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APPENDIX 

1. Probability Spaces. If we want to describe a random trial rnatherCBtical-

1y then we first define the sample space r.i , the set of all the possible 

results or outcomes of the random trial. We shall denote by w the elem2nts 

of n 

Each_ event concerning the random trlal considered can be represer.ted by 

a subset of n The irnpossible event is represented by e , the empty set~ 

and the sure event is represented by n , the whoL~ sample space. In general.s 

events w:t11 be denoted by cap:ttal Latin letters A, B, C,... • 

i • 

r1.'l the occurrence of A :tmpltes the occun->ence of B , the:1 we shaJ.l 

wr:ite AC B • The complementary event of an event A w:L11 be denoted by 

A • The sirnultaneous- occurr>ence of the events A:. B, C, ••• will be dE':noted 

by AOC. • • or by A n B (\ C n. . . . 'lhe event that at least one event o~;curs .. 
among A, B, c, ... will be denoted by A + B + C + ••• or by A V B VC V ... 

We define .A.-B =.A.B. 
We sa:y tha.t {A

11
} is a monotone sequence of eve:c"ts i:f either ,A 1 cA2c .... 

In the first case we define 
"" 

I A 
n=l n 

arid in the second case lim A = II A n r n -+ 00 n=J_ 1 

lim A = n n -r co 

A class of events A. is called an algebra if the following two conditie,.,..;; 

are satisfied: 

(i) If A E A , then I E: A • 

(ii) If A E A ar,d B E A , then A + B E: A . 
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A class of events B is called a cr-algebra i.f the following two 

conditions a.-re satisfied: 

(i) If A E B , then A e B • 

for n = 1,2 .••• , then \ A s B • 
J l n 

n=l 

A class of events M is called a monotone class if it satisfj_es the 

following requirement: 

If An e: M for n = 1,2, ••• and 

then lim. An E M • 
n ··>· "" 

1 

1 

{A } 
n 

a 
is~rnonotone sequence of events, 

'rheorem 1. Iet A be an algebra of s_,_bsets of n -- . 
tl)e mtrûn1cil cr~lget1ra wh:tch. contains A and den~te by M the minimèü monotone 

class wh.ich. contairlS' A • Then B and M coincide • 

Proof. 
. ' 

is a rronotone sequence c1f events and A s B , then n 

lim A r. B , that is s B is a monotone class. Tnus B is · a monotone class 
n-+"" n 
whi_ch. contains A Tl:1is proves that M c B • 

To prove that B C M for each A E: M let us define 

(1) MA = {B:B t:: M, AB E M, AB E M, A+B E M} • 

'Ihen MA is a monotone class for each A e M • Por if' {Bn} is a nnnotone 

sequence and 

consequently 

Bn e MA , the~ 

B = lim B E M, n n -+ co 

B i:: M, AB i:: M, AB t. 
n n n 

AB = 11m (ABn) s M, 
n -+ °' 

A+B = lim (A+Bn) i:: M. Therefore B e MA • 
n -+ co 

M , A+B e M , and n 

AB = lim (AB ) E M' n 
n -+ "" 
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Now we shall show that if A i:: A, then A C::: MA and consequently 

MA= M~ If Ai:: A and Bi:: A, then by (1) Bi:: MA, that is, A CMA • 

Since M is the minimal monotone class whlch contains A , and MA is 

a, imnotone ·~la..ss whicft contains· A " therefore M C:MA • However) by 

defiru. "tion M C M • . . A . Thu.s MA = M whenever A e: A • 

?urthermore, we :sha.11 show that ~ = M for all B e: M • If B e: M , 

then B e: MA = M whenever A e: A • Consequent1y, by syrrnretry it follows 

from (l) that .A e:. Ma also holds when A e: A and Be: M • Accordingly, 

if A c: A , then A c: M}3 f or B e M • 'lhls proves that A <= MB f or B i:: M • 

holds and by definition we have MB C M • Hence ~ = M f or 

Finally, we shall prove tha.t M is an algBbra. If A e: M and B t: M, ,, 

then. MA = M and by (1) A+B e: M • If A e: M , then MA = M and by (1) 

AB e: M for.a.11 Be: M. If B = ~, then Be: M and consequently A e: M. 

'Ihis proves that M is an algebra. · Since M is a monotone class, it 

follows that M is necessarily a. er-algebra. Thûs B CM • This relation 

together with M c: B i:rnplies that M = B which was to be proved. 

If we consider a randa.'TI trial then we suppose that the class of random 

events is a a-algebra of subsets of r2 • We use the notation B for 

denoting this clasf3. 

With every event A e: B we associate a real number P{A} , the 
""" 

probabili ty of A • Tne probability P{A} 
"""" 

is a nonnegative, a-additive 

and normai set function defined on B ·' that is, we assurre tha.t 
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, {i) 

(:it) 

P {A} ~ 0 for all A c: 8 . ,..... -

P{n} = 1 • 

(l·i··.1·) If A e: B for n - 1 2 .:.~1d AA n - ,-,•••= ij -- El f or i t- j , 

then 

(2) 

Ih 1914 C. Carathéodory [ 6 ] proved an :important extension theorem 

in measure theory. This theorem has· many useful applications in the theo:ry 

of prob,ab.:i'lity--~ In what follows we shall state and prove this theorem. in 

the.tennînology, ef' prol'Ja.bilîty- theory. 

1 
1 

rfueorem 2.. Iet A be an algebra of subsets of ri Let Q{A} be - ~- -
§_Probability defined on A , that :hê_, ,S_{A} ~o for A E A , "qun ~ 1 §Ild 

(3) Q{ l A.} = l Q{A } 
""' n ~ n n=l n=l 

wnenever A e: A for n = 1 2 l A e: A and A.A. = e for i "!- j . 
n • ' .·' • • • ' n= 1 n ··- 1 J --

'Ihe probabi..lity_ Q{A} deftned on A can uniquely be ext~nded to a 

probability P{A} defined on B , the rn:in:iJnal er-algebra over A ,._... 

· Proóf. We sflall prove that there exists a set function P{A} defined 

on B whi.ch satisfies the conditions (i), (il), (iii) mentioned above and 

that P{A} is an extension of Q{A} that is P{A}= Q{A} whenever A e: A • 
r........ /'\r.- -"'·-

l1\l:t'thennore; we shall prove that P{A} for A e: 13 is uniquely deterrnined 

by Q(A) for A e: A • 
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(4) 

For any, A C rl. let us define 

* co 
P {A} = inf{ l Q{Ak} 

"""" k=l ""'-

* 

00 

A c. l ~ and ·\c e: A} • 
k-1 

'Ihe set function P {A} satisfies the following properties 
~ 

* (a) P {A} > O for all A • This follows from the definition ( 4). 
""- = 

* * (b) If A c.B, then P {A} ~P {B}. This follows from the fact "'"" - ,,,.., 

that every' coverir1g of B iq: a covering of A too. 
00 *. 00 * 

( c ) If A c l A , then P {A} ~ l P { A } • 
1 

n ,,.._ -
1

r..r- n n= n= 

To p~ve this let us observe that for any 
! 

we can choose an infinite sequence of sets 
00 

a"'l-1 e: A' A c l B and 
~...,, n j;::1 nj 

CJO 

e: > 0 

(5) l Q{B .} ~p*{A} + ~, 
j=l""""' l1J -M- n 2n 

00 00 

and f or each 

(j = 1,2, ..• ) 

n = 1,2, ••• 

such that 

.eor n ;::. 1,2, ~ •..• Since A c l l B _ • 
-n=l j=l n.J 

and B • e: A , therefore we 
n,J 

have: 

( 6) 
* 00 <XI 00 * 

P {A} < L l Q{Bl1J.} ~ l P {An} + e: • 
n=l j=l""' n=l Ar- -

Since e: > 0 is arbitrary, this proves (c) • 

* Now we shall prove. that -p {A} ·ïs an extension of Q{A} , that i.s, 
f\.t>- .,,_, 

* P {A} = Q{A} if A e: A . 
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* Obviously P {JU .::_ Q{A} if A e: A • On the other hand, if A e: A 
00 

and A c l Ak where Ak s A , then 
k;=l . 

(7) Q{A} < I Q{A_ } • 
,,,,__ k= 1 ,..~ --k 

This follows fran the a-additi vity of Q {A} on A • If we form the infimum 

of the right-hand side of (7) for all adrnissible · {Ak} , then by (4) we 

c;,btain that 

(8) * Q{A} < P {A} • = ,..,-

* Kençe 1 {A} ::; Q{A} for A e: A • 
,.,._, 

A* Now denote by the class of sets S f0r which for every e: > 0 

we can !'ind. é3J1 A e: A such that 

* P {S !::. A} < e: ,..,.,.. 

where S t::,. A = SA + AS. , the symnetric difference of S and A • 

* We shall prove that A is a a-algebra which contains A • 

First, we have A c. A * . For if S e: A , then A =S can be chosen, 

* * * and hence P {S t::,. S} = P {0} = O , that is, S e: A 
,..,..., rv.., 

* * Second, if S e: A , then S e: A • Now for each e: > 0 there is a.;:1 

* A e: A such that ,f { S !::. A} < e: • If A r. A , then A e: A and S ti A = 

* - - * S A A . ~hus P {S !::. A} = P {S !::. A} < e: • 

* 'Ihird, if Sk e: A f or 
n 

k=l,2, ••• ,n,then S= L 
k=l 

S. e: A * 
K 

f or 

all n = 1,2, •••• In this case for every e: > G and k = 1,2, .•• , n" 
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* .J<" there is an Ak E A sucn that _,!_ {~ ~ Ak} < s/z- . 

Tii.en A s A , 

(10) 

and, ccmseq,uently 

(lJ.) < E 

which proves the statement. 

* 

n 
Iet A = ) .4k • 

~l . 

A,ccaj'.'di.ngly; A i.s an algebra wh:Lch contains A • Now we shall 
' . ,. " 

: * * prove 
1
that A is in fa.et a a-algebra, tha t is, :i.f 8ic E A for k = 1, 2: ••• , 

' : 00 * i(· 

trien S' =- l. Sit. E A Since s1 ••• s. ___ 1 sk s A and s = s .. + s., s
2
. + 

k=:l K * .L .L -

~· <"". ~1.:>2s3+ ••• , i:t is sufficient to prove that if ~ E A for k = 1,2, ... 

co * 
and if sisj = e for i -:f j , then s = l ~ E A • 

k=l 

F'or every E > 0 and k = 1, 2,. • • there is an Ak E A such th8.t 

* k+l !_ {8ic tJ. Ak} < E./2 • Obviously Al" .• Ak-l ~ E A for k = 1,2, ••. and 

they are exclusive events. 'lbus 

n 
(12) Jl9{Al". ·~-1 ~} ~~{Al+ ••• +l\1} < 1 

for n = 1,2, •••• Hence 

(13) 

and consequently 

(14) 

00 

l Q{Al ••• A. -1 Ak} ~- 1 , 
k=l"""" . -1-c --

00 

E 
< -

2 

if n is sufficiently large. 
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·smce 

n ne o0 

(15) (S /1 l Ak) c l (s. /1 Ak) + l A1 " .Ak-l Ak 
k=l k=l -k k=n+l . 

hç.Üds' f or n = 1, 2, ••• , the.re.fore if we choose Ak e A (k = 1, 2, ••• ) in 

' . * k+l 
~ch. a way that ,! {3ic ti Ak} < e/2 and if we choose n so large that 

(14} ÎS' ~ti-s.f:ted, ther1 by· (15) we obtatn that 

(16) 

' n * 
Since ! l Ak c: A for every n = 1, 2, ••• , it fellows that S c. A which 

i k=l 

Na,S' t0 tie proved. 

* Accordingl.y A is. a o-algebra wh-1.ch conta:i.ns A 

* * No.w ~· ~a,11 prove t!-1at P {S} is a probability on A By defin..i..tion 
IV-

* . * * P {S} > 0 for all 3 e: A and obviously P {Q} = 1 • It rema.ins to prove = ~ 

* * co * that P {S} is cr-additive on A • Suppose that S ::, . l ~ where :::')c f. A 
k=l 

* for k = 1,2, ••• and sisj = e for i 1 j . Then s E A and by (c) we 

have 

(17) * 00 * ! {S} < l X {~} • 
k=l 

We shall prove that (l'l) holds also with the reverse 5.nequal1ty. Hence it 

* * follows that P {8} 1s a--acldi.tive on A 

* First we shall prove that if" s
1 

s A * , s
2 

c A 
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(181' 

* * * Iet us- choose A1 e: A and A2 e: A in such a way that !. {S
1 

!i A
1

} < e: 

* and !_ {S2 l!. A2} < e: where e: is an arbitrary small positive nurnber. 

