 

the solution of the second problem formulated at the beginning of this 

historical discussion. Finally, let us call attention to the excellent 

book of B. V. Gnedenko and A. N. Kolrnogorov [260 ] which was first 

published in 1949. 

The problem of finding the limiting distribution of suitably 

normalized sum.s. of real random variables have been considered also for 

various types of dependent randan variables. In 1908 and in 1910 

A. A. Markov [ 582 ] , [583 ] extended the central limit theorem for a 

sequenceo1 randc:m variables depending on each other like the links of 

a chain (Markov chai.ns) . Markov' s results have been extended further 

I 

by P. Ievy [560], W. Doeblin [ 640], N. A. Sapogov [ 670 ] , [ 671 ] 

Yu. V. Llnnik [ 654],[655 ], R. L. Dobrushin [639 ], S. V. Nagaev t6591 

and others. In 1922 and in 1926 S. N. Bernstein [ 490 ] , [ 491 ] extended 

the central limit theorem for weakly dependent random variables. 



Further extensions of the central limit theorem have been given by 

M. Lo~ve [572],[5'75], W. HoeffdingandH. Robbins_[647 ], P. H. Diananda 

[636 ],[637], p38], A. R~nyi [662],[663] A. N. Kolmogorov [653], 

M. Rosenblatt [666] and others. Limit theorems for surns of interchange.s.ble 

random variables have been obtained by H. Chemoff and H. Teicher [633 ] 

and H. Bühlmann [ 771], [772] • 

Limit distributions for suitably nonnalized sums of random vectors 

have been studied by R. v. Mises [588], S. Bernstein [491 J, A. ~~ 

Khintchine [ 97 ] , P. Lévy [113 ] , H. Cramér [ 503], E. L. Rv~~heva [605 
i 

and öthers. 
' j 

1 

1 

45. Limit Distributions of Various Functionals 

In the previous section we considered a sequence of rnutuall;y independent 

and identically distributed real random variables ç:1, i;2 , • •• , E;k'. . • and 

demonstrated that if ~{E;k < x} satisfies certain conditions, then the 

partial sums ~n = ç:1+ ~2+ ... + ç:n have a nondegenerate asyrnptotic 

distribution as n + 00 , that is, there exists a nondegenerate distribution 

function R(x) and suitable nonnalizing constants A and B > 0 such n n 

that 

(1) 

in every continuity point of R(x) • 

In this section we shall consider two extensions of the limiting 

distribution (1) • · 
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First, instead of considerin.g the asyrn.ptotic distribution of i:;n 

as n + oo , we shall be interested in studying the asymptotic distributlon 

of z;" ( t) as t + 00 where v (t) (O < t < 00
) is a random variable which 

takes on only nonnegative integers and which converges in probability to 00 

as t +""', that is, lllri!{v(t) > m} = l for all m = 0,1,2, ..•• 
t + 00 

general, we shalJ assume that · { i:;n , n = 0,1,2, ••• } and {v(t) , 
some of 

In 

0 < t < oo} = . are independent. However, the results can easily be extended ... 
to the case wbere · { v Ct ) } rnay depend on { çn} • We note that if 

v (t) = [ t] for 0 < t < 00 , where [ t] is the greatest integer less thar; 

or eq,ual to t , then the general results reduce to (1). 
1 
1 

1 

Second,we shall be interested in studying the asymptotic distribution 

of nn = hn(z;0 , z;l' ••• , z;n) as n + 00 where hn(z;0 , z;1 , ••• , z;n) is a 

Borel measurable function (Baire function) of the random variables 

n = ç for n = 0,1,2, ••. , then n n 

this more general case reduces to the case investigated in the previous 

section. In this section we shall consider variables such as ~= 

max C z;o ' z; l ' •• " z;n) ' nn = max Cl z;o 1 ' 1 z; i 1 ' ••• ' 1 z;n !) ' and ~ = 1 z;o 1 + 

1 z; i 1 + • • • + 1 z;n 1 • 

Sums of a random rnunber of random var:i_ables. 

In 1948 H. Robbins [ 165], [ 6.56] extended the central l:unit theorem 

for sums of a randan number of randan variables in the following wey. 

Theorem 1. Let ç;1 , ç;2 , ••• , t;k' ••• be a sequence of mutually 

in.dependent and identically distributed random variables for which 
. . 2 
~{ç;k} = a and ~EU;;k} = b > 0 exist. Let r;

11 
= ç;1+ ç; 2+ •.• + ç;n 
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for n = 1,2, ••• , and z;;
0 

= 0 • .Let {v (t) , 0 <; t <; oo.} be a fanûly 

of randcm variables tak:iJ1g on nonnegative integers only. Let us assume 

that 

(2) lim P{ v(t)-µt < x} = ~(x) 
t -+- ;;-- qft = 

where q,(xJ is the normal distribution function and µ and a > 0 

are èon.Stants. If {ç;k} and {v(t)} are independent, then 

r,; - aµt 
lim P { v(t) 5- x} = o(x) • 

t -+- ;;;- -~~~~~ 

/c:a2
cr
2+ b2µ)t 

(3) 

· Proof. By Theorem 44. 6 we have 

(4) lim p{ .,.,__ 
n -+- "" 

By using (2} and C4) we can show that the characteristic function of 

(r;;v(:t)- a.µt)//ca2cr2+ b2µ)t tends to the characteristic function of 

4>(x) as t -+- oo. • Hence by Theorern 41.10 we can conclude that (3) 

holds. It should be noted that while th:is proof is conceptually s:i.mple, 

it is quite involved in technical details. 

In what follows we shall prove a more general theorem which contains 

Theorem 1 as a pa.rticular case. This more general theorem is based on 

sane s:imple properties of the convergence of rea1 randan val'.'iables. Let 

us sum:narize briefly these properties. 

Let us consider a. probability space (0,B,P) and a sequence of real ,.,_ 

ra.~dom variables ç;n(w) (n = 0,1,2, ••• ) • Let ç;(w) be also a real 
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random variable. Then A :: { w: lin~ ~ (e;.1) ;::; s Cw)} 
n n -i- oo 

that is, A e: B , and therefore P{AJ ls def'lned. 
I\·...,.. 

is a random. event :i 

If P{A} = 1 , then 

we say that the sequence of random variables {t;n} converges to E; 

with probability one, that is, 

C52 _.f{lim ~ = ç;} = 1 • 
n -+ "" 

rr 

lim1{ls
11

- si < d = 1 
n ·l- <C 

for all e: > 0 , then ws say that the sequenee of l"andom v3riables 

{ ~: converges to t; in probability. 

Obv:tously (5) jJJiplies (6), whereas the conver'Se is not true in 

general. 

Both (5) and (6) Lmply that 

(7) lim!{sn ~. x} = !_{s < x} 
n -+ oo 

in every continuity po.int of P{ s < x} • ,.,,..,. 

Conversely-, if Fn(x) (n = 0,1,2, ••• ) and F(x) are di.stribution 

functions and 

(8) lim F n (x) = F(x) 
n -+ eet 

in every conUnulty point of F(x) , then we can define a prob2bility 

space (n,B"P) and real random variables s (n == 0,1~2 •... ) n .. and r, ,..,.,. 

in such a way that P{s .~x} = F (x) ,.,,._ n -- n (n = 0,1,2, ••• ) P{t; < :x:} = F(x) , ,., ... ...,.. - = 

al'ld ,_X{li.111 i;n = U = 1 • 
n -+ ..,. 
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To see this let us suppose that ~' = {w: O < w < l} , B is the 

class of Borel subsets of Q , and P is the Lebesgue measure. If 

-1 for 0 < w < l and S:(tu) = F (w) for 0 < w < 1 , 

then all the requirements are satisfied. We define the inverse of a 

di.stribution function F(x) as 

(9) F(u) > x} = 

for 0 < x < 1 • 

If P{lim t_; =t;, )=l 
'V'- n n -+ (<.\ 

and P{lim n =n}=l , then obvlous.ly 
,.,,... Tl n -i. O'l . 

(lOj ,f{lim (ç;n+ nn) = 
n -+ "" 

i;+n} = 1 and P{lirn ç; n = l;n} = 1 • """'" n n 
11 -+ 00 

If _f{lim ç;n = t;,} and h(x) is a Borel--rrEasurable function 
n -+""' 

(Baire function) of x , then 

(11) ,.f{lirn h(ç;n) = h(t;,)} = l • 
n -+ CID 

We can define the notion of convergence not only for a sequence 

of rand.cm variables, but for a family of random variables too. In waht 

follows we assurne that { i;t} is a family of random variables def:i.ned 

f or 0 < t < in and we shall prove a few properties of the convergence 

of such random. variables. 

We sa:y that · {ç;t- ; 0 ~ t < co} converges in probability to the 
"' 

rand.cm variables ç: if 

(12) lim !_{ ' ç;t - ç; 1 < d = 1 
t ·+ 00 
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for all e: > 0 • In this case we use the notation i;t .=> s as t -:. 00 
• 

Obvj_ous ly, ç;t ·-=> t; if aEd only if ( t:t- .; ) =--? 0 as t + "" • 

(13) 

We note that if lim c = c where et and c are real mnnbers, 
t+oot 

Proof. Let * * i; = ç; - s and nt = n~- n . By assumption we have t t 1,, 

* * ç;t=). 0 and nt~ 0 • For any e: > O 

(14) 

* * Thus ~t + ~ =:) 0 , vr...ich proves the first half of ( 13) • 

2 2 
Next we shall prove that if ~ ~ i; , then çt ==> i; • First, we 

* * 2 ohserve that St 4 0 implies th'it (~) ~ 0 • In.deed for any e: > O 

we have 

(15) 

* * Second, we observe that i;t ~ 0 :irnplies that i;~ ~ 0 • For any s > O 

and m > 0 we have 

(16) 

If m is sufficiently large, then the first term on the right-hand side 
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of (16) is arbitrar·ily close to 0 , If t + ""', then the second term on 

* the rig."it-hand side of (16) tends to 0 • 'lhls proves that .;~ =? 0 . 

2 2 * * ~ . ~ 2 
Si.nee çt = ; + 2ç;t,:t + (.;t)'"" , it fellows that ~ ~ t; as t + ""' • 

If we \\Tite 

(17) 

and apply the relations proved pr~11iously, then we obtain that 

(18) 
( + )2 ( .)2 _, .; n '."" t; - ri. _ _ 

.;t nt ___,,- --- · 4 - i;;n 

which canpletes the pr'Cof of (13) . 

Lerrma 2. If t;+-:::;> .; and if h(x) is a continuous function of x , 
- v 

· ·then 

(19) h ( .;t) ~ h ( .; ) • 

Proof. Since h(x) is uniformly continuous in any finite closed 

interval, for any is > 0 and m > 0 there is a ö > O such that 

lh(x) ... h(y) 1 < is whenever lx-yj < o and !xl -5.. m and IYI :5:.. m • On 

* the other hru1d for any c > 0 , m > 0 and ó > O we have the inequallty 

(20) * * P{ [h(t;t)-h(.;) 1 ~ d < P{ [.; 1 ~- m-ó } + P{[ ç:t-· .; 1 > ö } + 
,..,.,. Nv- ""' 

* If we choose 0 < o ~- 8 , then the last term on the right-hand side of --

( 20) is 0 • The first tenn on the right-hand side is arbitraril,y close 
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* to O if m is suf'f>l.ciently la.02 and 6 i.s sufficiently small. The 

second term on the rimt-hand side of (20) tends to 0 as t + l1Q for a.ny 
~ . 

* o > O • This proves (19). We note tr1at (19) is not true in. general for 

measurable functions h(x) • 

L.enirtla_l. Let u2 suppose !i.IB~ lim. ht(x) = h(x) for every x, 
t -+ IX) 

~ (x) §!ld h(x) are contümou..s fu.rictions of x and the convergence is 

-unifom1 in every fini.te :interval. If ç; -> ç;, then 
-- t 

Proof. By Lerrma 2 we have h(ç;t)=5> h(ç;) • Thus it is sufficient 

to prove that 

By assumption f or any e: > 0 and m > 0 there is a , > 0 such that 

lht(x) - h(x)I < e: if lxl < m and t ::__ • . On the other hand for any 

e: > 0 , o > O and m > O we have the :inequality 

!'{lht(ç;t) - h(ç;t)I ?_ d <,!{lç;I ~m-o} + _!,{lç;t - ç;I > o} + 

(23) 

Let us choose 0 < o < m • If m is sufficiently large and o is 

suf'ficiently small, then the first term on the right-hand side of (23) 

is arbitrarily close to zero. For any a > 0 , the second term on the 

r~gr1t-hand side of (23) tends to _ 0_ as t -+ co • If t > T , then the 

last term on the right-hand side of (23) is zero. 11hi.s proves (21). 
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Lenma 4. Let · {n.(n) , n = ü,l, ... } !2._~al_random variables for 

which P{lim n(n) = O} = 1 • Let {v(t) , 0 ~ t < ea} be discrete random 
""" n -+ ""' 

variables taking on nonnegative integers ?nly and let v(t)=;} 00 as 

t + 00 , that is 

(24) lim P{v(t) > m} = 1 
t-+ ~ 

for all m = 0,1,2,... • Then we have 

(2.-) 
\. '.) n(v(t))~ O as t +"" • 

Proof. For any e: > O and m > O we have 

CD 

P{!n(v(t))! > d = 2 _f{jn(n)j > e: and v(t) = n} 
~ n=O'"'"' 

(26) 

~ P{ v(t) 
- "" 

< m} + P{ sup ln(n)I ~ e:} • 
... ,..... -m<n<co 

Since _!{lim n(n) = O} = 1 if and only if sup 1n(n)1 >O as m -+ co , 

11 -+ 00 m<n<co 

it fellows that the second tenn on the right-hand side of (26) is arbitrari.ly 

close to 0 when m is large enough. For any m > O the first tenn on 

the right-hand side of (26) tends to O as t + 00 • This proves (25). 

Now we are in a position to prove a fundamental theorem which was found 

in 1955 by R. L. Dobrushin [ 678]. 