S~ce now,we have 

(19:Y 

(20) 

and 

(21) 

t't 1"0llows tha.t 

(22). 
* * !_ {Sl} + ! {S2 } <~{Al} + 3.{A2 } + 2e: = 

= 3u.l + A2} + ~{AlA2} + 2e: ' 

(23) 

and 

(24) 

By (22)~ (23), and (24) we have 

Since e: is an arbi trary posi ti ve number, thi.s proves (18) • 

By mathernatical induction it follows from (18) that 
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* * * * '~ {S1J + P {S~} + ••• + P {S } ~ P {S} 
~ r-- c. !"'- n -,,,.._ 

holds for n = 2,3, •••• If n + 00 :in (26), then we obtain that 

~7J 
00 * * I p {8- } ~ p {S} 

k=l ""-- -k .'-~ 

* * By (17) and by (27) it follows that P {S} is a-additive on A ,,.,.. 

Iet B 'be the m;i:nimal a..-algebra which contai.'1S A 

* have · 8: c A • 

* 

Obviously we 

If we define P{A} = E {A} on B, then P{A} is a. probabllity on the 
r- Il-- -

O:":-algebra B and P{A} is an e.xtension of Q{A} , that is, P{A} = Q{A} 
. 1 

for ÀE A • 

Now-we shall prove that ,f{A} is: the unique e:xtension of Q{A} • 

prove this let us suppose that P
1

{A} and P ~ {A} are both probabiJlties ,,_,.. ,,_ ~ 

on B' and both are e.xtensions of ,S.{A} , that is, ,! 
1 

{A }~= ! 
2 

{A} = ~{A} 

for A E A • We shall prove that ! 
1 

{A} = ,l' 
2 

{A} on B 

De fine 

(28) 

Then A c M c B o We can easily see that M is a monotone class. Let 

{~} be a monotone sequence of events for which An i:: M • Then A ::: 

lim A E M • For in this case P1{A J = P.J. {A. } for r.= 1,2, ••. and thers-n ,._ n ,-..-/;_ n 
n +"" 
f ore 
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P1{A} = lim P1.{A } = lim P'){An.} = P-:,{A} ,..___ ,___ n l'V-''- -c. n -+ oo n + oo 

B:r Theorem 1 it follows that M contains the minimal o-alg-ebra ûVer A 
n 

that is-, R c. M. Accordi,gly' M = R, that is, ,f.{A} is the unique extemüon 

of Q{A} to the. 0-algebra S- • Th1s completes· the proof of the theorem. -
In the mathematical description of a random trial we associate a 

:probabi:lit~ space (r2,B,P) with the random trial where Q is the sample ,.,__ 

space, the set · of all the possible outcomes of the random trial, B is a 

~lgetîra of subs.ets Qf Q , the set of random events, and P is r::. normed ,,_,_ 

rni=.asure defined on B , tr1at i.s, P{A} is the probability of' A E B • 

1Il)eorem J, If An e: B f or n = 1, 2, ••• , a11d 1 f A1 c: A2 C. • • C An C: ••. , 

then 

00 

(30) A ::: lim An = l ·'\ e: B 
n -+ 00 k=l 

and 

( 31) P{A} = lim P{A } • 
~ """ n n -+ co 

Proof. 

(32) 

where the events on the rigpt-b..and sid2 ere exclusi ve events. 'lhus we have 

P{A} ;::; P{Al.} + P{A-A1} + ••• + P{A A 1} + ••• = ,"" ,_ ,._ z - ,,,._ n n-

(33) = !{Al} + [~{A2} - E{Al}] +. · .+ [~{An} - E_{An-1}] + • • • 

= lim P{A } ..,,_ n 
n -+ oo 
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because the n-th parti&l stm1 is P{A } L.11 the above infinite series. 
·"- n 

then 

00 

(34) A = lim An = II Ak s B 
n -+ "" k=l 

and 

(35) P{A} = Jim P{A } • ,.,...,._ ~ n 
n -+ "" 

?roof'. Since now A, c: A2 c:::: ••• c.A c. . . and ..... n 

00 

Ä-::; limA = L A 
n -+ "" n ~l k , 

tl;/~ 1tteore.m . 3 we obtain that 

C37) P{A} = l:im P{A } ,...._ n 
n -+ ''° 

and this pr'Oves- (35) • 

00 

Note. rr An EB for n = 1,2, .•• , Al::::> A2;:> ••• ::;,An-::>". and ~l ~::: 8 ' 

then by Theorem 4 we have 

(38) llin P{A } = 0 • 
~ n n -+ oo 

It is interesting to observe that if P{A} is fülitely additive on B 
'"'-

and if P{A} is continuous at .e , that is, if' (38) holds, then P{A} is 
,..,... /V'-

a--additive on B • This can be seen as follows: 
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.Let Bn is B for n = 1,2, ••• and supposc that B1Bj = e for i "I j . 

Defîne An = Bn + Bn+ 1 +. . . for n = 1, 2, • • • • 'lhen A1 ::. A2 ? . . . :'.) ~-::> ••• 

and rr An = 0 • For if w i:: Bn , then w i An-H and if w i l B , 
n~l n~l n 

then (è i' ~ for ariy n = 1,2,... • Thus by (38) 

lim P{A } = 0 • ,..,,__ n 
n -+ co 

co 

~~r n ;=; 1~2,~n • Sînce by· (39) li.rn!{An+l} = 0 , it fellows f'rorn (40) 
n -+ oo 

()() ()() 

(41) P{ l R } = l P{B.1 } 
""- k=l -k k=l,.,,.... ( 

ili:hi'.Ch pr0ve;:;,· that P{A} is c-adctitive on B • 

Accordingly, we can state that P{A} is a probability defined on B 
IV:-

1f it satisfies the following requirernents: 

(a) P{A} > 0 for A i:: B ,,,.... = 

(b) P{n} = 1 ,,..._ 

·- (c) If A EB and B <: B and AB= e 'then P{A+B} = P{A} + P{B} 
""- M- /"'-

(d) 

lirn P{A } = 0 • 
~ 11 

n + co. 

()() 

This set of requirernents is equivalent to the requirements (i), (ii), 
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(i'i.1:) stated earlier. In particular, it folloh-s ~;h:,~: a. n~r;at.ive and 

rn:llnred set funct:î9n _!{A} de.fined on a a-algebr-a 6 !!: a-ad.:ittive if and 

~n]~ tf. (c} and (dJ are satisfied. 

Now we shall prove a few basic relations fa!"' p!~ahillties. First, 

we shall prove Boole's inequality. 

Theorem 5. Let (rii,B,,f) be a probability space and. A
1

, A2, ••• , Ak, ••• 

an infinite sequence of events. 'Ihen we have 

00 00 

(42) 

00 00 

(4 3 l l Ak = l E\c • 
k=l k=l . 

Sipce the events- Bl' B2, ••• , 11.c' ••• are mutually exclusive, it follows that 

(44) 
00 

J{ l A~ 
k=l 

Here we used that E\cC \: for k = 1,2, •••• 

Theorem 6. Let (n,B,!) be a probability space and A1 , A2, ••• , A
11

, ••• 

be an infinite sequence of events. Define 

(45) * A = lim sup An = II l Ak 
n + ~ n=l k=n 

CIO 

and 
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00 00 

(46) A* = lim inf A = l II Ak • 
n + oo n n= 1 k=n · 

We have 

00 

P:roof. If we apply Theorem 3 to the events II Ak (n == 1,2, ••• ) 
k=n 

the:h we obtatn that 

00 

(48) !{A*} = lirn X{ II Ak} 
n + co. lc=n 

and. ~we apply, 'Iheorem 1-! to the events (n = 1,2, ••• ) then we 
1 

1 

obta.itj that 

Since 

(50) 
00 

fop n 'F ;L,2,~·-·' by (48). we ob.tain that 

P{~} < lim W P{A } 
"-- = ,..... n n + oo ' 

and since 

00 

(52) P{A } 2_ P{ l A_ } ,,.... n "- k=n --k 

for n = 1,2, ••• , by (49) we obtain that 

(53) * lim sup P{An} .:_ P[A } • 
n + oo ,._ """ 
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By (51) and (53) we obtain (47). 

* We note that if A = A.* , ther. we say that lim An exists, and 

* n -+ "" 

.. lim ·'\i = A = A* • In this case by (47) we have 
n -+ "" 

(54) P{lim A } = li..rn P{A } • ...... n ,_ n 
n+oo n-+co 

2. Random Variables and Distribution Functlons. 

Iet (n,B,P) be a probability space. By a real rando.rn variable ~ -
we understand a real function t;. = t;. (w) defined for w E n and measurable 

' 
f\th . t t B +-hat • f' , · ~ th t w:r: · respec o , v is ,.er e\ery recl.L x e even {w: Ç,(w) -~-x} t.B 

A random variable t;.(w) may be finite or inf1nite. If it is not speeified 
' " 

{j/the~~ then by a random variable t;. we mean a finite, meast1rable, real 

;fu,,."1ct:ton t;. Cw) defined on Q 

,If ç; = i;(w) is a real random variable) then {w : t;.(w) s A} s B for 

al1Y' l:i:nea,r Borel set A and µ (A) = P{ t;. s A} is a probability rreasure on 
tv'-' 

the class of Borel subsets of the real line. 

If i; - t;.(w) is a finite random Variable, then the function 

(1) F(x) = P{~ 5- xl ,,..,__ -

defined for - 00 < x < 00 is called the distribution functi.on of the random 

vari.able. We define F(+00 ) = lim F(x) and F(-00 ) = lim F(x) • 
x -+ "' X -+-oo 

A d..i.stribution function F(x) has the following properties: (i) F(x) 

is a nondecreasing function of x • (ii) F(+00 ) = 1 and F(-00 ) = 0 • 
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(iii) F(x) is continuous on the right, that is, lim F(y) = F(x+O) = F(x) 
Y' + x 

C<:mvers-ely,, if P(x) is a real function. of x defined for - 00 < x < 00 

and tf F(xJ satisfies, the conditions (i), (ii), (iii), then B1 (x) can be 

eo!lS'idered as, the di$tribution function of a real random var1able. We shall 

prove that 'F' (x) induces a probability space (Q,B,P) and we shall define 
""" 

a rand0Ill varla.ble s = t;(w) such that P{t; ~ x} == F(x). 