Theorem 2. Let dn) (n = O, 1,2, ..• ) be real random vari.ables 

_and let v(t) (0 ..5. t < 00 ) be discrete randomvariables taking on non-

negative integers only. Suppose that 0 < 6 < o. , b > 0 and 
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(27) 
CL 

llin P{ ~ (n) - on - < x} = F(x) 
n. + ~ bn6 

in every continuity point of' the d.lstribution function F(x) • Purther·-

more, let us suppose that 0 < ó < y " d > 0 and 

(28) lirn. P{ v(t) - ctY ..;....:;...'-'----'---- < x} = G(x) 
t + ;~ dt0 = 

in every continuity point of the distribution functlon G(x) • If { dn)} 

a~d {v(t)} are independent, then 

(29) lim P{ ç(v(t)) - gtÀ ~ x} = H(x) 
t + .;;;-- htµ -

in every continuity point of the di.stribut:.on function H(x) . 'fue constants 

g, h, À, µ · and the distribution function H(x) .?I'e g;'.1..Ve!1 in Table I where 

ç and '> are independent randcm var•iables for which P{ ç < x} = F(x) and 

P{v < x} = G(x) • = . 
fV""' 

TABLE I. 
============:=====~-======~~========-========~============================~ 

a,c,a.,B,y,ó g À h µ H(x) 
=============t===== =======~======== =========~====================~======= 
(a-l)y+o<By a. B · ae a.y be By P{ ç ~ x} 
a 1- o, c 1- O 

(a-l)y+ó=By aea 

a :JO, c :JO. 
ay 1 

"'•""'- --

By 8 a-1 
~~{be ç + a.ac dv -~ x} 

1-------------------------------------------------------------~,--------
( a-l )y+o >By accx. 

a :Jo, c :JO 
cx.y cY.-1 aae d (a-·lh+ó ~{ v _::_ x} 

~ cc_._=_o-+-_0 __ 1---~-+'--b-d_s __ +l~s-o ___ i~. ~~~-!-{_ç_v_,s_< __ x_} ------~ 
= O 0 - ! ada acS 1· ,.,,~{va. < x} 

1 1 
--"------'---~~__;L.------"-·-'-~------~----~~--~~---~·~~ 
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Proof. Let us ccnsid:2r the probability space. Cn1 , B1 , !i 1 where 

n, = {w
1

: 0 < w
1 

< l} , 0
1 

is t 11e class of Bor2l subsets of r1
1 

and 
J. 

!i is the Lebesgue measur~, and define a sequenGe of random varlables 

* * z;; (n) = ç (n;w
1

) (n = 0,1,2, .•. ) satisfying the following requirements: 

* P{ç (n) < x} = P{dn) .::_ x} for n = 0,1,2,:;o •• and all x and 

(30) P{llin 
/\,"lt,,... 

n -+ "" 

* Cl. r, (n) - an 

bn8 
. -- d = 1 

where r, = z;;C-w1 ) is a randan variable with the distribution function 

P{z;; ~ x} = F(x) • 
""--' 

Let us consider also the probability space (n
2

, B
2

, J'2 ) where 

n2 = {w2:o < w2 < l} , B
2 

is the class of Borel subsets of n
2 

and J
2 

* is the Lebesgue mea.sure, and def:ine a. farnily of random var·J2bles v ( t) = 

* * v (t·w ) . , 2 (Q < t < 00 ) satisfying the follow'..1.l1g requirernents: Pb (t) = k} 
A-.. 

= P{v(t) = k} for k= 0,1,2, .•• and all t ~- O and ,.,._. 

*.. y 
:v (t ) - et =? v a'3 t -+ oo 

dt
0 (31) 

whe:re ') = v(ui2 ) ls a raYJ.dom variable with the d.istributi.on function 

P{v < x} = G(x) • .,..,.... 

NöW'lët· i.:.U:f dèrtote by (n, B, P) the product probability space of ,_ 

(n1 , BJ.' J 1 ) and (n2, B2:. "~2 ), that is, ra = n1 X n2 = {(w1 , w2): 

0 < w1 < 1 , 0 <_w2 < l} , B = B1 X B2 5.s the class of Borel subsets of 

Q , arid P = P1 X P2 the two dlmens:i.onal Lebesgue rneasure. On this :3pa.,~e 

"' * * * let US defix1e ~ 
( ·, = (n; wl' w2) = r (ri · w ) f or all r, =r;(w, ' 'J.'·1) \rt} s w "' ·' J. 2' .L <.. 

* * * z_;(wl) for all w2 \) , +-) = \) (t; (lip w) \) (t; w2) f or all and , (v -- (J.)l ' 
f or all 

-
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* ;: By this defin::Ltion {r; (n)} and {v (t)} are independent and 

* * . 1; Cv (t)) has the sarne dtstribution as çlv(t)) for all t ~ 0 . Purther-

more, 1; and \l are also iridependent random variähles. 

If we write 

(32) n(n) 

and 

* y 
et ' = v (t) - et w , 0 - \) , 

dt 
(33) 

then P{lim n(n) = 0} = 1 and w(t) ~ O as t ~ ro • 
~ 

n ~ "°' 

Accorclingly, we have 

(34) 
it, a f3 

ç ~n) = an + bn ( ç+11 (n)) 

for n = 0,1,2, ••• , and 

(35) * .... ö v (t) =et·+ dt (v+~(t)) 

for t > O • Hence we obtain tbat 

* *- y ö a z; Cv (t)) = a[ct + dt (v+w(t))] + 

(36) 

for t > 0 where z; and v are independent ra.."'1dan variables for which 
= 

P{z; ~ x} = F(x) and P{v ~ x} = G(x) • 
(\/," - -~ -

If we choose g, h, À, µ according to 'I'heorem 2, then we can prove 

that in each case 
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(37) 
* * À z;; C-v (t)) -gt ·~ x ast +oo 

htµ 

where x is a random variable which depends on z;; and v and the para-

meters. 1I1he proof is based on the four auxiliary theorems. We note that 

* in each case v (t)==> 00 as t + 00 and therefore by Lemma 4 we have 

* n(v(t))='?O as t+ 00
• 

* * Since z;; (v (t)) and dv(t)) have identica.l distributions for all 

t > 0 , it follows from (37) that 

(38) lim P{ z;;(v(t)) - gtÀ < x} = P{x ~ x} 
t + :;-- ht µ = ~ -

in eveF.f continuity point of P{x < x} • Thus H(x) = P{ x ~ x} and this 
,...,.,._ - """'- -

completes the proof of the theorem. 

We shall mention in detail the proo.f of the second statement in Theorem 

2. If we suppose that a t O , c t- 0 and ( a.-1 )y+o = Sy , then by ( 36) 

we obtain that 

r;;*cv*(t)) - acatay = §.Cata.y {[l + dt 0(v+w(t))]a. _
1

} + 
t~Y t 8Y cty 

s * dt 0 . 13 +be [z;;+n(v (t))][l+ ---;; (v+w(t))J 
et 

(39) 

for t > 0 • Since w ( t) ~ 0 as t + 00 , by Lermna 3 we obtain that the 

first tenn on the right-hand side of (39) converges in probability to 

~ * . a.ac dv . Since v (t) ? oo as t + <.O and P{lim n (n) = 0} = l , by 
'""" - - * . n+oo 

IF...mma· l1 we obtain that n ( v (t)) =::} 0 as t + "" , and thereforc the second 

i t t-. • -~i--t h d . d ,.. ( 39) . b b . i · , t b s .:.erm on cue r1e1 -- an sJ_ e or ~ converges rn pro a J. ll~Y o c ç • 
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Thus we have 

(40) 

which proves the second state.'1lent of' Theorem 2. The rema:irJ.rig five state-

ments caYJ. be proved in a similar way. 

Theorem 1 can be obtajned as a particular· case of the seconèl. state-

ment of Theorern 2. 

Theorern 2 is in fact an invariance theorem. According to thi.s theorem 

the as:vmptotic distribution of c;(v(t)) depends only on the asymptotic 

distributions of r;; (n) and v (t) as n ->- 00 and t + 00 respectively. 

* * * If we replace {r;(n)} by {c; (n)} and {v(t)} by {v (t)} where dn) 

* bas the sa.me asym:ptotic distribution as c;(n) and v (t) has the asymptotic 

distribution as v(t) , then r;(v(t) has the s2me asyrnptotic distribution 

* * * * as ç (v (t)) . We can choose {c; (n)} and {v (t)} in the simplest way as 

fellows. Let 

(41) * a. s c; (n) = an + bn ç 

for n = 0,1,2, ... , and 

(42) * y ê v (t) = et + dt v 

f'or t > 0 where .. ç a.P.d v are· jndependent rand.an varia.bles w:i.th 
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distribution functions Pü; < x} = F(x) and P{v ~- x} == G(x) . In this """' - (........... -

* * particular case we can determine the asymptotic distribution of ~ (v (t)) 

as t + "° without difficu.lty. 

In sane cases we can generalize Theorem 2 by ranovj_ng the assumption 

of independence. For exarnple, if instead of (27) and (28) we assume that 

(43) 
a: 

l:im P{ r· (n) - an 
n +: bns 

~ x , 
v(t) - et Y 

< v' dt8 = ~ j 
= F(x, y) 

t + en 

in every continuity point of the distribution function F(x, y) , ani 

if we can prove that the lirniting distribution (29) exists and depen.às 

only on ( 43) , then H(x) can be obta:i..ned in exactly the same Wdy a.s in 

Theorem 2 except tf\..at now 

(44) P{ç < x , v ~ y} = F(x, y) 
1"'-'. 

where F(x, y) is given by (43) . 

We note that Theorern 2 can easily be extenied to 
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more general normalizi.ng func:t:!.ons than power functions without changing 

the method of proof. Lc~t u.s consider the following example of this natur-e. 

Let us assume that ~l' ; 2, ... , ç;n,··· is a sequence of mutually 

independent and identically distributed real random variables w.hich belong 

to the doma.in of attraction of a nondegenerate stable à.istribution function 

R(x) of type S(a.,S,c,O) where a. -1- 1 or a. = 1 and 8 = 0 . Let 

ç(n) = ç;1+ ç;2t ... + ~n Jfor n = 1,2, ••• and dO) = O • By 'rheorem 4lL6 

and Theorem 4Lr. 8 we can conclude that 

(46) l:im P{ ç (n) - na < x} -· R(x) 
n + ~ nl/a.p(n) = 

where a = O if O < a.;.. 1 and a = E{ç; } if 1 < a < 2 , and p(t) 
"""-· n 

defi..YJ.ed for t ~ 0 is a nondecrea.s:ing function of t for which J.j_m p ( t) = ro 

t -;. CX) 

3..'1.d 

for all w > 0 • (See Problem 46 .12.) 

Theoren13. Let v (t) (0 < t < oo) be discrete random variables taking 

on nonnegative integers only and suppose that 

( 48) lim P { v(t) < x} = G(x) 
t 

..,..,.. t 
+"" 

jn every continuity point of the distribution function G(x) . Let us 

suppose that ç;
1

, ~ 2 , ••• , are mutua.lly independent and j_dentically 

distributed random variables for which (li6) holds. If { ~ } and { v ( t)} 
---·· - ·--- -- n 

are independent, and G(O) = 0 , theq 
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(49) lirn P{ 
Nvt + 00 

1 
ç ( v ( t) - a',; ( t) _ < x} = P { ;:;)Y. < x} 

t 1/ a P ( t ) = """ = 

l 
C4 

:!P every coi:itinuit.y_2oi11~~ of the distribution function P {z:;v ~ x} • In ,.,.,, 

(49) i;, and \.> are independent random vari.ables for which P{z;; ,;, x} = R(x) 
r-

and P{v < x} = G(x) • 
--;-..... = 

* Proof. Let us define the random varia.bles ç (n) (n = 0,1, •.• ) 

and /(t) (0 < t < 00 ) in such a way tha.t {z;*(n) J /(t)} :3.11d {(;(n) , 

\>(t.)} have the same - joint . distribution ftmction for all 

n = 0,1,2, ••• and t ~- O , and furthermore 

* P{l:im ç (n) - an = ç} = 1 
""""n -~ oo nl/ap(n) 

(50) 

where P{ç ~x} = R(x) and 
..... ~ -

(51) * ~J.il :9 v as t + co 
t 

where !_{ v < x} = G(x) and ç and v are independent randan variables. 

By ( 50) we can wri te that 

(52) * l/a ç (n) - an= n p(n)(z;+n(n)) 

where P{ltrn ~(n) = O} = 1 and by (51) we ca.~ write that 
~'-

n + oo 

(53) * v (t) = t(v+w(t)) 

where w ( t) -==:). 0 as t + oo • Thus we obtain tha.t 

l 

(54) * * * * ~ ( v ( t)) - av ( t) = P ( v ( () )) [ ç + n ( v * ( t)) ][ v + w( t)] et 
tl/a p(t) . p t 
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In ( 5 4) w ( t) =-~ O as t -+ 00 • By Lemna 4 n ( ./ ( t) ) ~- 0 as t + 00 • 

We shall prove that 

(55) 
* . 

Pk ( t).l -"-. J. "'""> pît) -r "..;:" t + 00 ' 

and thus it follows fran (54) that 

(56) * * * ~ (v (_t) ) - av (t) ï7 .=} 
t ap(t) 

1 

as t 4- ro. 'I'his implies ( 49) which was to be proved. 
i 
' 

/rt rernains to prove (55). For any c:: > O and m > O we can -write 
1 

that 

* -11 >d 2:. !{ * * t57) Pflp(v _(t)) \) (t) 1 \) (t) l * ·----· < -} + P{ > m} + P{v (t) ,.,._.. plt) t m ,_ t 
ni::At""" 

where 

(58) At = {n IP (n) l p(tT -1 >e: and t -<n m= < mt} 
= 

= n} 

Let us assurne that x = m and x = 1/m are continuity po:lnts of G(x) . 

If t -+ 00 , then by (51) the surn of the first two terms on the right-hand. 

side of (57) tends to P{v < 
1} + P{v > m} which is arbitrarily close to ,.,.. m ,.,,.,_ 

zero for sufficiently large m values. By (47) we can conclude that for 

any m the set At is ernpty if t is sufficiently large. This proves 

(55) . 

. We note that in the particular case where p(n) = J 1'or n = 1,2,.;.. 

Theorem 3 reduces to the fifth statement of Theorern 2. 

We note also that if we do not assume in Theorem 3 that { sk} 
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and { v ( t) } are independent , ar1d tf 

(59) vrt) 
-
<. x , -\.- < vi. = F'(x, y) t = ~ J 

iJ1 every continuîty point of the distribution function F(x, y) , then in some 

(49) remains valid except that P{~ 2_ x , v ~ y} = F(x, y) • 

If in partj_cular 

(60) v(t) ~ 
t _,,..qas t+oo 

1 
1 

wher~ q is a positive constant, tl:len in the result mentioned above v = q 
! 

(constant), and consequently Theorem 3 is valid without the assu..'Tlption of 

independence. 

follows. 

In fact this particular case can be proved directly as 

Theore-n4. If v(t) (0 ~ t < 00 ) are discrete random variabJ.es taking 

on nonnegative integers_only, if 

(61) v(t)~q as t +cc 
t 

where q is a positive constant, and if ç1 , ~2 , ..• , ~k, ••• are rnutually _ 

independent and identically distributed random variables for which (46) 

holds, then 

(62) lim P{ dv(t)) - av(t) 
":;;. x} = R(x) 

~ (qt )l/a P (t) t + 00 

rega.rdlesss of whether {'J(t)} depends on { ~ i or not. C,k;· ---
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Proof. In proving ( 62) we may ass•Jiile without loss of general:ity that 

a = 0. Let us deflne dt) = dn) for n ~ t < n+l a.11d introduce the 

following events: 

and 

(63) C = { max lsCn) - ~(qt)i < E(qt)l/ap(t)} 
t o:+l 

ln-qt 1 <E t 

f or e: > 0 and t > 0 . We can easily see tha.t 

and 

hold f or e: > 0 and t > 0 . 