'Iheorem l~ Iet :P(x) be a distribution function, that is .i.. a r·eal 

functibz:i _ satisfying the conditions (i), (ii), (iii). 'l1hen there exists a 
i 

probab:tlitY' space 

P{~ ~ x} = F(x) • 

(Q,B,P) and a real random variable t;, such tbat 
M-

·Proof. Let Q = R (-"", "") , a real line. Let B be the class of 

Borel sets in R • Let us define P{A} for A e:: B in the following way: 

rt I ;= (a,b] where a, < b , then let P{I}= F(b) - F(a) • ..,._ If I = (a b) , . 

where · a <i b ' . . = ' then let P{I} = F(b-0) - F(a) • If I = [ a, b J where a < b , 
~ , 

then let P{I} = F(b) - F(a-0) . If I = [a,b) wher~ a .,:;:,_ b ,then let 

P(I} = F(b-0) - F(a-0) • Thus P{I} is defined for intervals I • Now let 

uz ext.::;nd the dc~fini..tion of P{A} for elernentary sets A • A set A is 

called an elementa,r,J set if it can be represented as the un.ion (Jf a finite 

rr...111,)'.K>.r of 1nter'Va1s. If A is an eler.'Entar1 set, then we can wri te that A = 

I 1+ I 2+ •• ,+ In where I 1 , r2, ••• , In· are disjoint intervals. For the 

elrrnentary set A let us define ,.,~{A} = .!{I1 J + "~U2 } + ••• + ,~{In} , We can 
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easily see that the class of elernentary sets 

is uniquely detennined for A E: A , that is, 

A is an algebra and ! {A} 

P{A} is independent of the 
"'"" . 

pa;t't:i::cular representatîon of A " We have P{A} ;:;.. 0 for each A e: A , ,.,.., 

P{n} ~ l and P{A} is finitely, additive, that is, if A e: A and A = 
N'- • 

A1+ A2+ ••• + An where Ai e: A for i = 1,2, ••• , n and AiAj = e for 

i f j , then P{A} = P{A1} + P{A~} + ••• + P{A } • 
(';-. ,..,.. ,...,. c.. ""' r1 

NoW' we sha.11 prove that P{A} is cr-additive on A • We shall provide 

two proofs of this fact. 

l 
!first proof. Let A e: A and Ak e: A for k = 1,2, ••• and suppose 
i co 

that IAc l Ak • 'lhen we have 
k=l 

(2) P{A} < l P{A_ } • 
IV- k=l.,_. -1c 

. -~ 

To prove (2) we obse.rve that for every e: > O we can find a bounded and 

. . . e: 
closed elementary set B c. A silch that j'{B} > !{A} - 2 . Tuis can easily 

be seen if we take .into consideration that every interval I contains a 

bomded and closed interval K such that P{I} -- P{K} is arbitrarily ,.,..,, ,..,_ 

close to 0 • For exarnple, if I = (a,b) where a < b and KE = [a+e:, b-E:] , 

. thèn . lim P{K } = l1m [F(b-€:) · F(a+e:-0)] = F(b-0) -- F(a) = P{I} , that 
e: -+ o""' e: e: -+ o "-

is, P{I} - P{K } is arbitrarily close to 0 if e > 0 is sufficiently ,_..., ,..._ e: 

small. Ina similar way we can see that for every e > 0 and k = 1,2, ••• 

we can find, an open elementary set ~ ::> ~ such that !{~} < !{Ak} + ;:+ 1 • 
00 

'Ihen we have B C l ~ · 
k=l' 

Since B is bounded and closed, by the Heine-· 

n 
Borel theore.m there is an n such that B c:.. l ~ . 

k=l 
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[ 31 p. 39].) Then by, the finite a.dditi vity of PUU on A we obtain 
' /'--

n 
that P{B} ~ l P{B,J • 'l'hus 

tv'- - - k-= 1 "" "-

(3) 
n ~ 

P{A} < P{B} + _2e: 2- I P{l\} + ~ ~ I !0\J + e: • 
""' r- k= 1 (V. k= 1 

S:ince e: > 0 is arbitrary, therefore (2) follows. 

00 

If A = L Ak where A e: A, Ak e: A for k = 1,2, ••• and A.A. =@ 
k=l lJ 

f or i ~ j , then we have 

co 

( }~) 

Th1s follows from the relation A1 + A2 + .•• + An c:: A which implies that 

P{Al} + P{A2} + .•. + P{A } ~ P{A} for all n = 1,2, •••• If n + oo, then 
r- ,_ ,__ n -,...._.., 

we obtain ( 4). By (2) it followc. that ( 4) hold.c:; also with the reverse 

:inequali ty. Thus 

(5) P{A} = L P{Ak} ' 
""' k=l "-

that is, P{A} is o-additive on A • ,..__ 

Second proof. Since l:{A} is f:initely additive on A , it is 

sufficient to prove that P{A} is continuous at e , that is, if 
co 

A1 ::;. A2 ::;) ••• ::>An:::> • • • where ~ e: A and lirn An = n An = El , then 
n,-+ 00 _ n=l 

lirn P{A } = 0 • ___,_ n n-+ oo , - -

This impl1.es that P{A} ls o-aàditive on A • 
;v~ 

(See the 

prev1ous section where we proved this for a o-algebra B • ) We shall prcve 

that if A1 :::> A2 :::> ••• ~An-::::>· •• where An i:: A and lirn ~f{A11 } ~- i:: > O , 
n -+ oo 
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theri IT A 
n=l n 

is not empty. 

For each E > O and n = 1,2, ••• we can find a bounded and closed elementary 

set B c A such that P{B } > P{A } - e::+l • Let e,..,
1 

= B
1

B
2 

••• Bn n n "- n =,,,.._ n 
2
n ,, 

Since en c: Bn c. ~ and ~e11 = flnBl + ••• + AnBn c Al B1 + ••• + ~Bn , i.t follows 

that 

(6) 

Hence 
l 

(7) 

n 
P{A} - P{e } ~ l [P{~} - P{f1c}] ~~. 

,...... n ,...,.... n - k=l !"- ,.__ 

P{e } > P{A } - ~ > ~ > 0 
'V- n =/Vv n 2 = 2 ' 

that is, e i.s not empty. 
n 

Thus there exists a real number x e:: e for n n , 

each n = 1,2, •••• Since e c C for n > m , it follows that n m = x c n e:: m 

for · n > m , · or xn e: Bm for n ~ rn • Since B is bounded and closed m 

_ by the Bolzano-Weierstrass theorern {xn} conta:ins a convergent subsequence 

{xn} such that lim x = x <- B for all rn = 1,2,... • (See e.g. 
K k+oo11r. rn 

B. Sz. - Nagy [ 31 p. 30].) Thus 
00 

consequently rr A is not empty. 
m=l m 

on A • 

x e:: A f or all m = 1, 2, • • • and 
m 

This proves that P{A} ,.,.,_ is cr-add:i.ti ve 

Since P{A} is cr-additi ve on A by earathlodory' s extension theorem ,_,__ 

(fueorem 1~2 in the Appe:ld.ix) we can ex:;end the definition of' !{A} to 

B , the minimal cr-algebra over A , in such a wey that P{A} remains non-· 
""" 

negati ve, nor.ried and. cr-additi ve on B . and the extensiön is unique. 
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Thus we demonstrated that every di~.tribution function F(x) induces 

a probability space (st,B,P) and if A = {w : uJ < x} , then P{A } = F(x) 
rv- x ,..,... x 

;for all ""'<A < x < 00 
• 

If we define .; = .;(w) = w for w E Q , then s is a real random 

variable and !{s < x} = !{Ax} = F(x) for all x E (-00 , 00 ) • This completes 

the praof of the theorem. 

Now let us suppose that m real random variables .;1 , r;2, ••• S.m are 

defined on the probability space (st, B,!) . We can consider the random 

varaiables r;l' .;2, ••• , t:y.
11 

as the components of a vector random variable 

,l;:; ~.;1 , .;2,"., t;u). 'Ihen {w: i;(w) t:A} e: B foranyrn-dirnensional 
1 

Borel set A and µ(A) = P{ç; E A} is a probability rreasure on the clasa - ,.,...... 

of Borel subsets of the m-dimensional Eucli.de.:m space. 

"'Ihe function 

(8) Ë < x } 
'm = m 

defined for x1 E (- 00, 00) (i = 1,2, ••• , m) is called the joint distribution 

function of the randan variables .;1 , .;2, ... , )n. 

An m-climensional distribution function F(x1, x2, ... , ~) tias the 

fol.lowing properties: (i) F(x1, x2, ... , xm) is a nondecreasiDg function 

of x1 for each i = 1,2, ••• , m • (ii) F(x1 , x2 , ••• , ~) -+ 1 if ever'J 

x1 + +oo (i = 1,2, ••• , m) and F(x
1

, x2 , ••• , xm) + O if at least one 

x1 + .... "" (i = 1,2, ••• , m). (iii) If x
1 

.;,_y1 for i = 1,2, •.. , m and 

if y1 +x1 for i = 1,2, ••• , m, then F(y1 , y 2, ••• , ym) +F(x1 , x
2

, .•. , xm). 

<1v) If a. < b. for i = 1,2, ••• , m, then 
l l 
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1 1 
I I 

r =O r =O 1 2 
(9) 

If we evaluate the probability !{a1 < ç;1 :_ b1 , a2 < ç;2 ~- b2 , ••• , é\ri < ç;m < bm} 

by using the method of inclusion~8-ieEfiXfJ~ 1b~tfil1 the left-hand side of (9). 

Conversely, if a real function F(x
1

, x...,, ••• , x ) is deflned for 
~ ~ m 

xi e: (-~,~) (i = 1,2, ••• , m) and if it satisfies the above conditions 

( . ) l.' 1
{li), (iii), (iv), then F(x

1
, x

2
, ••• , :xm) can be considered as the 

1 

joint: distribution f'unction of m real random variables. We shall prove 
1 

i 

that F(x
1

, x2 , ••• , xm) inàuces a probability space (r2,B,,f.) and we shall 

define m real random variables ç;1 = ç;1 (w), ç;2 = ~2 (w), ••• , ç;m = ç;m(w) 

such tb.at 

(10) 

f or all x. e: (-"",'"') 
l 

(i = 1,2, ••• , m) • 

Theorem 2. Let F(x1, x2, ••• , xm) be an m-mmensional distribution 

function, that is, a real function satisfyir1g the conditions (i), (ii), 

(iii), (iv). Then there exists a probability space (r2,B,P) and m real 
M-

randcm variables ç;1 , ; 2, ••• , ç;m such that (10) holds. 

Proef. Let Q = Rm =_{(w1 , w2_, ••• , wm): - 00 < w1 < 00 for l = 1,2, •.• _,m} 

be an m-dim.ensional Euclidean spac~. Let B be the class of Borel sets 

in l\ri , that . is, B is the smallest o-algebra which contai.ris all those 
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m -dimensional interva1s :in Rm , whose sides are parallel to the coorilil1a.te 

ax.i.s • Let US define P{A} for A t. B in the following way: If I::.: 

. {(w1 , w2 , ••• , wm) : a1 < wi 5.. bi for i = 1,2, ••• ,m} • Then let }{I} be 

the lef't ... hand side. of (9) • Let us define in a similar way P{I} for an,y ,._ 

m-dimensional jnterval whose sides are parallel to the coorcli.nate axis. 

Denote by A the class of elementary sets :in ~ , that is, A is the 

class of all those sets in ~ which can be represented as the union of a 

finite number of intervals in Rm • Let us extend the definition of P from 

mtervals to elementary sets in exactly the same way as in the case of one 

ö.imension. 'rhen P{A} .?_ 0 , P{R ... J = 1 and P{A} is finitely additive on 
'V"< N"J !Il r.,.... 

A. We can easily see that. A is an algebra. By using the Heine-Borel 

theorem or the Bolzano-Weierstrass theorem for the ~dlmensionaJ_ Euclidean 

space, in exactly the same wey as :in the one-di.mensional case, we cDn prove 

that F{A} ls cr-additive on A 
""-• 

Then by Carathè'odory's extension theorem 

('lheorem 1.2 in the Appendix) we can extend the def:inition of P{A} to B , ,,..,._ 

the rrLinimal cr-algebra over A , in such a Wa:J that P{A} remains nonnegative, ,.,,._ 

nonred and a-additive on B and the extension is unique. 

'lhus we demonstrated that every m-d:i.m2nsional distribution function 

induces a probability space (n,B,P) ,.,..,. 

(11) 

•for all x e (-m.w) i ~ 
(i = 1,2, ••• ,m) ~ See also R. Sikorski and B. Zno:ïkiewicz 

---~·----

[ 28 ]. 
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If we define ~i = ~i(w) = wi for w = (w1, w2, ••• , wm) En and 

± ~ 1,2, ••• , m, then ~l' ç2, ••• , ~ are real random variables and 

(12) ~~{~1 2= XJ-.' ~? ~ x2 , ••• , t; ~ x } = P{A } '"' F(x1 ,x2,. ·~. ,xm) "- ~ m -- m Nv- xl,x2, ••• ,xm 

f or all (i = 1,2, ••• ,m) • Th_ts completes the proof of the 

theorem. 

In generalizing the above results we can consider randan variables 

belonging to a metric space X • 

A: space X is called a metri.c space if for any two points ( elernents) 
f 
1 

x anp y of X tb.ere i$ defined a single·-valued real function 

the dÎstance from x to ~· , sati.sf'ying the conditions: d(x, y) 

d(x, y} , 

> 0 . 
= ' 

d(x, y) ~ 0 if and only if x = y ; d(x, y) = d(y, x) ; and d(x, z) .::_ 

d(x"y)_+d(y,z) forany ZEX. 

By using the metric d(x, y) we can introduce topological notiöns 1n. 

the space X sirnilarly to Euclidean spaces. 