Since lim p(qt)/p(t) = 1 , it follows from (46) tbat 
t + 00 

R (x) for every x . By ( 61) we bave lim ,l'{ Bt} = 0 , and we shall prove 
t + 00 

presently that 

(64) 
liIIl 

e: + 0 
J.im sup P{Ct} = 0 . 

t + 00 """ • 

Thus it fellows that lim l'. {At (x) } = R (x) for every x wh:lch proves ( 62) . 
t + °" 

Let 
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Then we have ,E{ et} 5_ ?!{Dm ( €)} i.f m ~ t < m+ 1 and m is su.fficiently 

large. We slnll prove t:bat 

(65) l:irn 
s -~ 0 

lim sup P{D (s)} = 0 
"'~ m m -+ '° 

and this jmplies (64). If in (46), R(O) ~ 0 or R(O) = 1 , then (65) is 

trivially true. If O < R(O) < 1 , then let 

r = inf{P{dn) ~ 0} and P{z:(n) 2_ 0} for n = 1,2, .•. } • 

Let us prove that r > O . Smce lim P{z;:(n) ~ 0} = 1-R(O) > 0 and 
"""' -n -~ "" 

lim P{ z;;(n) ~ O} = R(O) > O , therefore r = 0 would imply that P{ z;:(n) ~~ 0} -,.,.. -
n -+ co 

O or P{z;:(n) 2_ 0} = 0 for some n = 1,2, •..• In the first case 

necessarily R(O) = O and in the second case R(O) = 1 • 'fri.is contra-

diction proves that r > O if 0 < R(O) < 1 . 

If O < R(O) < 1 , ~~ > 0 and m = 1,2, .•• , then we have 

(66) 

To prove (66) let us write z = E: ml/ap(m) and N = [2rn e:a+l] , and denote 

by T the smallest n = 1,2, ••• for which 1z;:(n)1 > z . Then we have 

N 
P{!dn)I > z for sane n = 1,2, ••. ,N} = l [P{1=k, z;:(k)> z} + P{T = 
~ ~- -

1 N = k, z;:(k) < -z}] ~- r l [P{T = k, z;:(k) > z} P{z;:(N)-z;:(k) ~ O} + P{, = 
k=l ""- --

1 N 
= k, z;:(k) < -z}P{ç(N)-ç(k) ~ 0}]~- I P{T = k, lz::(N)I > z} = 

""'· - - r k=l ~ 

= .:!_ P{!z;:(N)l > z} 
r ..... 
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which proves ( 66) . By ( 66) 

lim sup P{D (e.)} ~- l_ [l - R(-- 1
11 ) + R(- l )] 

m -+ 
00 

..,... m -- r ( 2t:) a ( 2E)l/ct 

and if c:-+ 0 , the right-hand side tends to 0 . Tb.is proves (65). 

We note that Theorem 4 can be generalized in the following way. 

Theorem 5. If v(t) (0 ~ t < 00 ) ar·e discrete randan variables 

taki.ng on nonnegative integers only, if 

(67) 1 

1 

as t! + oo where \> is a positive random variable, and if, 1;
1

, 1;
2

, •.• , ç;k, ••• 

are ITilltually :independent and identically distributed randc.rn variables f or 

which ( 46) 9olds, then 

(68) lim P{ dv(~)_) - av(t) ~ x} = JooR(_!_-)dP{v ~ y} 
t -+ ;;- tl.la P (t) - 0 yl/a "'" -

regard.less of whether {v(t)} depends on {l;k } or not. 

Finally, we shall give a brief historical review of the problem of 

finding the asyrnptotic distribution of a sum of a random nurnber of random 

variables. 

In 1938 W. Doeblin [ 679] proved Theorem 4 in the case where 

R(x) = <P(x) , the no:rrnal distribution fu.nction, and p(n) = 1 . In 1948 

H. Robbins [ 165 ] } [696] provf)d rrt1eorem L In 1952 F. J. Anscanbe [676] proved 
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Theorem4. In 1955 R. L. Dobrushin [ 6'78 ] proved Theorem 2. It should 

be noted that while Dobrushin's results are correct in his proof in one 

place weak convergence should be replaced by convergence with probability 

1. In 1957 the author [ 698 J. [ 699 J, [ 700 ] , [ 701 ], [ 702 ] found the 

asymptotic distribution of sums of a random nurnber of random variables 

\\'Ïlere the munber of variables depends on the variables themselves. In 

the papers [698 ] , [ 699 ] direct methods are used, and in the papers 

[700 ] ,~Ol J ,[702] Theorem 2 is used. In 1957 A. Ré..nyi [692 ] showed 

that. a result of the author [ 698 ] can be obtained by a theorem which) 

as 14 turned out, was found first by W. Doeblin [679 ] and whi..eh :Ls a 
1 

1 

part~cular ca.se of a theorem of F. J. Anscornbe [ 676 ] . 
1 

In 1960 A. Rényi [ 693 ] proved that if c; (n) = ç;1 + ç;2 + .•• + E;:n for 

n = 1)2, ••• where {ç;n} is a sequence of mutually independent and identical

ly di3tributed random variables for which E{t; } = O and E{ç;2} == 1 , if ..,,.... n ,.,..... n 

{v , n = 1,2, ••• } is a sequence of positive random variables taking on n 

integers only and if 

(69) 
vn 
--~ v as n + 00 

n 

where v is a positive discrete random variable, then 

(70) 
i;; ( \) ) 

lirn P{ _!}___ ~ x} = 4>(x) , 
n+~ /Ç 

where it>(x) is the nonnal distribution f'unction. In 1962 J. MogyorÓdi[ 689 ] 

and in 1963 J. R. Blum, D. L. Hanson and J. I. Rosenblatt [ 67'7 }_ provecL th.at . 

if in (69) v is an arbitrary positive random variable, then (70) holds un-

changeably. In 1964 H. Wittenberg [ 706 ] extended the above result to the 

case when the random variables { Ç, } belong to the domai.n of attraction 
n 
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of a stable distribution function and (69) holds with a positive random 

variable v • (Theorem 5. ) ~ 
------------~ For other extensions of 

.. // 
the results mentioned above we refer to M. Csorgo. and R. Fischler [ 681 1. 

'Pneorem 4 has been extended by J. MogyorÓdi [ 688 J f or non-identically 

distributed random variables, and Theorem 3 has been extended by H. Teicher 

[ ?03 ] for vector random variables. 

I The ~a.ximurn of Sums of Independent Random Varia.bles. Our main inter-est 
1 

is tf find the asymptotic distribution of the max:ünum of partial sums of 

m.utually independent and identically distributed real random varia.bles. 

We shall assur;ie that ç:1 , ç:2 , ••• , ç;k'. • • is a sequence of mutually independent 

and identically dist:!?ibuted random variables for which !_{ ç;k < x} = F(x) . 

Let r;n = i:.:1+ ç:2+ ••• + ç;n for n = 1,2" •• and ç
0 

= 0 • We shall consider 

the random variable 

(71) 

for n = 0,1,2, ••• and our aim is to find the asymptotic distribution of 

In Chapter II we gave methods for finding the distribution 

of nn for n = 1,2, •.•• In Section 44 of this chapter we found the 

asymptotic di.stribution of l,; as n+oo. n In fact we proved that if 

F(x). b~longs to the danain of attraction of a nondegenerate stable 

di~tribution function R(x) of type· S(o.,S,c,m) then there exist constants 

~ and Bn > 0 such that 
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(72) 
,.. - A 
"'n n lim P{ ---- < x} = R(x) ,.,.,,._ B = ,, • 

n -+ 00 n 

We can choose Bn (n = 0,1, •.• ) in such a way that B
0 

,::_ B1 ,,:::, B2 ' ... ~-Bn ~ .•. , 

1:im B = co and 
n n+ co 

(73) 

where 

(74) 

B = nl/a. p (n) 
n 

for cµ.1 w > 0 • (See Problem 46 .12. ) In this section we shall 
i 

show/that if the above conditions are satisfied then n
11 

has an asyrnptotic 

distribution as n-~ ro • 

Beside (71) we shall also conslder other. functionals defined on the 

sequence of random variables { ~n} • 

First)let us consider the case where {t;k} is a sequence of mutually 

independent and identically distributed random variaöles for which 1'.,{ .;k} = 0 

and _!{.;~} = 1 • Then we have 

(75) l:Î111 !{ r,;!1 
<P (x) --- ~ x} = 

n + co rn-

f or all x where 
2 u 

1 x -2 
(76) <P(x) =-- J e du 

~ -co 

is the norrilal distribution function. 

Now let us suppmJe that {.; ( u) , 0 < u < co} is a Brownian motlon 

process, tr.at is, a farnily of random variables for which P {.; ( O) = O } = :L 
,,...~ 
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P{f~(u+t) - Ç,(t) :__ x} = 4>(x/IÜ) if u > O , and t ~ 0 and .;(u1 )-ç;Cti), 

.;Cu
2

) - Ç,(u1 ), ••• , ç:(uk) -· t:(~.._1 ) are mutwüly independent random varj_ables 

f or aYJ.,Y 0 ~. u0 < u1 < u~ < • • • < uk and k = 2, 3, . . . . 2 \, 

For any u > O and n = 1,2, •.• let us define 

(771 

'lben { ç;n C u) _, 0 -~ u < 00 } is a stochast ie process for which ,! { .;n ( 0) = 0} = l 

(782. lim. P{ç; (t+u) - ç; (t) ~ x} ~ ~(~) ,..,..,.n n - r.:-
n+oo rU 

if u > 0 

are mutually independent ra.'1dom variables for ariy 0 < llo < u
1 

< u2 < ••• < u
1
{ 

~ T-23 d -12 ana .<: - , , " • • an n - -· , , • • • . 

B,y (78) i.t follows imrn.ediately that 

(79) 

for 0 ~ t 1 < t 2 <. • • < tk and k = 1, 2, ••. , that is, the fini te dimensional 

distributions of the process {ç;n(u), 0 < u < 00 } converge to the correspcnding 

fini te dimen.sional distributions óf the process {.; ( u) , 0 < u < 00 } • 

. By (79) it follows that if a(u) and b(u) are two real flmc:tiO(lS 

defined for 0 ~ u ~ t and 0 ,,;, t 1 _< t 2 <. •• < tk ~ t where k = i,2, ... :; 

then 
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limf{a(ti) ~ ç;n(ti) 2_ b(ti) for j_ = 1,2, ••• ,k} -
n + oo 

(80) 

By (80) we would expect that if {a(u) < ç;(u) < b(u) for 0 < u < t} = = 

is a random event concerning the process { Ç, ( u) , 0 < u < 00 } , then we 

have 

lim !{a(u) < ç;n (u) < b(u) f or O < u < t } -· = = 
(81) n + "" 

= P{a(u) < ç;(u) 2_ b(u) ,,....., for O < u < t} . = == 

! 
1 

If w~ suppose that the functions a(u) and b(u) (0 < u < t) behave 
1 

reasonably wel]. and if we suppose, for example, that the process U ( u) , O~u <- oo )- is 

separable (see Section 47 ), then {a(u) ~ ç;(u) ~- b(u) for O < u < t} 
= = 

is a random event and therefore the probability on the ri.ght-ha..'1d side of 

(81) is defined. Even if the right-hand side of (81) is defined, we are 

still left with the problem of whether (81) is true? 

T.his problem was solved for the first time in 1931 by A. N. Kolmog~rov 

[744 ] , [ 74-5 ] . Actually Kolmogorov considered a somewhat different case. 

He did not assume that the random variables {Ç,k} are identically distributed, 

but assumed that Liapounoff' s conditions are satisfied for { ç;k} • In this 

case too i;;n has öl1 asyrnptotic normal distribution as n -+ 00 • Under these 

conditions. Kolmogorov proved that if a(u) and b(u) (0 ~- u ~ t) satisfy 

sorne differentiability conditions, then ( 81) holds and the probability on 

the right-hand side of (81) can be obtained by solving the heat-equation 
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(82) of(u,x)_ = 
au 

2 
1 a f(u.ix)_ 
2 ÖX2 

in the dornain {(u,x) : 0 < u < t , a(u) < x < b(u)} with the boundary 

conditions: 

f(u,a(u)) = 0 f or 0 < u < t , = 
(83) f(u,b(u)) = 0 for 0 < u < t = ' 

f(O,x) = 0 f or x. ~ 0 . 

The probability ( 81) can be obtained as the integr•al of f(t ,x) from 

x = ~(t) to x = b(t) • 

i 
1 

Il Ih 1946 P ~ Erdos and M:. Kac [ 730 ] proved the followlng result. 

Theörem 6. Let ~l' i;2, ••• , i;n,··· be mutually independen~ and 

identically distributed random variables for which ]2{ i;n} == 0 §!id 

. 2-
22_{/;nJ = 1 • Let i;;n = i;l+ 1;2+ ••• + sn for. n = 1,2;,o •• ' i;;o :::: 0 anà 

max(r.;0 , i;;l' •.. , i;;n) for n = 1,2,... • 'l'hen we have 

(84) 

wher-e 

(85) 

lim P{ ~ ~ x} = G(x) 
n -+ ex>~ rn ·-

G(x) = 
for x ~ O , 

0 for x < 0 • 

n = n 

- Proof. If x < 0 , then G(x) = 0 • Let us suppuse that x ~ 0 • 

First we shall prove ( 8L1) i.'.l the particular case when 

(86) - l P{ç; = l} = P{ç; = -1} - -2 ("" k ..._ k 
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for k = 1,2,... • In this case by the theory of random walks we obtain 

easily that 

(87) P{n < a} = P{ç < a} - P{ç < -a} - n _ n _ n 

for a = 1,2, .••• If we put a = a = [xv'n] in (87) and let n -+ 00 , then n 

by (75) we obtain that 

(88) 
çn 

= lim P{-x < ~ < x} = <P(x) - <P(-x) 
n-+: =..n= 

for x > 0 which proves ( 85) in this pa...""'tlcular case. 
1 

i 
. * * * fNext, let us suppose that .;1, ~2 , ••• , .;n,··· are mutually independent 

* * * * * random variables for which P{t;; ~ x} = <P(x) Let ç = .; 1 + ç; 2 + ••• + .; ,.,.,. n - n _L _ n 

* * * * * for n = 1,2, ••• , ç0 = 0 , and ~ = max(~, ç1,.o., çn) f or n = 0,1,2, ••• 

De fine 

(89) 

Now we shall prove that for every k = 1,2, ••• and E: > O we have 

the inequality 

For evecy n = 1,2, ••• and eve~r k = ï,2, ••• let us defi11e 

(91) nj = [~] (j = 0,1, ••• ,k) 

and write 

(92) 
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By ( '(5) we obtain that 

(93) 

For by (75) we have 

! 

for ~ x1, x2, ••• , xk • This implies (93). 