A sequence {xn} in the metric space X is called a. Gauchy sequence 

if and only if for each E > O there is an r such that d(x , x ) < e: m n 

whenever m > r and n > r • 

'Ihe space X is called complete if for each Cauchy sequence {x
11

} in 

X there is a point x E X such that d(x, ~) -+ O as n -+ 00 • 

. Th.e_!space X is called separable if it contains a sequence { x } wh:1.ch · 
n 

is dense . everywhere, that is, if for every x E X there is a subsequence 
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{X } 
r\c 

such that d(x, x ) + O as k + 00 • 

nk 

If x c X and r is a positive real munber, then the set S(x; r) -

· {y : d(x, y) < r , y e: X} is called an open sphere in X with center x 

and radius r • * The set S (x; r) = {y : d(x, y) ~ r , y c X} is called 

a closed sphere in X with center x and radius r . 

IS 

A set A in X 
11 

called an open set if each x c A is an interj_or pojnt 

of A , that is if for each x c A there is an r > O such that S(x; r) c A • 

* A set A 
i5 * 

in X called. a closed set if each 1im.i.t point of A belongs 
A 

* A point x c X is a limit point of A if there is a sequence 

: * of pdints ~ c A (n = 1,2, ••• ) for which xn t- x and d(x, ~1 ) + O as 

* * n ·+ 00 • (If x c A and if x is not a limit point of A , then x is 

* cal1ed an isolated point of A • ) 

Denote by r the smallest n-algebra which contains all the open sets 

. ( closed sets) in X • Tne elements of F are called Borel sets in X . 

If X is separable, then F can also be characterized as the sma.llest 

er-algebra which contains all the open spheres ( closed spheres) jn X . 

Let (n,B,P) be a probability space. By a random variable ç; taking ,._ 

on values in a metric space X we understand a function ç; = t,; ( w) which 

is defined for w c n , which takes on values in X , and which is rreasurable 

with respect to B , that is, for each open set (closed set) A :Ln X the 

set {w : ç;(w) c A} belongs to B • If the rnetric space X is separable, 

then in order that Ç, = t,;(w) be a random variable it is sufficient to 

require that for each open shpere (closed sphere) S in X the set 

{w : ç;(w) c S} belong to B • B'or this requirement implies that 
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{w : .;(w) s A} s B for every open set (c1osed set) A in X • 

If .; = .; (w) is a random variable taldng on values in a metric space 

X , then {w : .;(w) e: A} c B for every Borel set A in X . Thus µ(A) = 

P{.; e: A} is uniquely determined for each A e: F . The set function µ(A) 

is a probability measure on F , the cr-algebra of Borel sets in X . 

The converse of this last statement is also true. 

Theorem 3_. Let X be a complete and separable metric space with. 

distance function d(x, y) . Let F be the a- algebra of Borel subset~ 

of X and let µ be a pi:-obabi.lity measur~ on F • Let n = (0, 1) , 
-sgue 

B _!;he o-~ebra of Borel subse~s of n , anQ_ !_ the Lebe measure. Tb.er. 

there exists a r<zpdom varj-:..able .; (w) taking values in X and q_efined on 

(Q,B,P) such that 
(VV 

(13) P{.;(w) e: S} = µ(S) 
rv-

f or S e: F . 

Prooi'. We observe that if X = s
1 
+ s

2 
+. . . where s

1
, s

2
, • • • are 

disjoint sets belonging to F and if we define 

(14) == x. 
l 

(i = 1,2, ..• ) where .. 'Y.tfS th x1 J.S on irme.rroin o i , · en 
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(15) P{~C1 )c~) E s1 = µ(s) 
,...,..... l 

whenever S belongs to the cr-algebra generated by {s1 } 

Now for each i = 1,2, ... let Si = s11 + s12+ ... where Sil' 

are disjoint sets belonging to f and define 

s.2,."". l. 

t;,( 2 )(J) = x .. for p(S1)+ ... +µ(S. 1) + µ(S. 1) + ... + µ(S. · 
1

) < 
. lJ l- l,. l,J--

(16) 
< w ~ µ(S1)+ ... +µ(S 4 1 ) + µ(S. ~)+ ••• +µ(Si j) 

~- l,~ , 

1 

where! xij is an inner point of Sij . We have 

(17) P{ç;( 2 )(~) E S} = µ(S) 
,_.. 

whenever S belongs to the cr--algebra generated hy {Sij} . 

By repeating the above procedure countably infinitely rnan.y times we 

can de fine a sequence of fu.nctions ç; (l) ( w), ç; ( 2 ) ( w), • • • on the intervaJ.. 

(0, 1) . Denote by d1, ct2, .•. the suprema of the diameters of the sets 

{Si} , {Sij}, ... respectively. Obvicusly, 

(18) 

m;;. 

for 1,2, ... 
" 

If we choose the parti'tions {S
1

} , {Sij} , ... in such a 

way that l:im d = 0 , then 
r -+ "" r 

(19) l:im ç;(r)(w) = ç;(w) 
r "f .., 
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ecists f or w e: n since X is a canplete metric space. It is easy to see 

that t_:(w) is a randan variable and 

(20) c!{t; (1) e: S}= µ(S) 

fof S e: F • 

3. Weak Convergence of Probability Measures. Let F 1 (x), F 2 (x), ••• , 

F (x), ••• ar;.d · F(x) be one-dimensional distribution functions. We say that 
n 

the sequence of distribution func.tions {Fn(x)} converges weakly to the 
1 

distribution fUnction F(x) if 
1 

1 

(1) lim Fn(x) = F(x) 
n +co 

/ ,1..,-----. v 

in evecy contj_nuity point of F(x) • In this case we write that F (x)==> F(x'\ n , , 

Let µ n (A) be the probabili ty rreasu..-ne 1.nduced by F n ( x) and let µ (A) 

be the probability measure induced by F(x) • The set functions µn (A) 

(n == 1)2, ••• ) and Jl(A) are uniquely detennined by Fn(x) (n = 1,2, .•• ) 

and F(x) for each linear Borel set A • 

For any set A let us denote by A(c) the closure of A, that fa, 

A(c) is the set of limit points and isolated points of A, and let us 

· denote by A ( i) the interior of A , that is, A ( i) is the set of :interim"' 

points of A • Obvious1Y A (i)c A CA (c) • 

If µ(A(c)) = µ(A(i)) fora linear Borel set A , then we say that A 

is a continuity set of the measure µ 

We can easily see that Fn(x)==.-?F(:x:) if and only if 
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(2) . 

for evecy continuity Borel set of µ or· equivalently for every continu"i.t:y 

:interval of µ In this case we wr.ite µn=} i.1 and say that the rneasure . ·~ . 

converge~ weakly to the rneasure µ 

We note that in general (1) does not imply that (2) holds for any Borel 

$et A • For example, let us assume that 

0 f or x < 0 
' 

(3) F fx) = 
"[nx] 

f or 0 < x < 1 
n' n J 

1 f or x > 1 
' 

and 

{~ 
f or x.::.. 0 ' 

(4) F(x) = f or 0 < x < 1 
' = = 

f or x ?_ 1 :; 

then 

(5) lim Fn(x) = F(x) 
n -+ co 

for eVe.ry x, that ls, Fn(x)~F(x) as n-+ oc ; however, if A denote:3 

the set of irrational numbers in the interval (0, 1) , then µn(A) == O 

for ali n = 1,2, ••• whereas µ(A),,,; 1 • 

By 'Iheorem 41.8 we can easily conclude that 

00 00 

(6) lim fh(x)dp.n = fh(x)dµ 
n~ -co -"" 

µ ~ µ if and onl;y if n 

holds f'or every continuous and bounded real fünction h(x) on the intervs..l 

(-"", oo) • 

We ca11 e}.'tend the notion of weak c.onvergence of probability rneasurss 
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to more generaJ_ spaees than the one discussed above. We can replace the 

rea1 line by a firüte dimensiona1 Euclidean space or by a rnetric space. 

Nowwe shall consider the latter one. 

Let X be a metric space and denote by F the class of Borel sets 

in X • Let µn(A) (n = 1,2, ••• ) and µ(A) be probability measures 

defined f or A t: F • 

We sey that µn converges weakly to µ 

tf and only if 

, that is, 

('7), lim f h(x)dµn = J h(x)dµ 
n+ 00 x X 

µ =7 µ as n -+ 00 n , 

for every continuous and bounded real functlon h(x) on X • The f'unetion 

h(x) ts· continuous on X if for every x s X and for every t: > 0 t1:1er:::: 

is a o > O such that 1 h{x) - h(y) 1 < e: whenever y t: X and d(x, y) < c5 • 

Here d(x, y) denotes the metric in X 

ror arry set At: F denote by A(c) the closure of A and by A(i) 

the interior of A. If µ(A(c)) = µ(A(i)) fora set At: F, then we S~/ 

that A is a continuity set of the rneasure µ • 

Theorem 1. Let X be a metric Sl@Ce. Let F be the cr-algebra of 

Borel subsets of X • Let µn (A) (n = 1,2, ••. ) ans!_ µ (A) be prgbabiU.t~:_ 

measures defj11ed for A t: F • The measure µn converges weakly to the 

measure µ J-f and only if 

(8) · Urn µn (A) = u (A ) 
n ->- "" 
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for every continuity set A of the ne~>ure µ 

Proef. If µn ~ Jl , then for every A i-: F and for every E: > O 

we can find a continuous nonnegative function h(x) such that h(x) = 1 

for x E A(c) and 

(9} 

Rence we have 

µ (A (c)) ~ f h(x)dµ - é:. 

x 

(10) µ (A (c)) ~ f h(x)dµ - E: = lim f h(x)dµn- s > lim sup µn (A) - e 
X n-+<X>X , n,+ 00 

f or mw e: > ,Q • lliis implies that 

(11) l:im sup µn(A) ~ µ(A(c)) 
n ·+ "" 

ror ~ A E F • By (11) we can conclude that 

(12) µ (A (i) ) < llm inf µn (A) < lim sup µn (A) < µ (A ( c) ) 
n-+ 00 n-+oo. 

hclds- for every A e: F • If we replace A by X - A :in ( 11) , then we 

ob.tatn the first half of (12). rl'he second half is precisely (11). If A 

:ts- a continuity set of µ , then (12) implies (8). 

Now let us prove the converse statem=nt , that is, that ( 8) irnplies 

(13) lim f h(x)dµn = r h(x)dµ 
n -+ 00 X X 

for any continuous and bounded real functton h(x) on X • Since the 

set of points {c} for which idx: h(x) = c} > 0 is atmost countabl<,;, 
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it follows that for an;; E: > 0 we can find a finite number of points 

co, cl, ••• , ctn such that 0 < c.- c. 1 < t: for i = 1,2, ••• , m 
l J..- ' 

c <; h(x) < c for everJ x and each set ei = { x : c. 1 < h(x) < c.} 
.0 m ' l- = 1 

is· a continuity set of µ Then 

m 
(14) lim suplf h(x)dµn - f h(x)dµI ~ E: l µ(C1) 

n +"" X X 1=1 

Sînce E: > 0 is arbitrary this proves (13). 

A s-equence of n:easures { iin} is called weakly canpact if evecy sub

~equence of · {µn} contains a subsequence which is weaklY convergent. 

The f'ollowi.....:ng theorem was fm.md in 1956 by Yu. V. Prokhorov [ 25 l 
J. 

See also I. I. Gikbrnan and A. V. Skorokhod [ 10 pp. 441-446], and 

P. Billmgs·ley [ 3 pp. 35-40], [ 4 ]. 

Theorem 2. Let X be a n:etric space. Let . F be the o-algebra 

of Borel subsets of X • Let { µn} be a sequence of probability measures. 

on f ·• If _for every: E: > 0 there exists a compact set K in· X such 

th&t 

(;l-5) sup µn(X-K) < e , 
~J.<co 

then { µ } is weakly compact. 
-- n 

' Proof. We recall that a set K in the n:etric space X is compact . 

if evecy open covering of K contains a finite subclass which is also a 

· coveripg of K , or equivalently, if evecy sequence of elements jn K 
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c0ntains a subs.equence wru. ch converges to sorne x c K • 

First, we shall prove the theorem in the case where X is a compact 

space. If X Üi a canpact space, then it is complete and separable. Let 

, xi,. . . be a countable eve:rywh:re dense set in X • 

Denote bY' R the set of positi ve rational numbers. Let A be the class 

of sets- which can be represented as finite unions of (disjoint) open spheres 

S(x.1 9r) with center xt (i = 1,2, ••• ) and radius r c R • r.Ihe class A 

:ts countable and F is the smallest cr-algebra which contains A 

By usillg the diagonal rreth.od we can easily prove that evecy i..vifinite 
1 

i 

contains a subsequence · { µ!\:} such that the limit subsequence of { µn} 
1 

(16) lin:. µn (A) = µ(A) 
k _,,.. co k 

exists for all A c A • 

We can easiJ.y see that if A c A and B r:: A, then A+B e: A and. 