1 

Let 

n 
(96) l ~(x) = 1-G (x) .::_ 1 • 

r=l n 

For 

(97) 

n
1
• < l"' 2- n. +l 

l -
(i = 0,1, ••• ,k-l) we have 

~(x) = ~~{ z;0 ~ ~rn, ... , z;r-1 < xrn, 

+P{ z; 0 < xflï, ••• , 
,,._.. r;:r-1 ~ xrn, 

z;r 

z;r 

> xln, 

> xlrï, 

For any e: > 0 the first term on the right-hand slde of 

(98) 

l l; - z;r 1 > Ev'ÏÎ] + 
n.+l ]_ 

lz;n - srl < g/n} • 
i+l 

(97) is 
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which follows from Theorem 41. 3 being ~ { ( çn_,. +i - çr) 
2

} = n1+1-r 2. ~ · 
J_ .J.. 

Thus fr·om (97) and (98) it follows that 

n-1 
(99) + . l I A~U:~ _::_ xlrl, ••• , s,..,_J. 1 ~ xv'n, ç > xlrï, 1 ç -ç 1 <sm} 

_r, . ·- \J r nl. +l r 
1--v ni <r<ni + l 

. 1 . 
·< --+ P{max(ç ~ , ••• , ç ) > (x-s)ln} 
= 2 n ' n n. ks ,,,.... '"!J 1 K 

, 

that is, 

(lCOl 

1 

1 - G (x) ~ .l:._ + 1 - G1k(x-s) n -- 2 l 
ks . 

for any x and s > 0 • Since evidently Gr/x) < ~ic(x) , it follows 

tr..at 

(101) Gr1k(x-s) - -12 < G (x) < Gr1k(x) 
ks · n • 

for all x and s > 0 . If we let n -+ 00 in (101), then we obtain (90). 

If we apply (90) to the random variables (86), then we obtain that 

* 1 * (102) P{nk < (x-s)lk }- 2 ~ G(x) < P{rik ,~ xik} 
,.,._ ks ~ · 

where G(x) is given by (85). If we replace x by x+e ir1 (102) then 

we get 

(103) 
* - . 1 

G(x) < P{nk ~ x/k } ~:,,G(x+s) + -~ - ~~ 

and hence by (90)~ (102) and (103) 
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(lOlf) G(x-e:)- 1
2 ;;;, lirr. inf Gn (x) ~~ lim sup Gn (x) ,;~ G(x+c:) + k:2 kt:: n -+ 00 n +· .,., <;. 

for any x and i:: > O and k = 1,2,. • • • Let k ~ 00 and f; + O in 

(104). Since G(x) is continuous, we obtain that 

(105) lim G (x) = G(x) 
n 

n -+ "° 

for any x where G(x) is given by (85). This completes the proof of 

the theorem. · 

: In the above proof it has been demonstrated that if sl' ç:2'"., t;n' ••. 
: 
i 

are rirutually independent and identically distributed random va.riables for 
1 

which E{ç: } ~ 0 and E{ç:2} = 1 , then the lirniting distribution (84) 
N-.. n r.r- n 

exists and G(x) does not depend on the cl:istribution function ""~{ç:n ..::_ x} • 

In the particula.r case where ç;n has the distribution (86) it i.s easy to 

show that G(x) is given by (85) and consequ.ently (8lt) holds with the 

same G(x) for all sequences {l;n} which satisfy the requirements sta.ted. 

above. 

From the above result it follows inmediately that if {l;(u) , 0 < u < 00 } 

is a Brownian motion process for which E{I; ( u)} = 0 and E{[ !; ( u)] 2} = u 
'"' IV-. 

f or u .::_ 0 , then 

(106) lim P { rnax ç:(kt-) .~ xlf} = lim P{ max ç:(k) :;_ xm} = G(x) 
n -+ ,;;" O~n n - n -+ ,;:- O_:_k:;:p -

for all x and t > 0 where G(x) is given by (85). If tç;(u) , 0 ~ u < c-.>} 

is a separable Brownian motion process, then it follows from (106) that 
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(107) P{ ::;up F,(u) ..::. xvt} - G(x) 
""'-- 0 s.;. <t 

for all x and t > 0 • 

Similar :Lrivariance properties can be proved. for other func.tionals of 

the sequence r.1 , ç;2, ... , ~, .•.• 

If we suppose again that r.
1

, ç;
2

, •.. , ç;n,. • • i.s a sequence of mutually 

independent and identically distributed random variables for which E{ç; } = 0 
IV- n 

and ~{ç;~} = 1 and we write i;;n = s1+ ç;2+ ••• + .;n for n = 1,2, ••• and 

ç
0 

= 0 , then we have 

(108) 

= 

lim 1{max( l ço 1, 1çl1, •.. 'l r,;n i) ~ Xtfï} = 
n + "" 

~ k = :i_ ~ (-l)j 
l. (-1) IP(2kx+x) 1T J.=Ol 2j+l e 

k= -"" 

(2j+ 1 )21T2_ 

8x2 

f or x > 0 • 
Il 

P. Erdos and M. Kac [ 730 ]proved that the lirn:i.ting distribution 

(108) does not depend on the d.tstribution of r, and the particula.:r case n 

( 86) yields ( 108) • See also A. Wald [ 766 ] and Theo rem 37. 2 • 

" In the above case P. Erdos and M. Kac [ 730 ] also found the limit:lng 

distributions 

(109) 
2 . 2 2 2 

lim P{ç + 1:;
1 

+ ••• + z; < n xl 
n+:"" O n= -

and 

(110) lirn _f{ 1 r,;o l+I r,;1 1+. · .+ l r,;n l ~n312x} • 
n -+ oo 
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In 1947 P. Etuis éU1d ~· Ka~ [731 ] proved that if ó(n) denotes the 

nurrber of positiv0 partial surns in the sequence l,;1 , ç2 , ••• , çn' then 

(111) l:im p { p(nl < x} = -~ are sinlX 
N"v- n = rr n -+ en 

for 0 < x 2 l • This li1mting distribution can be deduced from a result 

I 

found ix1 1940 by P. Levy [ 292 ] • 

Further examples for invariant resu1ts have been given by A. M. Mark 

[ ?48 ] and R. Fortet. [ '7 34 ] . 

In 1951 M. D. Donsker [ 728 ]extended the above resul.ts for a large 

class of functionals defined on the sequence of random variables So' sp ... , 

çn,. • • • Donsker' s re sult can be formulated in the following way: 

Let ç1, ~2 , ... , çn,··· be mutually independent and identically 

distributed real random variables for which ~{~} = O and ,-,_12_{Ç~} = l 

Let s = çl+ ç2+ ••• + ~ n n 

(112) * ç ( u) 
n 

for n = 1,2, •.• and ç0 = 0 and define 

= ç[nu] + (nu - [nu])ç[nu+l] 

rn 
* for u > 0 . Then the stochastic process {~n(u) , O < u < oo} has 

continuous sample functions and the finite dimensional distributions of 

* the process {~n(u) , 0 ~ u < 00 
} converge to the corresponding f.inite 

dim.ensional distributions of a Brownian motion process { ~ ( u) , 0 < u < oo} , _ 

that is, 
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(113) 

~ x,' 
- J.. 

for any 0 ~ t 1 < t 2 < ..• <tk and k = 1,2,... • This follows irnmediately 

from (79) because ï;[nu+l]/vn ~ 0 as n -+ 00 for an,y u > O • 

To present Donskerts theorem we shall first define a probability spaee 

(n,B,P) which was introduced in 1923 by N. Wiener [767 ] . 
M-

Let n , the sa'Tlple space, be the set of continu.ous functions def'ined 
' 
1 

on tl)e interval [O, t] . We shall use the notation C[O, t] for àenoting 
! 

i 
thisiset of funetions. 

Let B , the class of random events, be the srriüJ.est a - algebra 

which contains the sets 

(114) A(u,x) = {f : f(u) ~ x and f E C[O,t]} 

for all U E (0,t] and X E (-00 , 00 ) • 

Let us assume that 

(115) 

1 fJ... J e 
Yl+ •.• +y.<x. 

i= l 

2 
1 k y. 

- - 1-1.........--
2 . l t.-t. 1 

l=. l 1-

(i=l,2, •.. ,k) 

d.Y, dy? ••• dy, 
J.. ·- K 

for. O = t 0 < t
1 

< t 2 <. •• < tk (k = 1,2, ••. ) and a.11 real· xl' x"' .. .... c. • 
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By Carathéodo1"Y's extension theorem (see 'I'heorem 1.2 in the Appendj_x ) 

we can prove tha.t there is a unique probab:l.lity P {A} defi.ned for A E. ë 
"'-

which satisfies Cl 15). Let us choose this probability as P in the 

probability space (~,B,P) . 
N'-

Let us define a fam.i.ly of random variables {~(u) , 0 ~ u < t} in 

the following wey: 

(116) ~(u) = ~(u ~ w) ~ f(u) 

for O -~ u 5_ t w:henever w == f(u) e: n = C[O, t] • In thi.s case {ç;(u) , 
1 

0 ~ ~ ~ t } is a Brownian motion process for which the sample func tions 
- 1 -

j 

are C(')ntinuous functions of u for ever'-J w r. n • 

In the space C[O., t] let us define the norm of a funetj_on f(u) 

co < u < t) by 

(117) Il f Il == sup 1 f(u2 I • 
O~u,;,t 

We define the distance bet.ween two functions f(u) (0 .::._ u .::._ t) and g(u) 

( 0 .:S.. u ,;;, t) by 

(118) d(f,g) = llf-gll = sup jf(u)-g(u) 1 • 
O<u<t == 

With this distance fu.riction the space C[O,t] becanes a metric space and 

we can define open sets, closed sets, compact sets, separability, completeness 

and so on in the same wa:y as ü1 Euclidean spa.ces. 

A functional Q on C[O,t] is a mapping, that is, a function,from 
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C[O, t] to the set of real or complex numbers. The value of Q for 

f e: C[O, t] will be denoted by Q(f) • The functional Q is said to 

be bounded if there exists a real constant M 2'._ 0 such that IQ(f) 1 ..::_ M 

f or all f' ~ e: C[O, t] . Tne functional Q is said to be continuous at 

f e: C[O, t] if for every .: > 0 there exists a ê > 0 such that 

(119} !Q(f) - Q(g) 1 < e: 

whenever Il f-g Il < o • 

Now we can forrnulate Donsker' s theorem in the following way: 

1 

ITheorem 7. Let (n,B,P) the Wiener probability space defi.ned above ,.,,..,, 
1 
t 

and let ç; = { ç; ( u) , 0 .5. u .5. t} be a Browrü.an motion process defined by ---,...,.,.,__ - - -

(116). * * For each n = 1,2, ••. let t;. = {ç (u) , 0 .5. u .5. t} be tl1e - ""-n n - - ----

stochastic process defined by (112). If Q is a real functj_onal on C[O, t] 

and if Q is almost everywhere continuous on C[O, t] with respect to 

the probability P , then 
Nv- --

(120) * lim P{Q(t;. ) .5. x} = P{Q(~) .5. x} """ r..n ·- ,..,.._ ,,,.._ -n + oo 

in every continuity point of the limiting distribution function. 

Proof. For any A e: B let us define 

(121) 

that is, µ (A) 
n 

to A , and 

* µ (A) = P{[ e: A} , 
n ,.._ "-î1 

* * is the probability that t; = {t,n(u) , 0 < u ~ t} belongs 
~n 
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(122) µ(A) = P{( e: A} 
""-,.... 

that :i.s, µ (A) is the probability that E;. = { E;. ( u) , 0 < u ;;= t} be Jongs 

to A • Probabil:i.ty (121) is determined by the distr:i.bution functi.on of 

the random variables {~k} , and probability (122) is deterrnined by P . 
{V._ 

We sey that the sequence of measures µn (n = 1,2, ••• ) converges 

weakly to the measure µ and write µn ~ µ if 

(123) Hrn ( Q(f)dµ = fQ(f )du 
' n n-+roQ n 

f or ci.11 continuous bounded functionals Q on n • 

1 

We sey that the sequence of measures µn (n = 1, 2, • , . ) is weakly 

ccmpact if every subsequence of { µn} contru11s a wealcly conver,gent sub-

sequence. 

We shall prove the theorem in several steps. First, we sha.11 prove 

that for any e: > 0 

1 
* *- 1 (124) ljm lim sup ,l'.{ sup F,;n(u) - ~(v) 

1 
> d = 0 • 

h -r O n+ co lu-v 1 <h 

Second, we shall show that for ariy e: > 0 there is a compact set K e: B 
c 

such that 

(125) 

for all n = 1,2, •••• 

open sets which covers 

covering of K 
e: 

µ (_K ) > 1 - e: n t:: = 

A set K is said to be compact if every class of' e: 

K e: contains a finlte subclass which is also a 
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Third, we shall show that the sequt:n8e {µn} is weakly f'!ompact. 

F'ourt.b, by ( 113) we conclude that µn ~ µ and this easily :L'Tlplies 

(120). 

In what follows we sr..aJ.l need the .following inequaJity: Let sl' t.:2 , ••• , ~n 

be mutually independent ra'1dom variables for v!hich ... ~{é;k} = 0 and ,,~{E;~} = l • 

Write z;k = ~1+ ~2+ ••• + ~k for k = 1,2, •.• , n. Then 

(126) > d 
P{lr; 1 >-2E} ,.,... n 

for s > 2frï . This follows frcm the following inequality which holds for 

all t:~ > 0 • 

n 

(127) 
!{lz;nl> ~}?__J1t{jr;1l<s, ••• ,jz;k-li~s, l1;kl>s, ir;n-çkl.~-~} = 

n 
= l f_{ ! s 1 l~s,. • ·, 1 z;k_1 l~s, 1 ski >dP{ 1 r; -ç. I~ 3·} · k=l ,.,.. n K - _ 

Since 

(128) 

for k = 1,2, ••• ,n, it follows from (127) that 

for s > O which proves (126). 

Now for each n = 1, 2, • • • and each 11 > 0 let us de fine aj = fnhj :!/n 

* * (J" = 0.1,2, •.• ). If n > 1/h, then a ... , 2- a. _> h. If supl~ (u) - t. ('l1 1

1
>t:. 

J J·1· J ·- - 1 n ·n · 
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whenever lu-vl ~-h, then, obviously, there is a j = 0,1, •.• , [t/h] 

' * * ' ! i; ( u) -· i; ( a.) ! 
n n J 

e: * * e: > 75 or [ç: (v)-ç: (a.)[> -2 where a. < u < a.+~ ,_ n nJ J= =,J.) such that 

and aj -~ v 5:- aj+
3 

• Tnus by (126) it follows that 

(130) 

. t * k t P{ 1 ç: *c [ 4nhJ) 1 > t} 
:;,, 2(1+ -1 )P { sup l F, (~) 1 > ~} ~ 2(1+ h)"'" n ~h----

1:""' O<k<4nh n n c.. J __ O'"+J 
= - 2 

1;; 

for n > l/h and e: > 8 vh . lf n -t· 00 , then by ( 75) the extreme right 
1 

member in (130) tends to 

(131). 

Since 

(132) 

4(1+ *) 
1- 64h 

2 E: 

00 2 
1 J -x /2 e d.x 

/2TI E:/8vh 

therefore (131) tends to 0 as h + 0 • This proves (124). 

F'rom (124) we can conclude that 

(133) 1 
* *, ' lim sup p { sup i; (u) i;n\v)! > E} = 0 

h + 0 lsi< 00 ""'- [u-vl <h n 

f or all e: > O • Fór we have 

* * llin max P{ sup li; (u) - i; (v)I > s}= 0 
h -t· 0 J~n~N ,,,_ 1u-v1 <h n n 

(134) 

for any e: > 0 and N = 1,2, •••. On the ether hand by (124) 
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(135) sup P 
N<n<.;-

sup l~*(u) - çn*(v)I > e::} 
' n u-vi~h 

is arbitrar-J.ly close to 0 if N j_s suff::i.ciently large:; and h > 0 is 

sufficiently small. This proves (133). 

We ca.~ prove (125) by (133). For each e:: > 0 and r = 1,2, ••• let 

us ehoose an hr > 0 such that 

(136) 

Let µs def:ine a sequence of closed sets F
0

, F1, F2, ••• in B ln the 

' 
follow-i~ng way: F = {f:f(O) = 0} and 

0 

(137) 

and let 

(138) 

F = {f 
r 

sup if(u) - f(v) 1 < ~} 
lu-vl~hr 

K = (\ F • 
e:: r--0 r 

If fe::K , then fe::F for all r = 0,1, .•• , and therefore f(O) = 0 
e:: r 

and 

(139) sup sup 1 f(u) - f(v) 1 ·? 0 as h -+ O • 
fe:Ke: lu-v l~h 

Furthermore, 11f11 = sup 1 f ( u) 1 < M < 00 for all fe:K • rr'his last statement 
Ü~J,l<t E 

follows from the inequ.a1ity 

(140) 

which hol.cts for all m = 1,2, •••• If fdC and m > l/h • then bv (1~!0) 
e:: r . " 
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AccordL"!gly, K is closed and K i.s a fanüly of illliformly bounded 
E E 

and eauic·::mtinuous f'unctions on C[O,t] • 
\ 

Th'J.S by a theorern of C. Arzela 

(see A. N. KoJm~F~ and S. V. Fomin [102p. 54)) KE is compact. 

Since 

(141) 

·µ (F ) = l n· o for n = 1)2, ••• , and 

µ (F ) > 1 - ~ 
n r 

2
r 

for r = 1,2, ••• and n:::: 1,2, ••. , it follows that 

()Q 00 

(142) µ (K ) > 1 - \ [ 1-µ (F ) ] .'.':.. 1 - \' ~ = 1 -- E 
n r: -· ~O n r - ~1 2r 

for all n = 1,2,... . This completes the proof of the second statement. 

The third statement follows from a general theorem of Yu. V. Prochcrov 

[ 7 56 ] (see Theorem 3. 2 in the Appendix). According. to this theorem 

the conditions µn(~) = 1 and (125) imply that {µn} is weakly compact. 

If we assume that (113) is satisfied, then the weak compactness of 

{µn} in1plies that {µn}-=9 µ. Now we are going to prove this statement. 

For ariy set A E B denote by A(i) the interior of A and by A(c) 

the closure of A, that is, A(i) contains the interior points of A and 

A (c) contai..1'1S the limit points and isolated points of A • 

By the third statement, eve'ry infi.ri.l.te sUbsequence of { µn} contains 

a weakly convergent subsequence That is there exists a measure "0" 



VI-253 

such that µ ~ µ as k ~ 00 • We shall show that 
nk 

µ = µ f or every 

weakly convergent sequence L1 } • Hence it follows tha.t the whole 
nk 

seque11ce { µn} is weakly convergent and µ ---1· µ as n + ro • 
n 

If µ~ ~ iJ then for every A e: B and for every e: > 0 we can find 

a continuous nonr1egative functional Q for which Q(f) = 1 whenever 

f e: A(c) and 

(143) 

Hence we have 

Ïi(A(c)) Z.. fQ(f)dÏÏ - e:. 
n 

(144) iï(A(c)) > fQ(f)diï - e: = lirn fQ(f)dµ - e: .:_ lim sup µ (A) - s 
n l{ -rco n ~c k -> ro ~ 

for ar1y i:: > O • This :implies that 

(145) lirn sup µn (A) ~ÏÏ(A(c)) 
k + 00 k 

for an,y A e: B • By (145) we can conclude that 

(146) 

holds for every A e: B .If we replace A by n - A in (145), then we obtaln 

the first half of (146). The second half is precisely (145). 

Now denote by M the class of sets A t: B for which 

holds, that is, 
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Since for any sequence of sets {Ar} we have 

(149) 
00 ( ) 00 ( \ 00 ( ' 00 • ) 

( '("' A ) c = \ A c 1 and ( ~ A ' j_ 1 \ At i ' 
l r l r l, -r>J C l r r=l .. r=l r=l - r=l .. 

and 

(150) 
00 ('- <.o () 

( IT A ) '-c i C. IT A c and 
r=l r r=l r 

it follows frcm (148) that if Ar E B and {Ar} is a monotone sequence~ 

then lim Art: M • Con..sequently, M is a monotone class. 
r -+ oo 

iLe•· A i v be the minimal algebra w>iich contains the sets 

1 

(151) A(u1, ~, •• , ~c; S) = {f:(f(u1 ), f(~), ••• ,f(L\c)) e S and fe C[O,t]} 

for all u e [O, t] and Borel sets S in the k-d:imensional Euclidear~ space 

where k = 1,2, .... 

(152) 

Furtti.ennore , let 

If A e A then by (113) it fellows that 
0 

(153) lim µn(A) = µ(A) 
n -+ "" 

and B can be characterized as the minimal o·-algebra which contains A 
0 

By (146) it follows that 

(154) 
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We can easily see that A is an algebra which is not empty. 
0 

Further-

more, A C: M • Thus M is a cr-algebra. 
0 

( See Theo rem 1.1 in the Appendix). 

By definition M C:B Since B is the min-irnal cr-algeb_ra which contains A 
0 ' 

lt follows that necessarily M = B • 

Thus we proved that 

(155) 

holà.s f or all A e B • 

!Let 

Obviously 8
0 

is an algebra and it is easy to see that the minimal er-algebra 

which contains B is B • Since by (155) il(A) = µ(A) if A E B , it 
0 0 

follows by Carath~odory's extension theorem (Theorern 1.2 in the Apper...di:x) 

that 

(157) ÏÏ(A) = µ(A) 

for all A t: 13 • Since µ does not depend on the particular sequence 

{µ~} , consequently µn~ µ also holds. 

(i' (c) If A e B and µ (A ') = µ (A ) , 'chen we say that A is a continuity 

set of µ • By (146) and (157) we can conclude that if {µn} is weakly 

ccmpact, then 

(158) 11.~ µn(A) = µ(A) 
n -+ "° 

for every continuity set A EB of µ • 
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F:inally, it remains to prove that if Q is a functional on C[O,t] 

if Q is measurable w5.th respect to B and if Q is almost eve:rywhere 

continuous wlth respect to the measure µ, then 

(159) * P{Q(~ ) ~ x}=:> P{Q( 0 ~~ x} ,,,...,...., N<on - /'.,.,..._.. fVt,. ... --

as n+co. 

Let us denote by D the set of discontinuity pojnts of Q . By 

assumption µ{D) = O • 

For every real x let 

(160) 

and 

(161) 

that is, Gx 

(162) 

Therefore 

(163) 

~ = {f Q(f) < x} = 

is the bound.ary of Ex • For x < y we have 

f E: G f\ G :i.mplies that x y 

lim inf Q(g) ~ x and lim sup Q(g) ?_ y , 
g+f - g+f 

that is Gx(\G~7CD • Consequently µ(Gxf\GY) = 0 for x < y • 

follows that for an arbitrary sequence of d.isti.nct real numbers 

have 

(164) µ( l Gx ) = l µ(Gx ) • 
r r r r 

Hence it 

{x } we 
r 
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By (164) vïe can conclude tt.at the se~ of rea1 numbers x for which µ(G) > 0 

is at most countable. Thus Ex is a continuity set of µ for every x 

except possibly for countably rnany x values. 'Ihat is lirn µ (E ) = µ (E ) n x x n -~ co 

or 

(165) . * . 
lim P{Q(~ ) -~ x} = P{Q(t;) ~ x} 

µ.. n- ,.. .... r-.-n -~ (lQ ,,. 

for every x e.xcept possibly for countably rnany x values. TW.s completes 

the proof' of the theorern. For the above proof of this theorem we ref'er to 

I. I. Gikh.rnan and A. V. Skorokhod [735 ] . Furthermore, we refer to M. D. 

·Donsker [728 ] , YU. V. Prochorov [ 7 56 ] , A. V. Skorookhod [767 ] , 

P. fü.llingsley [712] and K. H. Parn1asarathy [ 755]. 

Now let us demonstrate how we can use Theorem 7 in proving the particular· 

results mentioned earlier. 

(166) 

If we suppose that 

Q(f) = sup f(u) , 
O<u<t 

then Q is a continuous functional on C[O,t] because 

(167) jQ(f) - Q(g) 1 .<i sup 1 f(u) - g(u) 1 = Il f-gll 
O<u<t == 

and so 1 Q( f) - Q(g) I -+ 0 as Il f-gll -+ 0 ·• Now by Theorem 7 it fellows 

that 

(168) . * P{ sup s (u) ~ x} .-=;:> P{ sup s (u) .::.. x} , 
N'- O<u<t n - IW O<u<t 

== == 

Since 
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(169) sup t;n(u) < 

O<u<t 
< sup ~(u) 

O<u<t . 
== == 

for every n and '1tit+-l1f{ri::,0 as n -~ ""' , it follows that 

(170) 

This proves tb.at in Theorem 6 the limiting distribution exists and is 

independent of the distribution of t;k • By perfo:rming the calculations 

for any particular sequence { t;k} we can determine the limiting distri.bution. 

The result (108) can be proved in a s~illlilar way. If we define 

(171) Q(f) = sup !f'(u) ! , 
O<u<t == 

then Q is a continuous functional on C[O,t] because 

(172) !Q(f) - Q(g) 1 5- sup jf(u) - g(u) 1 = llf-gll 
O.::_u~t 

and so IQ(f) - Q(g) 1 -+ 0 as llf-gjj _,. O Now by Theorem 7 it follows that 

(173) * P{ sup 1 t; (u) 1 -~ x} } P{ sup 1t;(u)1 _< x} ""' n 11-
0~}J.<t 0~;,1<t 

and this implies that 

(174) [{ sup jç:n(u) I ~ x}=}P{ supjt;(u) 1 ~ x} 
O<u<t ,.._ O<u<t == == 

also holds. This proves that the J.imiting distribution (108) exists and is 

independent of the distribution of t;k • The lïmiting distribution can be 

determined by considering any particular sequence. 

The functionals 
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( 1 71=-) 
.J..' :J 

t r 
Q(f) ~ f !f(u)! du, 

0 

wher-e r = 1,2, ••• , are well defined for• e11ery f i:: C[O,t] &"'ld continum1s 

on C[O,t] Thu..s by 'I'heorem. 7 it follows that the limiting distribution 

(176) 
t * t 

llin,l'{f lç;n(u)lrdu ~ x} = !{f jç;(u)jrdu < x} 
n+oo 0 0 

exists for r = 1,2,... • We can prove 'chat 

(177) 

where r = 1,2, ••• have also the lim:iting distribution (176) as n + 00 
• 

Finally, let us prove (lll). Let Q(f) be the Lebesgue measure of 

the set {u : f(u) > O for 0 ~ u ::_ l} , that is 

(178) 

where 

(179) 

t 
Q(f) = f ê (f(u) )du 

0 

{

l for x > O , 

ó(x) = 
0 for x < 0 • = 

Since o(f(u)) is bounded and Borel-rneasura.ble on the interval [O.st] , 

therefore Q(f) is defined for all f E: C[O,t] • Since 

t 
(180) IQ(f) - Q(g)j .~J jf(u) - g(u)!du < t llf-gjl, 

0 

it follows that Q(f) is a continuous functional on C [ 0, t] . 'fuus by 

Theorem 7 we get 



(181) 
t * t 

limP{ fö(ç; (u))dü~x} = P{ f o(t;;(u))du~x}. 
~ " r1 - A"--n + 00 o o 

We can easily show that if on the left-hand side of (181) we repla.ce the 

integral by 

(182) 
t f ó(fJu))du or 6 ([nt]) 

0 
u n ' 

then the right-hand side remc_uns unchanged. 

Now let lis consider the general case when r,;1, r,;2, •.. , t:n,··· is a. 

sequence of m:utually independent and identically distributed real raYldom 

variables with distribution function P{ç; ~ x} = F(x) • Let z; = ç;
1
+ ç;

2
+ ••• +F, 

~ n - n n 

for n = 1,2, ••• and i;;0 = 0. We are interested in studying the asyrnptotic 

distribution of the random variable 

(183) 

as n+oo. 

Let us introduce the f ollowing notation 

(184) 

and 

(185) 

"" P{z; > 0} 
M = l ~_·_n __ 

n=l n 

M= 
oo P{z; < 0} 
\ ,..,._ n 
l n • 

n=l 

E{ ç; } < 0 , 'chen M < oo and M == 00 • If E{ ç; } exi.sts, E{; } = O and 
IV-. n ,.,_ n ,,,_. n 

P{Ç; ·- 0} < l , then both M = 00 and M == 00 • 'I'his foll.ows f'ron:. Corol:L1ry 
IV'- n 

43.1 • 
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First we shall prove two particular results, and then we shall consider 

the solution of the general problem. 

T'neorem 8. If M < oo , then th8 l:L11iting dlstribution 

(186) lim _!{ ~ ::_ x} = W(x) 
n + co 

exists and it can be obtained either by 'I'hsoren1 43.13 or by 'I'heor·em 43.15. 

Proof. By 'I'heorem 4 3 .12 we ca11 state that n ·9n where TJ is a n 

nonnegative random variable for which P{r1 < 00 } = l . Thus 1-t follows that 

W(x) = P{n ~x} . ,.,,,,,.. -

If M = oo then Pfl:im n = 00 }"" 1 and so it is of some interest to 
' ""--c n 

n +"" 
find the asyrrptotic cli.stribut:i.on of nn as n + "" • 

Theorem 9. If M < 00 , and if there aroe consta..11ts A and B > 0 
n n 

such that 

(187) 

B + oo 
n and 

z;; - A 
limJ'{ _nB n ~ x} = R(x) 

n + 00 n 

in every contlnuity point of the distribution function R(x) , ther.. 

(188) 
n - A 

lim P{. __!:!____.!.!. < x} = Rfx) ,..... B = . ' 
n + 00 n 

also holds in everv continuity point of R(x) • Conversely, M < "" and 

(188) imply (187). 