µ(A+B) < µ(A) + µ(B) • If AB ~ 0 , then 'iï(A+B) = µ(A) + ÏÏ(B) , and i.f 

A c. B , then iJ"(A) ~ ÏÏ(B) • Furtherrnore, X e: A and Ïl(X) = 1 • · 

(17) 

Denote by A* the set of closed subsets of X and define 

co 

µ(A) = in.f{ ~- i:l(Am) 
m=..L 

co 

A c.. l A and .hrn e: A} 
m=l m 

The class A * is obviously an algebra. 

'.l;he set function µ(A) defined on A* satisf'ies the following 
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propertj_es: (a) -µ(A) ~ 0 • (b) If A C. B , then µ(A) < µ(B) • (c) If 

00 00 

A c:. l An , then µ(A) ~ l µ(An) • These properties :irnmediately follow· 
n=l n=l 

from the definition (17). For details see the proof of Theorem 1.2 in the 

Appendix. 

* * Now we shall prove that i.f A E A and B E A and AB = El , then 

(l8) µ(A+B) ~ µ(A) + µ(B) • 

By· property· (c), it is sufficient to prove that 

(19) i µ(A+B) > µ(A) + µ(B) • 

1 

1 
00 00 

/If we suppose that A C. I A and B c.: l B where Am E: A , 
IIFl m m=l rn 

Bm E. A and ~Bm = G for m = 1,2, ••• , then by (16) we have 

(20) 

and thus 

00 ,, 00 co 

(21) inf{ l µ(\i + Bm)} -~- inf{ l iJ(Am)} + inf{ L µ·(Bm-)} 
~l . ~l IIFl . 

It :ts not difficult to see that in defining µ(A+B) by (17) we can restrict 

ourself to such sums which occur on the left-hand side of (21). By (21) 

we get (19). 

and 

* More generally we can prove that if A, E A for k = 1, 2, ••• , n 
K 

AA_ = G 
.j·""k f or j 1- k , then 
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~0r n = 2 , (22) is true by (1.8), and by mathematical induction it follows 

tl'lat C22) is true for eve~· n == 2, 3, • . . • 

By the above propert.ies it follows that µ(A) is a nonnegative and 

* cr-additive set function on A • To prove this let us suppose that 

(23) 
00 

A = l Aj 
.1=1 

* * where A e: A , Aj e: A for j ·"" 1,2, ••• and A.iAk = G for j tl< • Then 

· by· Cc) we have 

(24) 

n 

µ(A) < I µ(AJ.) • 
j;::;l 

Since jil Aj c A , by (b) and by (22) we have 

n n 
(25) l µ(A1') = µ( l Aj) < µ(A) 

j=l " j=l ' 

for n = 1,2, •••• If we let n-+ 00 in (25), we get 

(26) l µ(A.) ~ 11(A) • 
j;::l J -

A comparison of (24) and (26) shows that 

(27) µ(A) 

whi.ch. was to be proved. 

00 

- l µ(A.) 
j=l J 

* We observe that lf A e: A , then 

(28) JJ. (A ) ,;, lim sup iin (A) • 
k-+"" K 



T o p1'ove this let us suppose that A c l ~ where l\n e: A • SJnce A 
ITFl 

t.S' a compact set and ~ (m = 1, 2, ••• ) are open sets, there is a fini te; 

n 
n ~uch taht A C l l\n also holds. Thus it follows that 

m;:::;l 

(29) 
n 

> 11m µn. ( I "\i) ?_ lim sup µ (A) 
k -+ "° K m=l. - k -+ 00· nk 

always holds. Hence by (17) we obtain (28). 

1 

~f1 in pa.rticular, A = X in (28), then we obtai.n that µ(X) ~ 1. 
J 

On the· other hand .it follows from (17) that 11 (A) ~ 1 f or any A e: A * . 
'Ihis, implies that JJ" (X) = 1 • 

· Accordingly, wc proved that µ (A) is a probability trea.sure on the 

* algebra A • By Theorem 1.2 in the Appenàix we car. uniquely extend ·the 

à,e,finition of µ (A) to the 0:...algebra F in such a way that µ (A) remains a 

probability measure. 

By (28), for arry set A e: F we have 

(30) µ(A(c) )~ lim sup µ (A (c)) ~ lim sup µ (A) • 
- k -+ CX> l'1c -k -+ CX> !\ 

(i' If we apply ( 30) to the set x .... A 1 , then we obtain that 

(31) 
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. By (30) çnd (31) it follows that if A e: F is a continu:tty set of 

the probability measure µ , that is, µ(il.) - µ(A (c)) = µ(A (i)) , then 

(32). lirn µn (A) = µ(A) • 
k+ro K 

'Ihis, proves that if X is a canpact rr:etric space, F is the er-algebra of 

Borel subsets of X , and { µn} is a sequence of probability measures 

defined on F > then {µn} is weakly coîll)act. By a slight change of the 

above proof we can see that the last statement rernai.118 valid unchangeably 

i;r mstea.d of µn (X) 

or r~asures { µn} 

= l we assume only sup 
l~<oo 

µ (X) < 00 for the sequence 
n 

18.y U$:ing the above resu1t we can easily prove Theorem 2 in the generaJ. 

case. Accordlngly, let us assurre that X is an arbitra.ry metric space and 

that (15) is satisfied. In the following proof we ma..v a.ssume that µ is 

not necessarily a probabil:tty :rreasure, but an arbitrary rneasure for- which 

(33) sup µr (X) < "° • 
l~n<00 • 

let- us choos.e a sequence of compact sets K
1

, K
2

, ••• , Kr, . • • in X in 

such a way that 

(34) .1 sup µ (X-K ) ' -
l<n<oo n r r 

for r;::: 1,2, •••• By the previous results we can concluèe that the sequence 

of mea.sures l-\
1
(AKr) (n = 1,2, ••• ) defined for A s F is weakly canpact, 

that . th . - (r) ( n ) is, ere is a measure µ H and a sequence of pos:i ti ve :integers 

r~r) (k = 1,2, ••• ) such that 
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( 35) lim. " IAK J\ "" µ (r) (•'•) ,., { ) ' 'r ,r. k -7 ;:» YI ,r . 
LIIt 

for every continulty set of µ(r) • let us choose the sequences {~r)} 
- . . - (r+l) ( ) m such a way that {nk } is a subsequence of {nkr } for eaeh 

r ;:i 1,2,... . In this case, if s > r ~ then the measures µ (s) and 

-µ·(r) coincide on ~ , that is, 

(36) 

f or A E F • S:L~ce 

:tt follows that 

(38) 

for A e:: F and s > r • Thus the limit 

lim µ(s)(A) = µ(A) 
s + QQ 

2 
< -r 

exî.sts for A e: F and µ (A) is a measure on F • By (38) we have 

(40) 

f or A e: F and r = 1, 2 , • • • • Fu.i.-r.thennore, by ( 36) we g-et that 

(41) µ(AK) = µ(r)(AK) 
r r 

f or A e: F and r = 1,2, •••• 
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, Now we shall prove that if A e: F and if' A is a continui ty set of 
'• 

µ(A) , then 

(42) 

(43) 

, l1m µ (k) (A) = ll (A) • 
K + oo f1t{ 

rr A is a continuity set of µ(A) , then 

for s > r • . Hence by the diagonal rrethod we obtain that 

(44) 
' 

1 

f or 
1 .. ' 

:r> = 1,2)••• • Since 

for all n = 1,2, ••• and r = 1,2, ••• ,and si.nee 

for r ;::; 1, 2, ••• , it follows from ( 44) that 

(47) llm sup 1 µ (k) (A) - µ (A) 1 5... ; 
k+oo l\: 

, 
..l. 

< -r 

for r = 1~2, •••• If r + 00 
, then we obtain (39). Accordingly, the 

sequence of measures {µn} is weakly compact. 'lhls comp:.i.e~,_es the proof 

of the theorem. 

In conclusion we renti.on a related theorem. which has se-\reral usefUl 
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applications in weak convergence of probability measures. 

'Iheorem 3. Iet X be a separab1e metric space with distance 

function d(x, y) • Let F be the a-algebra __ of Borel subsets of X • 

Iet µ1 , µ 2,. ", µn'". anè. J.i be probabil~ty measures on F If 

µ ~ µ as n -+ 00 , then there exists a probability space n - - (n,B,P) and ,..,._ 

random variables 1;1 , 1;2, •.• , l;n,··· and i; taking values in the space X 

such that 

(48) P{I; e: A} = µn(A) 
~ n 

and P{i; e: A} = µ(A) 

. f or A e: F , ro1d 

(49) ' P{lim d(I; s i;) = 0} = 1 • 
tv- n n -+ oo 

IJ.hls theorem was proved in 1956 by A. V. Skorokhod [ 29 p. 281] in 

the· case when X is a complete and separable metric space. R. M. Dudley 

[ 9 ] demonstrated that is valid for separable metric spaces X See 

also R. Pyke [ 26 ]. We can easily prove Theorem 3 by using the 

construction in the proof of Theorem 2.3 in the Appendix. 

1-i. Product Probability Spaces. In defining independent random trials 

we need the notion of product probability spaces. To introduce this not ion 

let us consider a farnily of random trials G t defined for t e: T where T 

is a parameter set. Iet ( nt, Bt, ! t) be the probability space associat:;ed 

wi th the randcm trial G t • 

Denote by 6 T the compound random trial which consists of the perf orrnance 

of al], the ran.dom trials Gt for t e: T • Iet (nT, BT' ,.r11,). be the 

probability space associated with the compound random trial G T • 
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We can define the _?am212 :;2ac.~. Qrr :in the following way. Since every 

outcome of the comp01..md rando.111 trial G T can be represented by the saJnple 

element (point) 10'1' = {wt' t E T} where. wt i::: ~it we may assume that 

(1) rl = {W.,., 
T T 

We shall wrj_te 

(2) n_ = x Q 
'1' ti:::T t 

and call QT the product sample space. 

(3) 

If At C rit for :tf1ê t i::: rr , then we define 

A_ = X A . • ..,1, r· 
ti:::T " 

as the set of sa-nple elements wT = {wt' t i::: T} such that wt c At for 

t c • T • The set ~ wil1 be called a product set :Ln .. &t11 • 

Let Tn ~ (t1 , t 2, ••. , tn) be a finite subset of the parameter set 

T • 

We sa.v that Air is a product cylinder with sides At , At , ••• , A,__ 
. 1 2 vn 

if 

( 4) 

where ~1c: rlt1
. for i = 1,2, ••• , n. If At. i::: Bt for i = 1,2, ••• , n, 

l i 
then we say that A.r is a··measurable· Qrod1'J.ct cylinder":. 

Next, let us define BT , the class or random events in the compound 
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random trial G T • Let CT be the class of all rneasurable product cylinders 

in QT • Denote by ~ the class of all finite uruons of d:i.sjoint rneasurable 

product cylinders in QT • If ~ e: ~ and. Br.r s A,1, , then .A.f3ir e: AT and 

~- BT e: A.r • 'lhus ~ is an algebra of sets. 

Let us suppose that Brl.1 is the minimal o-algebra which contains all 

the sets in ~ • The o-algebra BT is called the produc~ o-algebra and 

is denoted by 

(5) 

i 
Definitlon. ~~ A_ cs-im.L and T = (t1, t...,, ••• , t ) be a fin:i.te -,1, n c:: n 
! 

subset of T . We define --------·-

(6) 

as the section of A.r at wT 
n 

'Iheorem 1. If p."T E Brr , then P>r-r('"T ) e: 8T-T - n u 

Proof. If A.re: --- Cm , 
.l 

then obviously A.r<'"T ) e: CT-T 
n n 

that if A.r e: AI1 , then ~(wT ) e: ~-T 
n n 

and consequentl.v 

let 

(7) 

This :iJnplies 

for some fixed ui:r e: r'T 
n n 

Ev:i.dent ly Air c S c BT • Now we shall prove 
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that S ic a cr-algebra. Since BT is the mird..m3.l cr-a1gebra over Árr1 , 

it follows that S = 8rr whic.h iEiplies the thecrem. 