Proof. Let 

(189) n = max(-z;;o, -z;;l, ••• , -z;; ) • n n 
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If we apply Theorem 8 to the random variables -c;1 , --r;,2 , •.• , -t; , ••• , thc:n 
. . n 

M < ~ implies that n ~ i1 where n i.s a nonnegative random va1•iable 
n 

for wlüch P{ri < "'} = 1 • 
""""" 

On the other hand nn == max(r;;0 , r;;l'"., r;;n) has the same distribution 

as 

for n = 1,2, •..• 

If Bn + ~ , then nn/Bn==)> 0 , and consequently we have 

(191) 

where the existence of one of the limits irnplies the existenceof the other 

limit, and the two limiting distributions are equal in every continuity 

point. 

The above method in the proof has previously been used by the author 

[76 3 ] , [ 764 ] in the context of queuing theory. See also C. C. Heyde 

[737 ]. 

By the results of Section 41! we.know that if (187) exists then R(x) 

_is necessa.rily a stable distribution function (possibly degenerate). In 

Section 44 we gave necessary and sufficient conditions for J.i'(x) to belong 

.to the dana;in of attraction of a nondegenerate stable-distribution function 

R(x) • 
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It rem.ins to consider the case when both M = 00 and M :.: "'' In 

particular, if E{E; } exists, then M = co and M = 00 if and only if 
f'v'- n 

E{ç; } = 0 and P{~ = 0} < 1 • 
Nv n ' ,,-... n 

In what follows T#e shall prove a general theorem which covers the 

case M ,,. M = 00 apart from a single particula.r case, and which also contains 

sorne of the resu1ts given in Theorern 9. 

In Section 41-t we proved that if F(x) belongs to the domain of 

attraction of' a nondegenerate stable distribution function R(x) , and only 

in this case, there exist constant An and Bn > 0 such that 

and 

lim B = oo 
n n + oo 

(192) 
z;rt""' An 

lim~{ B < x} = R(x) . 
n + ro n 

In the following discussion we consider only such cases in which A = O n 

(n = 1,2, ••• ) can be chosen. Let us suppose that R(x) is of type 

S(a.,s,c,O) where O < et ~ 2, -1 ~ B < 1 and c > O • If 1 < et 2- 2 , then 

exists, and the cases E{ç } > 0 and E{~ } < O are covered by ,.,,_ n ,,_ n 

Theorem 1 and Theorsn 2. If 1 < a. < 2 and E{ç } == 0 , then we can choose ,,,__ n 

~ = 0 • If 0 < et < l , then we can always choose An = 0 • If a. = l , 

then we can choose An = 0 only in the case when S = 0 • Thus we shall 

exclude the case et = 1 , f3 f. O • 

Accordingly, if we assume that ,.,~{çn} = 0 in the case when 1 < a ~ 2 , 

and that B = 0 in the case when a. = 1 , then (192) can be reduced to 

(193) 
z;n 

lim~{ B ~ x} = R(x) • 
n + 00 n 
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In (193) we may assume withrn.:.t loss of" generaltty that {Bn} is a non

decreasing sequence of positj_ve numbers for wh.i.ch lim Bn = 00 and that 

'194' \«.- ) 
l/o: Bn = n p(n) 

n -+ co 

where p(x) (0 < x < co.) satisfies the following relation 

(195) 

f or every_ w > 0 . 

lirn p(wx)_ = l 
x -+ 00 --p(X) 

(See Problem 46 .12 • ) 

In the particular case where ~{ ç;n} = Ö and ,2U;~} -- 1 by Theorem 6 

w:e have 

{ 2<(x) - 1 for x > 0 , 
(196) lim P{ T\i < x} = 

n+;;· lrï= 0 i'or x < 0 , 

where ~(x) is the nonnal distribution fünction. This result was found 

Il 
in 1946 by P. Erdos and M. Kac [ 730 ] . The following theorem is an extension 

of Theorem 6 and the proof follows on the same lines as in Theorern 6. (See 

also C. C. Heyde [ 738 ].) 

Theorem 10. Let i;1, i;
2

, ••• , ç;n,··· be mutual.1.Y independent and 

identicall~ distributed random variables for which !{ ç;k < x} = F(x) • Let 

z;n = ç;1+ i; 2+ ••• + ç;n for n = 1,2, .•. and_ ?;
0 

== O. If 

z; 
lim P{ _Q < .x} = R(x) 

,..,~ B = . 
n -+ 00 n 

(197) 

exlsts where R (x) is a nondegenerate stable distribution function anà llm ~\t" ''" , 
n ·+ "" 

then 

( 198) 
n 

lim P{ nn -~ x} = H(x) 
.....-. D ·-

D -+ 00 n 

also e:x:isb3 and the distribution function H(x) dqes mt depeg:l on F(x). 
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Proof. Let 

(199) H (x) = P{max(z:;0, z:;J, ••• , ç ) < B x} 
n "~ . n = n 

for n = 0)1,2, ••• and 

(200) r ) < B x} "'I'\c = n 

for n == 0,1,2, ••• a.'1.d k = 1,2~ ••• where 

(201) 

for j = 0,1, ••• , k . 

First we shall prove that for every ~ > 0 there exists a posltive 

constant C such that 

(202) 

holds for all n ~ 0,1, ••• , k = 1,2, ••• and x • 

Let us denote by v the srnallest subscript r = 0,1,2, ••• for which 

r > B x • If there is no such r , then v = 00 • Then we can write that "r n 

f or any e: > O 

(203) 
k 

Hnk(x-e:) < H (x)+ I 
n i=O 

l P{v=r and 
ni <r<n:i.+ l 

If --n. < r < ri.+1 , then we have 
1-= l -

Gn. < Bn (x-e:) for O.sj <k} • 
J 
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P{ v 
"'" 

< P{v 
IV" 

(204) 

= P{v 
,...... 

< P{v = 

= r and z; < 
[' = , . 

J 

= r and z;; 
ni+l 

= r }P{z;; - z;;r ,.,..... ni+l 

- r} max P{t; ,.... s 
n 

l<s< k 

B (x--E) 
n 

- z;;r > 

> B n d 

> B d. 
n 

f or 0 < i < k} < 
:=t.i = 

Bd n = 

< 

For if .v = r and ni < r < ni+l , then z;; > B x and z;; ~B (x-s) , 
r n ni+l -- n 

and the events {v=r} and > B E} are i.ndependent. Now we 
n 

shall prove that for any t. > 0 there exists a sufficiently large positive 

constant C such that 

(205) max P{z;; 
NV' s 

~< n 
-=k 

>Bd<_Q_ 
Il kEQ. 

holds for all n = 0,1, ••• and k = 1,2,, ••• 

Since 

(206) 

for a.n,y 

(207) 

lli1 max P{t; > B d = 0 
n -+ ooO<s<N "'"' s n 

== 

N = 1~2, ••• , and since 

z;;s 
> B E}< ffi:'lX P{ ~ > 

n = "'"' B n s 
N<s< -:-= = K 

B €: 
Sl{ 
~} < 

s 

z;;s BskE 1/ 
< sup P{ - > --} -+ 1 - R(ek a) == ~ B B 

N<s<00 S S = 

as N -+ 00 , it follows that 

(208) lj.m sup max P{z;; > B t.} < 1 - R(Ekl/a) 
n -+ "" n,.__ s n 

Ü<S< k 
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for all E > 0 and k = 1,2, .•.. On the other hand R(x) belongs to 

the dornair1 of attraction of it.self, and therefore by (44. 250) 

(209) lim k[l-H(à:l/a)J 
k -+ 00 

= --
a. s 

holds f or 0 < a. < 2 and f or every s > 0 where 0 < c 
2 

_::. c • ( .See also 

(42.201) .) If R(x) = ~(x) , that is, a. = 2 , then (209) trivially holds 

with c2 = 0 • By (208) and (209) it follows that for ever-vy c > 0 there 

is a sufficiently large positive constant C so that (205) is satisfied 

for all n = 0,1,2, ••• and k = 1,2, •••• 

By (203), (204) and (205) we obtain the first inequality in (202). 

The second inequality in (202) is obvious. 

* Now let us suppose that Çn,··· is a sequence of mutually 

independent and identically distributed randon1 variables for which 

. * * * * * !H;n á x} = R(x) is given by (197). Let z;;n = t;1+ i;2+ .•• + i;n for 

* n = 1,2, ••. and z;;0 = o . If 

(210) 

for k = 0,1,2, ••• , then we have 

(211) * l/a Jim l\uc(x) = !{ nk < k x} • 
n ->- ex. 

B'or the random variables z;; - z;; (.j = 1,2, .•. ,k) are independent 
nj nj-l 

and by (193), (194) and (195) we have 

(212) 

z;; - z;; l 
nJ. nJ. 1 * * . a 
-k B- á x} = P{z;;J. - ~i-1 á K x} 

n ,,,,.._ u 
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for j = 1,2, ••• , k. Hence it follows that 

(213) 

holds for all x
1

, x2 , ••• , xk • This implies (211). 

If we let n-+ oo in (202), then by (211) we get 

1 

(214) . * ä c ) ÁP{nk < k (x-t:)} - - < lim inf H (x 
,~ a = n ke: n -+ 00 

< lim sup Hn ( x) .:'.:.. 
n ~·"" 

l 
* -

< P{nk ~k 0 x} • 
,.._ -

1 

!Finally, we sha11 show that 

1 

(215) * cz lirn R{ nk < k x} = H(x) 
k -+ 00 

exist. If in (214) we let k-+ 00 and e: -+ O , then we obtain that 

lim H (x) = H(x) 
n -+ co n 

in every cont:inuity point of H(x) • Since H(x) is the same for every 

F(x} which belongs to the danain of attraction of H(x) , consequently 

(198) holds. 

* To prove (215) let us assume that t;k = ç:(k) - ç:(k-1) for k"" 1,2, .•. 

where {~(u) ' 0 < u < 00 ) is a stochastic process which is homogeneous 

and has independent increments, and for whl.ch 
], 

(216) P{~(u) ~ ua x} ~ R(x) 
('.,.. -

where R(x) is given by (197). Such a process e::dsts and we sl1all call 

j.t a stab1e process. 
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* By using the above interpretation of {i;k} we can write that 

1 

(217) * 0: . . J/a P { nk < k x} ""' ! { rnax i; (J ) ~ k - x} 
f'I'-" O<i <k =--= 

= P{ max ~(~) < x}. 
,,-.0<1"<1- . 

~=K 

If we assume that the process {i;(u) , 0 ,;;. u < 00 } is separable, which can 

be done wlthout loss of generality, then letting k ~ 00 in (217) we obtain 

that 

c 218) 

that.is, 

1 
1 

(219~ H(x) = P{ sup i;(u) ~ x} • 
""- Ü<U<l 

== 

To provide a complete solution of the problem we need to deterrnine 

H(x) in the case when R(x) is a stable clLstribution function of type 

S(a.,s,c,O) where O < o. < 2 , -1 < f3 < 1 and c > 0 • In the above 

discussion the case a = 1 , f3 ~ 0 has been excluded. 

First let us consider some particular cases. If a. = 2 , thcn S is 

:llrmaterial and for c = J/2we have 

(220) ~
<P(x) 

H(x) = 

0 

- 1 when x _: 0 , 

when x < 0 • 

If O < a < 1 and S = 1 , then R(O) = 0 , and consequently M = O • 

In this case by Theorem 9 we obtain that 

(221) H(x) = R(x) • 
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If 0 < a < 1 and 8 == -1 , then R(O) = 1 , and consequently M = 0 . 

In this case by Theor·em 8 we obtair1 that 

H(x) = c for x ,;,, O , 

(222) 

f or x < 0 • 

If' 1 < a < 2 and 8 = -1 , then we have 

(l _ 1-R(x) 

J 1-R(O) 
f or x > 0 , 

(223) H(x) =l 0 for x < 0 

wtierer by (42.192) 
' 1 

1 

(224) R(O) = a-1 • 
CL 

This follows frorn a result of A. V. Skorokhod [761 p. 157]. Skorokhod 

proved that if 1 < a. < 2 and 8 = -1 , then 

(225) ( ) _.J_{~(t) > x} 
P{ sup ~ u :::> x} - P{~(l) > O} 

,.,,.... O<u<t ,.._ 
== 

for· x > 0 and t > O • (See formula. (56.38).) Putting t = l J.n 

(225) we get (223). 

In 1956 D. A. Darli.ng [ 726 ] proved that if a = l S = C ca1d c = l , 

that is, if 

(226) l 1 
R( x) = 2 + 7rr" are tan x , 

· then 

"" OJ 

( 227) J x 8
dH(x) = SinTIS J xsdG(x) 

îfS 
0 0 

for - ~ < Re(s) < 1 where 
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(228) G(x) 
"" log(l + Y..) 

f 1! - x d} =- exp t - -- --·--- y • 
7T 0 1 + y 2 

By (227) we have 

(229) 
dH(x) = G(xe 7Ti) - G(xê'"'i) 

dx 27fix 

for x > 0 where the definition of G(s) is extended by analytical 

continuation to the complex plane cut along the negati ve real axis f'rorr. 

the orig:ln to- infinity. By (229) it fellows that 

x 
1 J log Y.. dy 

- 1T 0 l+y2 

(230) 

f or x > O • 

It is easy to extend the above result of Darling to the case where 

R(x) is a stable distribution function of type S(a,8,c,O) where either 

0 < a < 1 , -1 < S < 1 , c > 0 or 1 < a < 2 , -1 < S ~ 1 , c > 0 . See 

C. C. Heyde [738 J and the author [ 765] . 

Theorem ll. L. ••• , s , . . . be rnutually independent and 
t:!: n ··-----~-

i.dentjcally distributed randan varia.bles having a stable distribution 

..function R(x) of type S(a ,S ,c ,O) where either,: 0 < a < 1 , -1 < s < l , 

c > o or 1 <. a. < 2 , -1 ~ 8 ~ 1 , c > 0 • Write h = s 1 + s 2 + •.. + t; n 

..!.QI'. n = 1~2, ••• , z;; 0 = O and nn = rnax(z;;
0

, z;;l' ••• , z;n) • Then we have 

(231) 

~~ H(x) = 0 for x .2. 0 and 
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[ 

1s/a 

00 co: ~1 
f x

8
dH(x) = --

o r(l-s)r(l+ ~) 
a 

00 

J x
8
dG(x) 

0 

for· !Re(s) 1 < a where a is a sufficiently small positive number, 

furthennore 

a 

(233) 

r.!. log(l + L) cos , 00 a 
G(x) = ex:r;) { - 2a f x dy} 

'IT yn 2 ' 
o l-2y sin 2a + y 

f or x > 0 and 

(234) 2 ( a'!T) y = - are tan S tan -
'IT 2 

with -1 < y < 1 . 

Proof. In this case we have 

(235) 
00 -c 1 s 1 a {1+13 h tan a~} 

~(s) = J e-sxdR(x) = e 18 1 L 

f01~ Re(s) = 0 • It is sufficient to prove (232) fur some particula.r 

c > 0 , because the general case can be obtained frora any particular case 

by a s:imple transformation. It will be convenient to assume in the proof 

that 

( 236) ·- - Y1T 
c = cos -

2 

where y is defined by (23L1). In this case by (235) we have 
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for y ?_ O , 

(237) ijJ(iy) 

f or y .:._ 0 • 

Now by 1rheorem 14. 3 we can write that 

°" -sn. 
(238) l E{e l)pn = e-,:EUog[l-pijJ(s)l} 

n=O,.,._ 

for Re(s) ~ O and !PI < 1. Let 

(239) K(s) = T{log[l-p$(s)]} • 
M... 

By Thearem 5.1 we have 

K(s) = log(l-p) + lirn _.ê_ ... f""log[l-ptjJ(~fil d 
2 -

0 
21Ti l ... v(s-iY} Y 

e: -+ t:: 

(240) 
_ J00

~og[l-op(-i~)] d ] 
y(s+iy) Y 

E 

for Re(s) > 0 and 1p1 < 1 • If we make the substitu.tion 
iy1T 

y = e 
- !r:!.1".. 

2o. 

in the first integral and y = e 2a sz in the second integral, thr·:m we 

obtain that for Re(s) > O 

K(s) 

(241) 

Cl Cl. 

( -s z ) 
::: ~-og(l-p) + llm -~ J log !_-pe . dz -

2 E -+ 0 21Tl L (() - }J1T 
1 (1 . ~Cl.) Z -lZ e _ 

Ct Cl. 
-·S Z) J log(l-pe . dz] 

L (e:) lY1T 
2 z(l+iz e 2

0. ) 

sz 



where L1(e:) = {z : 

j_yîî 
- 2a. = e y/s and 

iyn 
2-a-z = e y/s 

E. ~y < ro 1-, . 

and e: ~ y < 00 } and L.., ( !::) = { z : z = -- ,;. 

Denote b~r cl (e:) the path wr1ich varies 
. iy1T 

2a. 
frorn z = e F.;/S to z = s/ Is 1 alor.g the are lz j = si Is 1 and from 

z = e:/lsl to ""along the real axis. Denote by c
2

(e:) the path which 
iyn 

- 2a 
z = e:/s to z = e:/lsl along the are lzl = e:/lsl varieR trom and 

fran z == E/ 1 s 1 to 00 along the real axis. If we replace L
1 

( e:) by c
1 

( s) 

in the first integral and L2(e:) by c2(e:) in the second integral, then 

by, Cauchy' s integral theorem both integr•als rernain unchangeà. If e: ~ 0 

the difference of the two inte,grals taken along the arcs tends to 1Ti y [log( 1-p Ya . 
and thus (241) reduces to 

K(s) 
Ct Ct 

cc ( -s x ) = cl + -1...)log(l-p)+ ~ r [log 1-pe . 
2 2a. 21Tl 6 _ l Y'IT 

(1 . 2a , x -ixe ; 
a. a. 

(242) 
( -s x) _ log 1-p~ ]dx = 

l yn ·· 

x(l+ixe2'ä) 

yn a a cos ~ ~ -s x 
+ __ 2a. J log(l-Pe ) dx 

n yn 2 
O l-2x sin 2a. + x 

By· (238) we have 

(243) 
00 -s(l-p)l/an r() K/( )l/a.) 

(l-p) l E{e n}pn = eh. 0 - \ 1-p s 
n:.::Q '"'"' 

for Re(s) ~ 0 and 1p1 < 1 , being K(O) = Jog(l-p) • 
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(21~4) 

Since 

l:im [K((l-p)l/as) - K(O)] 
p ·+ 1 

cos 1!. oo -(l-p) saxa 
= lim __ 2a f log(l-p e . . . )-log(l:E.)_ dx 

p + 1 1T 0 1-2.x sin Y
2

TI + x2 
_a 

= 
eos Yîr 00 a a 
__ 2_o. f _ _lc2g_(l+s ~-)- dx 

'IT 0 1-2 . Y1î + 2 _x sm 2a x 

for Re(s) > 0 , we can write that 

(245)1 
1 

! 
i 

l/a 
ro -s(l-p) n ' 

lim (1-o) l }2_{e n}pn = e-L(s, 
p + 1 n=O · 

f'or Re(s) > O where = 

(246) L(s) 

Here we extended the definition of L(s) for Re(s) > 0 by continuity. 

The above result can also be interpreted in the following way. Let 

us define a farnily of .random variables {\!(p) , 0 < p < l} in such a way 

that { \> (p)} is independent of the sequence of! random variables { t;n} and 

(247) P{v(p) = n} = (l~p)p 11 

"""' 

for n = 0,1, ••• and 0 < p < 1 • Then by (245) we can write that 

-s[(l-p)v(p)]l/a nv(pi/a 
[v(p)] -L(s1 

== lim E{ e - } "" e / (248) 
(1 ) l/a 

-s -P n , ) 
Li.m E{e \>\.P.} 

p ·+ l""" 

for Re(s) > O • Since 
= 
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(249) 
e -x 

f or x.?::.. 0 

~ 
, 

lirn P{ (1-p )\> (p) _:::_ x} = -p -+ 1 .f'or x < 0 
' 

and 

( 250) 

therefore by (21-18) we have 

(251) 

Let us d.efine 

(252) 
00 l/ct 

I(s) = j e-u-u /s du 
0 

for Re(s) > O • = 
Then by (251) we have 

(253) 
00 

J I( l)dH(, = e-L(s) 
0 sy YJ 

for Re(s) > O • 

We observe that for O ~ x < co the function I(x) is a. distribution 

function of a posi ti ve random va.r:lable. Consequent:ly, for 0 ~ x < ,,., 

00 

G(x) = b I(~)dH(y) 

ca11 be interpreted as the àistribution function of the product of tv.ro 

independent positive random variables having füstribution functions I(x) 
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and. H(x) respectively. On the othe!' hand ty (253) we have 

(255) 

for x,;;, 0 • 

L(l) G(x) = e- x 

B':i.nally the urümown H(x) can be obta:ined from (254) by Mellin-Stieltjes 

transforrn. S:tnce 

(256) 
OC> 

J xsdI(x) = r(l-s)r(l+ ~) 
a 

0 

for -o. < Re (s) < 1 , we obtain that 

(257) 
OC> 

J xsdH(x) = 
0 

OJ 

l s J xsdG(x) 
r ( 1-s) r ( 1 + -) o 

a 

if s satisfies the inequalities -a < Re(s) < 1 and -cr < Re(s) < a where 

CT is a sufficiently small positive number. This proves (232) in t.he 

particular case where c is given by (236). For an arbitrary c > 0 the 

right-hand side of (257) should be multipl.ied by [c/cos(y1T/2a)]8 /o: • Thus 

we obtain (232). Prom (232) H(x) can be obtained by :tnversion by uslng 

formulas (41.64) or (41.65). 

We note that 'Iheoren 11 is also vaJj.d in the case where a. = 1 , s = O 

and c > 0 • This can easily be seen if assume that y = 0 in the proof'. 

Thus Theorem 11 proves (227) and (228) too. 

'lbeorem 11 yields the distribution H(x) defined by (219) which is 

identical with the limiting distribution (198). 

We note that if {~(u) , 0 < u < 00 } is a separable stable prccess 

for which 
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(258) P{ ç; (u) _s_ u11a.x} == R(x) ,,.,_ 

for u > O where R(x) is a stable distribution function of type S(a.,S,c,O) 

where O < a. < 1 < a. < 2 , -1 2_ S < 1 and c > O or a. = 1 , S ::::: O , c > O , 

and if we de fine n. ( t) = sup ç; ( u) for t > 0 , then 
O~u~t 

(259) P{n(t) < x} = H( l/x ) 
",,,..., t a. 

f or t > O . 

If in particular c = cos(yTI/2a.) , then by (251) we obtain that 

00 00 00 1/ (l 
(260) J e-t E{e-sn(t)}dt == f(f e-st Y dH(y))e-tdt = e-L(s) 

0 N-- 00 

for Re(s) > 0 where L(s) is given by (21~6). If c > O is arbitra..ry 

and Re(q) > O and Re(s) > 0 , then it fellows from (260) that 

(261) 
00 l/a. 

q 6 e-qt.~{e-s11(t)}dt = exp{-L( c s )} 
.·~- ( YTI)l/a 

q cos 2a. 

where L(s) is gi.ven by (246). Fonnula (261) is obvious for positive real 

q values. For Re(q) > 0 (261) follows by analytical continuation. 

We can also obtain (261) by a result of G. Baxter and M. D. Donsker [ 711]. 

By invërsion (261) dete1mines P{n(t) 5- x} uniquely. 'l'hus we can determine 
~ 

H(x) in this wczy too. 

The problems which we discussed above c.an be generalized in the following 

way: Let ç;1, ~ 2 , ••• , ç;
11

, ••• be mutually independent and identically 

distributed real. random variables. Write l';n = ç;1+ t; 2+ ••• + t;n for n = 1,2, ••• 



VI-279 

and c,;
0 

= o . Let us assurne that 

(262) 
Z";n 

lim P{ -B ~ x} = R(x) 
A~ 

n + 00 n 

where R(x) is a nondegenerate stable distribution f\mction, Bn > 0 for 

n = 1,2, ••• and lL'Tl B = 00 

n 
n + ""· 

De fine 

(263) 

i 

_ !';[nu] 
t;n (u) ·- -B-··· 

n 

1 

for O:< u < 1 and n = 1,2, ••• , and let .;n(l) = r;
11

_ 1/Bn for n = 1,2, .•.• 
1= 

If we ass.ume that { ç; (u) , 0 < u ~ l} is a stable stochastic process 

for which. 

(264) P{ç;(u) .::_ u11ax} = R(x) ,.,._ 

where 0 < u < 1 and 0 < a ~ 2 is the characteristic exponent of R(x) , 

then we can easily see that the finite dimensional distribution functions 

of the process {ç;n(u) , O .::_ u ~ l} converge to the correspond1ng finite 

dimensional dtstributions of the process {.; ( u) , 0 < u < 1} • Since both 

{ç;n(u) , 0 ~ u < l} and {t;(u) , 0 < u ~ l} have independent incrernents, 

it is sufficient to show that 

(265) lim P{ç; (v)-ç; (u) ~ x} = P{t;(v)-ç;(u) ~ x} ""'"n n - ,.._ -
n+oo -

for all 0 < u < v < 1 • This, however, folJows easily fr.an (262) and from 

the relation 
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(266) 
B 

1. [nu] 
JID B 

n -r co [nv] 

l/a 
= (~) 

v 

for 0 < u <v .~-1 • 

Let Q be some real ftmctional defined for ç = {çn(u) , 0 < u < l} ....... n 

and ç = {t;(u) , 0 ~ u ~ l} • The problem arises wha.t conditions should 

we :impose on Q in order that 

(267) lim P{Q(ç_ ) < x} = P{Q(ç) ~ x} 
""' ,.,n "" "'" n + cc 

be satisfied in every continuity point of P{Q(ç) < x} ? 
~ ,.,...._ = 

BY, Theorem 10 arid Theorem 12 we can conclude that i.f Q is the suprer.mm 
1 

functional that is Q(f) = sup f(u) and if {ç(u) , 0 < u < l} is a 
O<u<l 

separable stable process, thert'(267) is satisfied. 

The solution of the general problern was provided j_n 1955 by A. V. Sko2ol<l1Cd 

[759 J,[760 ],[761], [784]. In what follows we shal1 present Skorokhod's 

results. 

Denote by D[O,l] the space of real functions f(u) defined on the 

interval [O,l] for which f(u+O) and f(u-0) exist at every point and 

f(u+o) = f(u) , f( O) = f( +o) and f(l) = f(l-0) • 

Denote by A the set of continuous, increasing, real functions À(u) 

defined on the interval [O,l] for which À(O) = O and À(l) = 1 • 

Let us introduce a metric in the space D[O,l] in the following way: 

If f e. D[O,l] and g t: D[O,l] , then let us define the distance between f 
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and g by 

(268) d(f',g) =~ inf{ ~mp jf(u) -g(À(u))i + sup lu- /..(u)!}. 
AEA O<u<l O<u<l = ::.:: = ==-

We can easily check that d(f ,g) defines a metric on D[O,l] , and the 

space D[0,1] with the rnetric (268) is a separable metric space. 

By definition the sampJ.e functions of the process {ç:n(u) , 0 < u;;;, 1} 

belong to the space D[0,1] • 

If we suppose that {ç:(u) , O ~ u ~ 1} is a separable stable process> 

then we can prove that with probability one the sample functions of the 

process {ç:(u) , 0 ~ u ~ 1} belong to the space D[O,l] • -- - By removing a 

set of S~le functions having probabilit;y~ O from the sample spacc we can 

acb.l.eve that aJ.l the sample functions of the process { q u) , 0 .::_ u < 1} 

belong to D[O,l] • This can be done wtthout loss of generality. 

Let Q be a r-eal functional defined on the space D[O,l] • Write 

Jn = {.;n(u) , 0 ;;;, u < l} and _t = {t;(u) , 0 ~ u ;;;, l} • Skorokhod proved 

that if Q is a real functional defined on D[O,l] and :i.f Q is continuous 

in the metric (268), then 

(269) lim P{Q(; ) -~ x} = P{Q( !;) ~ x} ,,__ . ,_,n - ,.._ -n + oo ,__ 

in every continuity point of PlQ(t;) < x} . This result is based on the 
,._ -

followil1g theorem. 

Theorem 12. Let us suppose that the sample functions of the processes 

{ç:n(u) , 0 < u ~ l} and {ç:(u) , 0 < u ~ l} belang to th~ space D[O,l] 

§!.ld that the f:i.nite dimensional distributions of the process {t.:
11

(u) , 

0 < u :5... l} .converse to the corresponding finite dimeri..sional distribi..:rt:._icT:: 
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öf the process {t;(u) , O ,;;. u ~ l} . For each f E: D[O,l] Jet us define 

Äa(f) - sup {min( lf(t)--f(u) 1, jf(v)-f(u) 1 )} + 
O<u-a<t<u<v<v+a<l 

(270) 

(271) 

= ==== = 

+ sup 1f(u)-f(O)1 + sup 1f(u)-f(l)1 • 
o~~u<a 1-a~u_:;,l 

liin 
a -+ O 

lim sup P{b. (i; ) > d = 0 , 
""' a ..... n n-+ oo 

and if i Q is a real func.:tional defined on D[O,l] and if Q is continuous 
1 

in theimetric (269), then 

(272) 

fu every continuity point of P{Q(t;) ~ x} • -- -------·· ··- --·~ - ----- . ---·· --------- -- -·- . ,...,.,,. ~ -· 

For the proof of this theorem we ref er to I. I. Gikhman and A. V. 

·skorokhod [735 pp. 469-478]. 

If the process {l;n(u) , 0 ~ u ~ l} is defined by (263) and if U;(u) , 

0 < u < l} is a stable proc2ss for which (264) holds and for which the 
= = 

sample functions belong to D[O,l], then(271) is satisfied arld consequently 

(272) hqld.s for any functional Q which is continuous in the metric (268). 