First, if A,1 E S , then ~(Wrr ) E Brr-T 
n n 

and this implies that ~ E S • 

00 

Second, if J\:r = k~l ~k) where ~k) e: S 

Thus 

(8) 

Consequently, S is indeed a cr-algebra. This complet; es the proof of the 

theorem. 

It reniains to define the probability !'I,{A} for A c BT • We can -

define proba.Cilities in various wa~1s on BT , but the so-ca1led product 

2robabilities have a special irnportance. Now we are going to define tlüs 

notion. 

Let T
11 

= Ct1, t 2, ••• , tn) be a finite subset of T and let 

(9) 

be a measurable product cylinder. Define 

(10) 

f or any 



A-42 

If P'm s Am , then 
.1 .i' 

(11) Air = î ~k) 
k=l 

where ~k) (k = 1,2, ••• , m) are disjoint sets belonging to CT • Define 

(12) p {A_} = I p {,J_k)} 
""'T -,1, k=l ..,._T -,1, 

for Ar e: Ar . We can easily see that JT{Äir} is independent of the particular 

representation (11), it is uniquely determ:illed by Ar . 

Theorem 2. The set function ]'T{Arr} is cr..,.additive on the algebra A,_r 

. .!J.:2of. We shall prove that ,f T{Arr} is continuous at e , that is" 

if ~k) e: Ar for k = 1,2, •• ", ~l) :::> ~2h ... :::=>~k) :::> ••• , and 

lim ~k) = ~ .~k) = e , then lim,J'T{~k) J = O • Equivalently, we can prove 
k-+00 · k=l k-+ 00 

that if lim ,.fT{~k)} > 0 , then ; ~k) is not empty. Finite adclitivtty 
k -+ 00 k=l 

and continuity impJ.y cr-additivity on A.r • 

Accordingly, let us assume that ~k) c Ar for k = 1,2, ••• , ~l) :-:) 

(2) (k) 
P"T .:J. • • :J A,r ~ • • • and 

(13) 

for k = 1,2,... • We shall prove that ; ~k) fa not errpty. 
k=l 



A-43 

For each k = 1,2, •.. we can w-rite that 

(14) 'k) 
~ = J\r* X rtT-'I'* 

k k 

* where l\i1* E p'T* and 
k lc 

'11
- is a fini te subset of T • Let 
.l:C 

(15) * 00 * T = U Tk • 
k=l 

* Then T is a countable set, and we can write that 

(16) Aik) = Ai~) X Q, 
-"1' -'"'I'* r-T* 

* (k\ (k) 
( If T = T , then AT 1 

_ = ATif • ) _,: --~ ~· - - - - - ~·--· -- -· .. - ~---

,;;:;-;*- -~ -{t
1

, t
2

, ••• } • Thus it is sufficient to prove that if 

(k) - - (1) (2) (k) AT* - e AT* f'or k -- 1, 2, ••• , AT* ~ AT* ::> • • • :::> AT*· ::::. • • • and 

(17) 

for k.::.; 1,2, ••• , then ~ AT*(k) is not empty, tr..at is, there exists sn 
k=l 

elerrent (point) 

for all k = 1,2, •••• 

, then the statement is tri vial because J\ {At is 
"l 

* cr-additive on At • Thus let us suppose that T contaJns more than one 
1 

element. 

Let 
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(19) ~k) = 
11* 

Since :aj,~) is the fini te uni.on of sets belonging to At , therefore 
1 

Pi~) s A-1- • We have 
-.1'* "'l 

He nee 

(21) 

for k = 1,2, •••• 

A rd . ," 0 (k) A f k - 1 2 ~(l)-. ~(2 ) n(l{) c co mg.LJ , l.."I'* s t or - , , ••• , _, :::::> • • • :::> r-'tJl* ;:;i ••• 
1 ~ 

and since Pt {A} is cr-additive on At , by (21) we have 
~ 1 1 

(22) lim p {~~)} = p { ~ ~)} ~ E: > 0 • 
k-+ o; tl -1· tl k=l 1 - 2 

Consequent1Y, k~l ~) is not empty,that is,there is a point ;;;;
1

0 ~)C Qtl 

for k = 1,2, ••• and 
(k) (- ) E: . 

(23) !T*.:...{t } {AT* uit } > 2 > 0 
1 l 

for all k = 1,2, •••• 

If. '"'.1* t . thar t 1 t j f 1 ASk) ,.., _, con .ains more - _ 1 wo e emen s , . we rep ace _ ..,
1

1* •JY 
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A (k) (- ) 
T* wt 

1 
and i.f we take into consideration that Pt {A} is 0-additive 

,..,._ 2 

on A , then by repeating the prev:Lous argument we obtain that there 
t2 

exists a point wt e: rzt such that 
2 J2 

(24) 

By continuing this procedure we obtain that as long as (t
1

, t 2 , ••• , tn) 

* is a proper finite subset of T , there exist points wt e: Qt , ••• , wt e: Qt 
1 1 n n 

such that 

(25) PT* {t t }{Ai~) (wt1' • • •' wtn)} > :n > 0 • /\- - 1, ••• ,-n --.-1'* é. 

* If T = {t1, t 2, ••• , tp} where p > 2 , then (25) holds for n = p ~ 1 . 

(k) - - ) ·The· sets A.J.* (wt., ••• , wt 
1 p-1 

Since Yt {A} is 0-additive on 
p 

e: At fonn a decreasing sequence of sets. 
p 

At we have 
p 

(26) . (k) - - -
00 

(k) - e: 
llmJ't {1\ii* Cwt , ••• ,wt )} - !t {Il 1\ii* Cwt , ••• ,wt )} ~--1 > 0 

k + 00 p 1 p-1 p k=l 1 . p-1 2P-

- (k) - .... --
Consequently ,there is an wt e: rit such that wt e: AT* Cwt , ••• , wt ) , 

p p p 1 p-1 

that is, - - ) (k) 
( u.'t ' • • • :> wt e: ~ 

l p 
for all k = 1,2, •••• This completes the 

* proof of the theorem in the case when T is a finite sE::t. 

* I-f T - ft t } _. - ' 1' 2, ... is an infinite sequence, then (25) holds for 

n = 1,2, ••• , and 



(27) <-W-t , wt , .••• 
1 2 

for all k == 1,2, •••• To prove this)for each k = 1,2, ••• , let us write 

(28) 

where n is some positive integer. By (25) ~) (~ , ••• , uit ) is not 
1 n 

empty, and by (28) it is necessarily equal to n X ri X... • 'Ihus 
tn+l tn+2 

we have 

which implies (27). Accordingly (27) holds for all k = 1,2, ..•• 'Ihis 

co~letes the proof of the theorem. 

By 'Iheorem 1.2 in the Appendix we can extend the definition of ]T{A1J 

to the a-algebra 8ir . 'Ihe extension is unique and JT{Air} is a probabil.ity 

measure on BT • We shall call y'l,{~} the product probability measure and 

(nT' BT, _!'T) the product probabj_lity spa.ce. 

'Ihe product probability !T{Air} has the property that for any flnite 

set Tn = (t1 , t 2 , ••• , tn) C.'l' and for ari..y At. e: Bt (i = 1,2, ••• , n) 
1 i 

(30) PT{A .. X At X ••• X A" X nT-T} = Pt {P...._ } Pt {A. } ••• Pt {At }. 
,.,._ ""tl 2 "L;n · n /v- 1 vl ,._.... 2 """t2 "'- 'n n 

Conversely', !T{~} i.s uniquely determined for 8î by this property. 

In particular, we have 
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for At. E Bt. and thus ( 30) can be expressed as follows: 
l -, 

(32) 

Accordingly, if the compound random trial G T is described by the 

product probability space (Q1,, BT' !T) , then the following n events: 

6t results in At , ••• ,(f t results in At will be mutually independent 
1 , 1 n n 

events in G T for• any n ::: 2, 3,. . . and At. s Bt; • Furthermore ,any event 
l ~ 

At s 8t , where t s T , has the sarre probability in the compound random 

trial GT as in the constituent random trial Gt • 

.· If the probability space associated with the compound random trial 

is· the product probability space (nT' BT' !T) , then we say that the -

constituent random trials c:St (t s T) are mutually independent •. 

b T 

Conversely, if we consider a family of random trials Gt (t s T) , 

and if any. outcane of any random trial has no influence on the outcome of ·_. 

ru-zy other random trial, then we assume that the random trials are mutually 

independent and with the compound random trial we associate the product 

probability space. 

Let 6 t = ( Qt' Bt' rI '· ) ( t e: T) be a family of nnitualJ.y independent . 

. random triaJ.s and let st (ut ) (t e T) be random variables defined on Gi_ 
" 

. (t E:.T}. If we define the random variables ~t(wT) = çt(wt) ·.forte T-·· 

on the product probability space ~T = (nT, BT'J'T) , then ~t(wT) ·(te T) 
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w ill be nllltually independent rMdorn va.riables. 

The ex:tstence of a product probab:ility space for an arbitrary family 

of raridorn trials was proved in 1939 by B. J·essen [ 12 ]. In the partj_cular 

case when each Qt is the real l:i.ne and Bt is the class of linear Bor·el 

sets, the existence of a product probabllity space follows from amore 

ge:neral theorem found in 1933 by A. N. Kolmogorov [ 19 ]. ( Tbeorem 

47.1 .) See also J. v. Neumann [ 24 pp. 122-148], S. Kakutani [ 13 ] 

and E. S. Ander-sen and B. Jessen [ 2 ]. Actually, the general existence 

theorem was stated in 1934 by Z. wmnicki and S. Ulam [ 22 ], but their 

proof contains an error which was pointed out in 194 3 by S. Kakutani t 13 J , 

and in 1946 by E. S. Andersen and B. Jessen [ 2 ]. 

5. Cond:.tional Probabilities and Conditional E:xpectations. The gen.sral 

notions of conclit:i.onal probabilities and conditional expectations were 

· introducèd :in 1933 by A. N. Kolmogorov [ 49 T • These ri0tions a.re 

based on the ir.tegral in an abstract space and on the Radon--Nikodym theorem. 

Let (Q, A, P) be a probability space, A E A , and t;(w) , -a real ,..,.... 

random variable defined on S1 • If the seriesl 

(l(l 

(1) 

is absolutely convergent for some À > 0 , then it is convergent for every 

À > 0 and has a f:iriite :. ;,.,., .t as ;, + O • 'Ihis l:imit is, by definition~ 

c"'the integr--d.l of the random variable t;(w) over A , and is denoted by 

(2) Q(A) = f t;(w)d.P • 
,.,,.... A ,.,.... 
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is 
If ,S(n) exists, then itAcalled the ecpectation of the random variable 

which we denote by ,~HJ • 

If' Q(ri) exists, then Q(A) exists for every A E: A , and Q(A) is 
,..,... ""-

a finite and cr-additive set function, that is, if A = A1+ A2+ ••• + Ak+ ••• 

where Ak E: A for k = 1,2, ••• and AiAj = o for i 1 j ,then 

00 

(3) 

and the right-hand side is absolutely convergent. 

'Il1e set f\1nction _9(A) is absolutely continuous with :respect to P{A} 

that ~.··s, if A E A and P{A} = 0 , then Q(A) = 0 • 
tv- ,...... 

The celebrated Radon-Nikodym theorem states that if Q(A) possesses _ ,.,__ 

the mentioned properties, then it can be represented in the fonn (2) and -

ç:(w) is determined up to an equivalence. More precisely we have the_ 

following result. 

Theorem. 1. Iet n be an (abstract) set, A a a-algybra of subsets 

of Q · , P{A} , a prübability rneasure defined on A • Let Q(A) be a· 
,,..,,. - IV'- ---

. .fi!:9.:te and a-additive set function defined on A -... Suppose that Q(A) 
' ""'-

is absolutely continuous with respect to ,f{A} , that is, A e: A and 

P{A} = 0 imply 
rv-

Q(A) = 0 • Then there is a random variable ç:(w) 
tv-.. 

defined on rl , and integrable over .Q such that 

-(4) Q(A) = f t,:(w)dP 
""" A ,.,._ 

for all A.E. A • If n(w) is another random variable which is jntegrable. 
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over Q and for whidi 

(5) Q(A) = J n(w)dP , 
"""' A ,..,.., 

and if D = {w n(w) f ~(w)} , then P{D} = 0 
. -- "" 

Por the proof of this theorem we refer to P. HalJnos [ 11 ] 

Theorem 1 makes possible the following definitions. 