'Ihis f'ollows fran a more general I'esul t of I. I. Gll<hman and A. V. Skorokhod 

[735 pp. 478-481!]. If we want to find the linüting d.i.stribution P{Q( ç;) ~ x} , 
tv-. ,.,,._, 

-then· it is--sufficient to detennine the limit l:im P{Q(ç; ) ~ x} "" ,,_n 
n -+ "" 

f or any 
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particular process {~n(u) , 0 ~ u ~ l} whtch satisfies the requirements. 

Thus we may assurne that, in particular, the random variables {ç:n} are 

I!D..ltually independent and identically distr:Lbuted and P{ç; ~ :x} = R(x) 
r.... n-

where R(x) is the distribution functlon glven by (262). In this particular 

case the limiting distribution (267) has been found for· several functionals 

Q , and by the above results we can conclude that (267) holds for any sequence 

{ç;n} for which (262) is satisfied. 

Nowwe shall mention a.·rew results àf this nature~ 

1 

111950 M. Kac and H. Pollarq_ [ 742 ] gave a rnethod for finding the 

l:imiting distribution 

(273) 

1n the case when 

- 1 l P{s < x} - -2 + -TI are tan x • ,.,....., n = 

Thus we can obtain (267) for Q(f) = sup 1f(u)1 and R(x) of type S(l,O,l,O) • 
Ü<U<l == 

In 1951 K. L. Chung and M. Kac [724 ],[ 725] considered the case when 

P{ç; ~x} = R(x) is a syrrmetric stable distribution fW1ction of type 
.-.~ n -

S(ct,0,1-,0) where 0 < a ~ 2 • They detemd.ned the asyrnptotic distributio:r...s 

of the followmg randoin variables: vn the nurnber of changes of sign in the 

· sequence z;1, z;; 2, ••• , z;n and µn (a) the number· of su.bscripts k = 1, 2, •• ", n 
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for which j l';kl < a where a. is a positive constant. K. L. Chung and M. Kac 

[724 ],[725] proved that if 1 < a ~, 2 , then 

(275) 
1 . . v 2r (1-· -)x 

lim p {-!:!.__ < a. 
""" 1 = . . 1T 

n -+ 00 1- a 1m sJ..r1 -n a 

. µr.L (a) 
} = llmj'_ {~-1 n -+ co 1- ä n 

. 2ax , _ 
<. ----1 ·-
= . 1T 

asin -
a. 

G 1 (x) 
1- -a. 

where the distribution f'unction G 1(x) is def'ined by (42.178) • In the 
1- ëf 

particular case of a. = 2 the asymptotic distribution of v was fou.Yid in n 

1950 by K. L. Ch~ [722 J,. [723] • 

If a = 1 , then 

1 

\) 

(276) lim P { 
2 

n < x} = 
n ~· oo 2TI-log n 

and 

( 277) 

(278) 

and 

( 279) 

µn (a) .?ax 
lim P{ --- < --- } = ,_ log n = 1T 

n -+ "° 

If 0 < a < 1 , then 

v 2xtan ~~ 
limP{-~< 2 } _,_ log n = crn 

n -+ oo 

P{lim Jl (a) < 00 } = 1 • ,.,- n n -+. oo 

( 1 for x > O , 

~ 
l 0 for x < 0 , 
...... 

r.1 -x 1 -e for x > O , 
~ . 

\. O for x < O • 

= {l for 

O for x < 0 , 

x > 0 , 
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In 1956 F. Spitzer [ 181] pr·ovecl that if tin denotes the rn.unber 

of positive elernents 1n the sequence r,1, ç and if 
n 

(280) 

exists, then 

(281) 

where 

i 
i 

(282) 

6n 
lirn P{ - < x' = F (x) "'" n = , a. 

n -+ "" 

0 f or x ,;;;. O , 

F (x) = 
a. 

sina.rr fx a-1(1 )-a.d f 0 1 --- u -u u . or < x < 
1î 0 

1 f or x ~ 1 

a..."ld for O < a < 1 , F0 (x) = O for x < o F0 (x) = 1 for x .::_ O 

F
1

(x) = 0 for x < 1 and F1 (x) = l for x ~ 1. 

We mention some more results. In 1949 Felle:r:_ [ 732 J determ:i.ned the 

asymptotic distrïbution of the nurrl)er of zeros in the sequence s p ~ 2, ... , <;n 
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for the case when the J'andom wa.r:lables U; } have a latt:ice distribution n 

which belongs to the danain of attraction of a stable distribution function. 

In 1954 G. Kallianpur:_ and H. Robbins [ 743 ] studied the a.symptotic 

distribution of 

n 
(283) l h(z;k) 

k:=l . 

in the case when h(x) is Riernann integrable on sane finite interval (a b) , . 

and O elsewhere and P{ i; ~ x} belongs to the dom.ain of attraction of a 
"""' n -

symmetrie stable distribution fünction. 

In 1957 M. Kac [?41] demonstrated as a particular case of a sanewhat 

more general result that if !{sk ~ x} = R(x) 

i'unction of' type S(a,O,c,O) where 1,;;, a. -~- 2 

ls a syrrrnetric stable distributicn 

and c > 0 and µ (S) denotes 
n 

the number of partial sums l.p z:.; 2, ••• , z;;n belonging to the set S where S 

is a botm.ded and measurable linear set, then the Hrnit 

(284) lim n 

- l 
1-~ -

exists for 1 < a. < 2 and j = 0,1,2, ••• and the limit = 

(285) lim(log n)!{µn(S) = j} 
n -+ "" 

exists for a. = 1 and j = 0)1,2, •••• M. Kac gave methematical methods 

for finding these limits. 

Finally, we shall ment ion another remllt of somewhat di.ff erent nature. 

In 1956 D. A. Darling_ and~· Erd~s [727 ] proved that if {ç;n} is a 

1 
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sequence of mutually independent ar1d iden';:.ics.lly distributed random variables 

for which P {.; 2:.. x} = iti (x) , the nonnal dist:ribution function,and ç = ~1+ .;2+ 
~ n- n _ 

••• , E;.
11 

for n = 1,2, ••• , then 

(2ffi) 

and 

( 2f!"/) 

lint P {max 
n -+ ;;-- l<k<n 

(2log log n)l/2 + log log log n + 
2(2log log n) 1/ 2 

== 

x -x ï + -----172 } = exp{-e /2vn } 
(2log log n) c.. 

l:i.m ,R { max 
l:sk91 Ik 

<(?log log n)l/2'+ log log log n + 
2(2log log n) 112 n -+ .., 

. . . . Jè } -X / 
+ . 2 = exp { -e / v 1T } 

(2log log n) 11 

for -"" < x < "° • F'urthermore, they demonstrated that (283) and (284) also hold 

if we assume only that U; } 
n is a sequence of mutually independent 

2 < random variables for which E{.; } = 0 , ~{E;.11} = 1 and E{ lç; 1-'} < C < 00 

""" n ··- ,.,.. n 

for all n = 1,2, •••• 



VI-287 

" ... 

46. Problems 

46.1. Let 

Determine 
a; 

~(s) = f e-sx f(x)dx . 

1 46.2. Let f(x) be a stable density function of type S(2,S,l,O) 

f( ) f ·c 1 i o) . F'ind f'(x) r > o where -1 < B ~- 1 , that is, x = x ; 2" S, , or x . 

46.3. Let F(x) be a d.istribution function. Prove that 

f or O < o < oo 

46.4. Let 

00 

f lxl odP(x) 
00 

-- of xó-l rl-F(x) + F(-x)]dx 
0 

1 l P{ ç; < x} = ~ + - are tan x 
"'- = c. 1T 

Find E{jç;! 0J for -1 < ó < 1. 
/\'.-

46. 5. Evaluate the integral 

00 

I.(s) = f (e-sx - l + _sx) 5-!~. 
°' 0 l+x2 xa.+l 

for Re(s) ~ 0 anrl 0 < a < 2 . 

.: -· " 

.. 

-· , . .. 46.6 ·.• 

S(a, S ,c,O) 

The random vari.able t; bas a stable distribution of typ:s 

where et t- 1 and c > 0 . Flnd E{ i ~ ! 0} f or -1 < o /•' a • 

46.7. 
S(a,s;c,O) 

,"~ 

T'ne random variable ~ h::'ls a stable distribution of type 

where a :/ 1 and c > 0 . F:ind P{ .!;: ?_ 0} . 
-.... 

". 
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46.8. Let R(x) be a stable distribution function of type S(a,B,c,O) 

where either 0 < a < l , -1 ~ S _::_ 1 , or a = 1 , S = 0 or l < a < 2 ~ 

-1 ~ f3 _::_ 1 anà c > O . In this case 

ip(s) = 
1 

'

et. ' s 0.1T 
oo _ -c s { 1-r·S 1-.::T tan -;:-} 

Je-sxdR(x) = e · 1s1 2 
_oo 

for Re(s) = O . DeterrrJ.ne + 
ip (s) = T{ip(s)} 

rv.... 
for Re(s) > 0 . (See V. TvI. 

Zolotarev [ 341 ] . ) 

46.9. The randcm variable n has a stable distribution of type 
·1 

S(2, l,jc,O) where c > 0 . Prove that n can be represented in the form 
2 i 2 

n = c )F,, where 

P{~ < x} 
N'-

x 2 
- ~(x) = _l_ J e-u 12 du 

12; _oo 

46.JO. T..et F(x) be a stable distribution function of t;)rpe S(a,S,c,m) 

where O < a. < 2 , -1.~13 ~ 1 and c > 0 • Prove (Li2.201) and (42.202), that 

is, 

lim x~(-x) = c
1 

and lim x
0
Tl-F(x)] = c

2 
x-+oo x+oo 

where c
1 

and c
2 

are detemdned by the equations 

(c
1 
+ c

2 
)rï 

= ------
2r(a)sin cio:r 

2 

46.11. Let F(x) be a stable distribucion function. Then F(x) is of 

type S(a.,S,c,m) where 0 < a < 2 , -1 ~ S ~ l , c ~ 0 and m is a real 

number. Give a procedure of finding a,S,c,m • 
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L16.12. Let ç;1 , ç; 2, .•• , t:
11

, ••• be mu.tually independent and identically 

distributed random varlables belong:ing to the domain of attraction of a rion-

degenerate stable distribution function R(x) of' type S(a.,S,c,m) . Then 

there ex:i.st constant .A.
11 

and B
11 

> 0 such that 

Prove that 

ç;l+ ••• + ç; - A 
l:im P{ . ___ _D.. _ __.!l < x} = R(x) • ,__ B ~~ 

n + 00 n 

l/a. 
Bn = n p(n) and 

A 
_!!. == .!f (nJ_ + 
B 1 n - -1 a. 

n 

r 2Bc 
\ -1T- log n if 

" -rn if a ;i! 1 

a = 1 , 

where p ( t) and h ( t) are defined f or 0 < t < 00 and sa.tisfy the relations 

lim p(wt) = 1 
t + oop(t) 

q6.13 Let ç;
1

, ~2 , •.. , ç;
11

, ••• be mutually independent positive rartdom 

variables with a common distribution function F(x) • Let us suppose that 

[1-F(x)]xa. = h(x) where h(wx)/h(x) + 1 as x + 00 for any w > 0 &!d 

0 < a < 1 . Prove t.hat 

ç;l + ç;2 + · · .+ ç;n 
lim!_{ l/a. ~ x} = R(x) 

n + 00 n p(n) 

where R(x) is a stable distribution fu.nction of typ"' ~~(rt,l,I'(l-a.)cos ~r. ~O) 

if and only if 
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l/a 
lim h(n _pjn)) = 1 

n+oo (p(n))a 

46.14. Let c·
1 

t;.
2

, ... , E. •••• be mutuallv jndependent posltive random .., ' ·n- " .. 

variables with a common distribution function F(x) • Let us suppose that 
, 

[1-F(x)ca. = h(x) where h(ltlX)/h(x) ->- 1 as x + 00 for any w > 0 and 

1 < a < 2. Let E{t;. } = a. Prove.that ,.,,.... n 

t;.l+ t;.~+ ••• + ç; - na 
lira P{ L n < x} = R(x) 

,.,,.. l/a ( ) = n· .... 00 n pn 

where R(x) is a stable fö.strfäution function of' type S(a.,l,f(l-a)cos ~:r-, 0) 

if and only if 

lim h(nl/a e_(n)) = 1 

n+oo (p(n)/t 

46.15. Let t;.1 , t;. 2, ... , t;.n,··· be mu.tually independent and identically 

distributed random variables for which 

P{ t;. = 2j } = 2 · l 1 ( 2:J ) 12j 
....,._ n J- J 2 

if j = 1,2,... . Find the limiting distribution of (ç;1+ ... + i;n- An)/B
11 

as n -+ «• where A and Bn n 
are suitably chosen normalizing constants. 

46.16. Let c;.1 , c;. 2, ... , t;.n' ... be rm.J.tua.lly independent and identically 

distributed random variables f or which 

if k =· 1,2, ... and 0 < q < 1 . F'ind the limit_i'ng distribution of (~1+ ... + 

t;.n- An)/Bn as n + 00 wherc P."h a..·1.d Bn are suitably chosen normalizing 

constants. 
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46.17. Let ç;l' ç;'),"., ç;n,... be mutually mdependent and ident:î.cally 
~ "- . 

distributed random variables w:Lth distribution function 

(1 - __ L __ f or x > e 
' 2 

F(x) = t 
0 

x(log x) 
f or x < e . 

Fmd the limiting distribution of (ç;1+ ... + ç; - A )/B as n + 00 where An n n n 

and Bn are suitably chosen norm.:=i.lizing constants. 

46.18. Let ç;1 , ç; 2, ... , ç;n'... be mutually independent and. identically 

distributed random vari.ables wi th distribution function 

1 1 - ----2 for x ~ e , 
2x(log x) 

f or x < -e . 
3lx1 (log lx ! )2 

€ ' 

Find the-: :imiving distribution of (~1+ ... + ç; - A )/B as n + 00 where An n n n 

and B are suitably chosen normalizing constants. 
n 

46.19. Let ç;1 , i;2, ... , t;n' ... be mu.tually independent and identlca1ly 

distributed random variables with distribution function 

{ 

1 1--

F(x) = 0 x 

" 

f or x 2'... 1 , 

f or x < 1 . 

Find the l:irnitirig distribution of (ç;1+ ... + t,; - A )/B as n +"' where An n n n 

and B are suitably chosen normalizing constants. 
n 
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46.20. Let ~-.1 , C,, ... , ~ . . . . be mutu.all:v independent and identicá.lly c. n· v 

distributed random varia.bles wi.th density fLmction 

.f (x) = 

1 _logJ.tl 
2 2 x 

for lx!.?_ i , 

0 f or x 5:.. 1 , 

Fi11d the 11miting distribution of (~l+ ••• + ; - A )/8 n n n as n + 00 where f. 
n 

arid B are suitably chosen nonnalizir,.g constants. (See G. Kallianpur and 
n 

H. Robbins [ 89 ] . ) 

46.21. Prove (42.181). 

46.22. Let ~ e.nd "1 be independent random variables 

having the same stable distribution of type S(D( ,1,1,0) where 

0 < o< 4. 1. Find H(x) = P { ~ ll't -l ~ x} • 
,..,...... 
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