Iet (n,A,P) be a probability space, A. s A an event, and B a 
'"" 

o-algebra of sets belonging to A (cr-subalgebra of A ) • The conditional 
1 

probability of A relati.ve to B , denoted by P{A 1 B} , :is defined as any 
N-' 

i 
ftmcttion of w which is measurab1e with respect to B and which satisfies 

the equation 

(6). f P{AjB}dP = P{AB} B.,.. ,..,._.,.,... . 

for all B e: B • By Theorem 1 it fellows that such a ftmction exists, 

P{AjB} is a random variable, éu1d is deterrnined up to an equivalence. ,,.... ' 

If x =x(w) is à. real and finite-valued random variable, then 

P{A 1 x} is defined as any on~ version of P{A IB} where B is the o-algebra 
,...... ,IV-

generated by x _, that is; · B · is the smallest o-algebra which contains the 

sets {w : x(w) _::_ x} for all x • In this case P{Alx} is a Baire-ftmction ,..,._ 

of x and we use the notation P{Alx = x} = P{Ajx}I • 
/-. IV- x(w)=x 

The f ollowing f ormula. 

00 

(7) P{A} = ff{Alx = x}dP{ X ~ x} 
rv-- -co ,.._ 
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is called the theor~m of total probability. 

Let (n,A.,P) be a probability space, TJ a real and finite-valued 
""" 

random variable whose expectation exists, and B a o-algebra of sets 

belonging to A The conditional expectation of n relative to B , 

denoted by E{nlB} , is defined as any function of w which is rneasurable 
tv-

with respect to B and which satisfies the equation 

(8) J E{nlB}dP = J ndP 
B,,,... """ B ""' 

for all B e: B • By Theor-em 1 it follows that such a functi.on exists, 

E{n IBJ is a. random variable, and is determined up to an equivalence •. 

i 
ti:r x = x(w) is a real and finite-valued randan variable, then 

E{ n 1 x} is defined as any one version of E{ n 1 B} where B is the tr-algcbra 
(V.... IV'-

generated by x In this case E{ n 1 x} is a Baire-function of x and •tJe ,._., 

use ·the notation E{nlx = x} = E{nlx~, )- • 
rv.. !'- ;-0.W -X 

rrhe f ollowing f orrnula 

c:o 

(9) E{n} = f~{nlx = x}~{x ~ x} 
""'" _c:o 

is call.ed the theorem of total expectation. 

6. Wald's Theorem. Let i;1, i;
2

, • •• , t;n,. • • be a sequence of real 

or complex ra~dan variables. Write z;n = i;1+ i;
2
+ ..• + i;n for n = 1,2, ••• 

_and z;0 = O .' The results of this section are concemed with the random 

variable <;; where v is a discrete random variable taking on positive . \) 

inteb'"e;r:'S only. We shall assurne that one of. the following conditions is 
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satisfied: 

(A) F'or every n = 1, 2, • • • the event { v = n} depends only on the 

randan variables i;1 , ç:2 , ••• , ç:n, that is, the indicator variable of the 

event {v = n} is a Baire-function of the random variables t:1, i;2, .•. , ç:n • 

(B) For every n = 1,2, ••• the event {v = n} and the random variables 

i; +l' ç: +2, ..• are independent, that is, the indicator variable of the event n __ n 

{v = n} and the random variables ç:n+l' çn+2, ... are independent. 

Obviously, condition (A) irrplies (B), whereas the converse fo not t!'lle. 

This ;can be illustra.ted by the following exarnple. 

be ml.4tually independent and identically distributed random variables for 
i 

which P{ç: = l} = P{ç = -1} = 1/2 and define v = (ç:1ç: 2+ 3)/2 • ~ben ,....._ n IV'-· n 

(A) is not satisfied, whereas (B) is satisfied. 

In 1944 A. Wald [ 41 ], [ 42 ] considered the case where {F.;;
11

} is 

a sequence of mutually independent and identically distributed real random 

variables and defined v as the smallest n for which çn does not lie 

in the interval (a, b) • He deduced a fundamental identity for the random 

variabJe ç and this identity made it possible to find the distribution 
\) 

and the mornents of ?v Actually, Wald' s rriain interest was to find the 

distribution and the mornents of v 

The following theorems are generalizations of sane of Wald' s results. 

lheorem 1. Let us suppose that · {ç:n} is a sequence of reál rándom 

variables for whi.ch ~{ i;n} = a exists and ts independent of n • If 
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is satisfj_ed, E{ v} < oc and 
,.,,_ 

(1) l E{I~ j}P{v .::_n} < oo, 
n=l ,,_ n /"'- --

then 

(2) E{ r.; } = a E{ v} • 
"""' v ""'" 

Proof. Let us def"lne o = 1 if v > n and ó = 0 otherw-lse. n n 

Then we can wri te that 

00 

(3) 

Since by assumptlon ~ and the event "'n {v < n} are independent, :1 t 

follows ~hat t;n and the event { v .:::._ n} are also independent. Tnus çn 

a11d on are independent random variables and · 

(4) E{~ 6 } = a E{6 } = a P{v > n} ,,__ nn ,,,_,. n """ .. = 

for n = 1, 2, • • • • Accordingly ,by' ( 3) we . obtain that 

00 00 

(5) E{r_;v} = I E{~ 6 } = a I ~{v ~ n} ~ a E{v} • 
IV- n=l ',.,._ n n n=l ,,,_ "" 

In ( 3) we can form the expectation tenn by tenn because 

00 00 

(6) 

1bis proves (2). 

For the "-proof of (2) see also D. Blackwell [33 1, J. · Wolfowitz E 1.i4 J, 

A. N. KoJm_9gorov and ~~:_Y..· Prokhorov [ 37 ] and N. L. Jolylson [ 36 ]. 
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, r.Iheorem 2. Let us suppose that { E;, } is a sequence of mutually 
n 

independent real random ~variables for which EU; } = a and Var{ ç;n} ::: o2 
-------,,,... n - ~ 

exist and are L"ldependent of n • If (A) is satisfied, E{v} 
-~~·---~---'---~~ - ~ 

(7) I: P { -Y ~ n} ~{ 1 f n-l - (n-l)a l l 1F?: n} ~ oo, 
n-=l-

then 
("'3} 2 2 E{(ç - av) } = o E{v} • ,....._. v M-. 

< 00 

' 
and 

Proof. In pro1li.ng this theorem we rnay assurre that a = O • If a /- O , 

then instead of { ç; } we can consider the sequence { ç; - a} • Let l1S . n n 

define the random varia.bles 6 (n = 1,2, ••• ) in exactly the sarne way as n 

·in tqe previous proof. Tnen 61 :::: 1 a."ld on depends only on i;1 , i:;2 ; •• •, 

~ 1 1 for n = 2,3, •••• ... n- 1 

(9) 

Let us write 

2 x == ç; + 2ç; r; n n n n-1 

for. n = 1,2, ••• 2 
We note that r.:0 = 0 • Then r;n = x1+ ••• + xn for 

n = 1,2, ••• and 

(10) 

By (9) we have 

(11) 

00 

7;2 = l )( 6 
v n=l ·n n 

E{X 6 } = E{ç;2}E{6 } + 2E{ç; }E{r; 16 } • rv-nn ,.,.__n""'n ,.,..,n,..,.__n-n 

Por r,n and on are independent random variables, and also t.:n and 

z;n-1 on . are independent ra.l1dorn variables·. 

we obtain that 

Since E{ ç; } = 0 , by (11) 
,.,... n 

(12) 2 2 E{x 6 } = o E{6} = o P{v ~n} /""" n n /\,\.. n 

for n = 1,2,... • 'lhus by (10) we have 
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00 

(13) I P{v ~n} ~ a2E{v} • 
n==l,,..,....,... ;y\,.o.. 

In (10) we can form the expectation term by term because 

2 1/2 
E{ls I} < [E{s }] = a < 00

' and 
"""n ""n 

ro ro 

(15) nil!{ 1 z;n-11 ên} = nil ,!{ên = l~{ 1 z;n-1 l lcn = l} < oo 

1 

by ( 7:) • 

i 
1 

We note that if in Theorem 2 we replace the condition (A) by condition 

(B), then (8) is not valid anymore. This was demonstrated by J. Seitz a.rid 

K. Winkelbauer [ 39 J when they pointed out that several results are 

erroneous in the paper of' A. N. Kolmogorov and Yu. V. Prokhorov [ 3? ] . 

Indeed, if we consider the example rrentioned at the beginning of this 

section, then a = O , a2 = 1 , E{z;2} = 2
5 and E{v} = 23 , that is, (8) is ,.,.,.. v ,.,..... 

not satisfied. For the proof of (8) see also N. L. Johnson [ 36 ] • The 

higher moments of z;v have been investigated by J. Wolfowitz [ 44 ] ànd 

K. Winkelbauer [ 43 ] . 

In i9L19 A. N. Kolmogorov and Yu. V. Prokhorov [ 37 ] considered the 

(1) 1 2) 
case wh.en sn = ( t;;n , t;,~ ) ( n = l, 2, ••• ) àre independent vector random 

variables. Let z;~i)= i;ii)+ ••• + t;,~i) for · n = 1,2, ••• and i = 1,2, and 

(i)_ o· r i - l 2 z;0 ~ . or . - ., ~ 
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Let 1: :.: ( t. (l) 
- "'.n ·'n ' E; ( 2) ) (n == 1, 2, ••• ) be mutually independent 

n 

vector random vartables for which E{ç;(l)} ~ a.. , E{ç;(2)} = a and 
,,,...n J."""n 2 

!{ ( ç;~1 ) - a1 )( r;,~2 ) - a2)} = er 12 exist and are independent of n • If (A) 

is satisfied, E{v} < 00 , and ,.,,,... 

then 

( 17) 

Proof. Without loss of generality we rnay assurne that a1 = a2 = 0 • 

If we define o in the same way as in the previous proofs and if now 
n 

(18~ 

for n = 1,2, ••• , then we can. write that 

(19) ~ (1) r; (2) = Ï y 0 . 
v v 

1 
·n n n= 

If we form the expectation of (19), then we obtain that 

(20) E{[(l) r( 2)} = er 
,.,,_._, 'V "v · 12 

In a sirnilar way as in the proof of Theorem 2 we can easi1y see that if 

(16)is satis.f'ied then we can form the expectation term by term in (19). 

Further generaJj_zations of' the above results have been given by 

K. Winkelbauer [ 43 ] . 
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· 6. Interchci.ngeab;~ _ _Random Variables. In generalizing the notions 

of independent events and independent randan variables in 1930 B. De Finetti 

[ 52 ] , [53 ] , [ 54 ] , [ 55 ] , [ 56 ] introduced the noti.ons of inter-

changeable events and interchangeable random variables. 

We say that A1, A2, ••• , An are interchangeable events if 

(1) ... 

holds for all 1 < i 1 < i.2 < ••• < ij ~ n , and we say that A1, A2, ••• , Ai, ••. 

is an jnfinite sequence of interchangeable events if (1) holds for all. 
1 

n = l,2,... . 
1 

We have several classical examples for a fini.te number of interchangeable 

events. See e.g. reference [ 77 ]. In 1923 E. Egg::nberger and G. PÓl;za 

[ 59 ] found an interesting example for an infinite sequence of interchangeablè 

events. 

We say that ç;l' t;,2, ••• ; ç;n are interchangeable random variables if 

all the n1 permutations of (t,:l' ç;2, ••• , ç;n) have the same joint distribution. 

If ç;l' t;;2, •• ", ç;n are real random rariables, then they are interchangeable 

if and only if 

holds for all the n! pennutations . (i1 , i 2, ••. , in). of (1,2, .•. ~ n) 

and for all x1, x2, ••• , xn 
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We say that r,l' E;.?, ••• , Ç.., ••• 
'- l 

is an infinite sequence of inter-

changeable randcm varia.bles, if (t;l' 1;2, .•• , ç:n) are i.nterchangeable 

random variables for all n = 2,3, ••.• An infinite sequence of real random 

variables ç:1 , i;2, • •• , r,i,. . . form a sequenee of interchangeable random 

va.riables if (2) holds for all n = 1,2,... . 

Let us define the indicator variable of an event Ai by xi , that 

is, x = 1 i 
occurs and x. = O if A. does not occur. 

l l 

are interchaYJ.geab le events, then x 1 , x2, .•. , ~ are intercha.ngeab le random 

variables, and i.f A1 , ••• , Ai,. • • is an infini te sequence of interchangeabl.e 

event
1

s, then ·xl' x2, ••• :i; xi'... is an infinite sequence of :t.ntercha.ngeable 

ra.ndcin variables. 
1 

By generalizjng the notion of homogeneous processes with independent 

increments we can introduce the notion of stochastic processes with inter

char1geab1e · increments. We say that the process· {t;(u)·, O < u .::_ t} has 

interchangeable increments if for all n = 2,3, .•. 

(3) . (r = 1,2, ••• , n) 

are interchangeable random variables. The process {t;(u) ··, 0 < u < 00 } is 

said to have interchangeable increments if the random variables (3) are 

interchangeable random variables for all finite t . 

If we choose m points at random on the interval (0, l) in such a 

way that independently of the others each point has a uniform distribution 

on the interval 
. . 
(0, 1) , and if v (u) 

m 
denotes the number of points in the 
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L"'lterval (O u) then .r v fu) , G _:::.. u _.:::_ 1} is a stochastic process with , ' , m \ 

interchangeable tncrements. 

In 1930 B. De Finett.i. [ 52 ] discovered that an infinite sequence of 

interchangeable random events can be represented as the outcomes of a sequence 

of randomized Bernoulli trials. In what follows we shall prove this result. 

Let us suppose that A1, A2, ••• , Ai, ••• is an infinite sequence of 

interchangeable events. Denote by x. the indicator variable of the event 
l 

A •• 
l . 

(4) 

for. 

(5) 

Let 

Let 

v = x1+ x?+ ••• + x , that is, v is the nurnber of events n c... n n 

'IT = 1 and 0 

TI'j = P{A
1
- A

2
· ••• A.} -

,.,,.... -· J 

j = 1,2,... . 

Since 

. . . j . - Xi X1· • • • Xi· 
1 l 2.' . j .. <11-<J.:2''< ••• <l·.~11 . - , __ 

. u 

for 0 < j < n , we obtain that the j-th binomial moment of v
11 

is 

(6) 

for j = 0' l, ••• ' n • rr we take into consideration that 

("' '1 ) 

. . 
n , 

= l (~) p { \) == k} 
k=j cJ ,.,..,.._ .n 
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f or 0 < j _::_ n , then we obtain. easily that 

(8) 
n . k. 

P{v = k} = I (-l)J- (J )B. (n) -
~ n j=k k J 

f or 0 5:_ k ~ n • 

'Ihe follow-lng theorems are due to B. De Pinetti [ 55 ] . See also 

A. Ya. Khintchine [ 69 ], [70 ], W. Feller [ 60 p. 225-227], and p. G._ 

Kenda.11 [ 68 ] . 

'Iheore..rn 1. T.here exists a distribution function F(x) such that 

F(x) i= 0 

1 

> 
f or x < O , F ( x) = 1 f'or x = 1 , and 

v ! 

(9) 11m P{....!l ~x} = F(x) ,.,,,,. n 
n -+ oo 

in every continuity point of F(x) • 'Ihe cüstribution function F(x) is 

uniguely detennined by 

(10) 
1 

1T. = J ~dF(x) 
J 0 

for j = 0,1,2, •••• 

Proof. Pirst we note that 

(11) 

for èvery x and j = 1,2, ••• where è,~ (l -~ r < j) are Stirling numbers 

of the second kind. Hence by (6) we obtain that. 

(12) 
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for j = 1,2, ••• ar1d n = 1,2, •••• Sin .~J.· = ce >v 
J 

f'ollows frorn (12) that 

(13) 
\) j 

lirnE{(_g)} == TI. 
,.,..... n J n -+ oo 

1 for j > 1 = .L ' j_t 

for j = 0,1,2, •••• 1he sequence { n. } Datisfies the followlng propertj_es: 
J 

n-0 = 1 and 

(14) 
n · k k l (-l)J- en-. )1î. ~ 0 

j=k n-J J -

f'or 0 < k < n • This last inequality is a consequence of (8). Thus by a 

theorem of p,. Hausdorff [ 65 ] , [ 66 ] we caJ1 conclude that there ex..ists 

a d:tstr-lbution function F(x) on the interval [O, l] such that (10) 

holds for j = 0,1,2, ••• and F(x) is uniqu.ely determined by (10). Hence 

(9)" follaws by Theorem 41.11 • This canpletes the proof of the theorem. 

Fran (8) and (10) it follows that 

(15) P{v = k} ,,,.... n 

!'or 0 < k < n • From (15) we can also cor:clude that (9) holds. 
= = 

Now let us suppose that (n,A,!_) is a probability space and A1, A2, ••• ,Ai, •• 

~, an infinite sequence of interchangeable events such that A
1

E B for 

i = 1,2, ••• and defi_.v1e 1r. by ( 4) and F(x) by (10). Denote by B the 
<l n 

rni:nima.1 cr-algebra which contains the events A , A +l' • • • and let n n _ 

(16) 
* 00 

B = n B 
n=l n 

be the s-çr..cal.led taJ:l o .... algebra. 
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Theorem 2. There exists a random variable e defined on the 

prcbability space (Q,A,P) such that 
tv--

(17) 
• \)n 

P{ lJ.ID 11 = e} = 1 • 
,.,....., n-rco 

Proof. We shall use formula (12) and we shall need the Stirling 

n~nb~rs, 6 ~· for 1 .::. r < j < 4 • These are gi ven in 'Jàble I. 

~ 1 2 3 4 

1 1 

2 1 1 

3 1 3 1 

4 1 7 6 1 

Table I. 

jrr n > 1 and q ~- l , then by (12) we obtain that 

(18) 
\) \) 2 

E{ (..!!. - ~) } 
rv- n n+q 

;rr q + co Md n -+ 00 , then the extreme right mernber· in (18) tends to O , 

and therefore we can conclude that there exists a random variable e such 

that 

(19) 
\) 

1imA{(nn - 'f.l)2} = 0 • 
n -+ co 

By (12) we· can also prove that 
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for n > 1 • rl'hus b y (20) we have 

(21) { (
vn . !4 

E --·6)} .,,.,... n 
3 < ---

16 n2 

for all n 2:.. 1 • Since f or every E > 0 

(22) 
\)· 1 \l 4 3 

P{ i..!.l:. - e 1 > d ~;,-r. E{(·,.,.~-- e) } < 
2 4~ , 

""" n - E '+ "" n 16n E 

it fellows that 
1 

1 

1 

(23) 
00 \) 00 

I P { l__ll - e 1 > d < l4_ I 12 < -4.-
n= 1 ,,_ n 16E n=l n . Se:'+ 

and·this implies (17) by Lerrma 43.1 • 

Obviously 0 < e < 1 with probability 1 and the random variabl.e e 5.s 

* * measurable with respect to the tall a-algebra B , that is, { e < x} s B 

for evecy x • 

By (9) and (17) (or (19)) it fo1lows that necessarily 

1 

(24) P{e < x} ,;,, F(x) • 

'Iheorem 3. We have 

(25) 

w:tth. probability l • 
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Proof. Since 

(26) 

f or j - 1,2, ••• , it fellows from (5) that 

(27) 

for 1 < ,j < n • If n -+ 00 , then the rig,ht-hand side of (2r() converges 

to E{ejle} =. ej with probability 1. This completes the proof of the 

theorem. 

By (25) we have 

(28) 

for j = 0,1,2, •••• r.Ih..ts proves once again that n. 
J 

can be represented 

in the form (10) • 

·By (8) arid (28) we can wi~ite that 

(29). 

for 0 < k < n • == = This formula reflects the result that an infinite sequence 

ot" interchangeable events A1 , A2" •• , Ai, ••• can be represented in the 

t'ollowing way: 

probability e 

function F(x) 

success. 

We perf orm an infinite sequence of Bernoulli trials with 

for success where e is a randan variable with distrtbution 

and A. denotes the event that the i-th trial results in l . 

We note that" in general, for a fini te number of interchangeable events 
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A:L' A2, ••• , fn, the probab::i.lities 'IT j (0 .2_ j .2_ n) cannot be represented 

;in the form (lO) • 

'Ihe above results can also be expressed by using the indicator variables 

lf A
1

, A2 , •• , A
1

, ••• are interchangeable events, then 

are :tnterchangeable random variables. By (17) we have 

(30) 1 • 

If ~ denotes the cr-algebra generated by the random variable e , then 

and 

(31) 

., x.i, ••• 

holds for all k = 1,2, ••. and io:1 = 0 or Ei= 1 (i = 1,2, •.• , k) with 

probability, 1 , In (31) 

(32) 

with probability 1 • 

AL.cordingly, we can represent ·x1, x2, ... , x1 , .•. as a sequence of 

condit:i.onally independent random variables with a conmon distribution. 'I'his 

last result can be extended for more general sequences of intercha.ngeable 

rand~ variables as was demonstrated in 1937 by B. De Finètti [ ·56 ] . 

See al::ro E. B. Dynkin [ 58 ] , E. Hewitt and L. J. Savage [ 67 J, à.nd 

\ 
M. Loève [71 pp. 364-365, and p. 400]. 
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Theorem i~. If :i.s a probabi1ity snace and ~i (i = 1,2, ... ) 

is an infinite se~1uenct:" of i.nterchangeabl.e real random variables, then there 

exists a nontri vlal 0--subalgebra B of A such that 

(33) 

for all k = 1,2, ••. and x1 , x2 , ... , 21c with probability 1 , and in (33) 

(34) 

for all i = 1,2, ••• with pro~ability 1 • 

Proof • We can reduce the proof of this theorem to the results proved 

above. Let us de fine 

[: if çi .s_ u ' 
(35} x1 Cu) = 

1f ç;i> u , 

for i ::= 1,2, ••• and 

!'or n""' 1,2, ••• and all u. Since in this case {x1 (u)} are inter

changeable indicator variables,by Theorem 2 for ever-f u there exists a 

:random vari.ahle e,(u) such that 

... (37} P{ .lim 
vn ( u) 

e (u)} 1 h '' - . 
""' n ·o)o· °" 

\'1.th probability 1 , the random variable e (u) is a nondecreasing funct:l.on 
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o f . u , e ( u) + 1 as u + 00 , and e ( u) -+ O as u -+ - 00 • We can choose 

e(u) such that for every w s ~ the flmction e(u) = e(u; w) is a 

distribution function in u • 

Denote by B the minimal a-algebra generated by the random variables 

. {e(u), - 00 < u < 00 } • Then we have 

(38) P{~~ ~ x!B} = E{x~(x)IB} = 1 E{v (x)IB} 
r"' l - ~ l n,...,.. n 

for any l = 1,2, ••• and n = 1,2, •••• If n + 00 , then by (37)-the right

hand s:tde converges to e (x) wtth probability 1 • Ttms we have 

f'e)r i = 1,2, ••• a~d every x with probability 1 • This proves (34). 

In a similar way we obtain that 

for n > k • If n -+ 00 , then the right-hand side of (40) has the limit 

with probability l • Accordingly, 
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w ith probability 1 • By ( 39) and ( 42) we obtain ( 33) which was to be 

rroved.. 

Flnally, we mention that in 1960 H. BÜh~ [ 50 ] demonstrated that 

a stochastic process {Ç;(u) , 0 ~ u < co} with interchangeable increments 

can be represented as a homogeneous stochastic process with conditionally 

independent incr~ments. 

Accordingly, if (rl,A,P) is a probability space and {Ç;(u) , 0 ~ u < co} ,.,,..... 

:Ls' a stochastic process with interchangeable increments, then there is a 

nontrivial cr-subalgebra B of A such that with probability l· the 
i 

proc~ss, { ~ (u) , 0 < u < 00 } is homogeneous aJld has independent increments 
1 

with. ·respect to B 

8. Slowly Vary;tng Functions. A real function L(x) defined for x > a 
= 

where a is sane positive number is called·a slowly varying functi.on at 

x + "" 1~ it is posittve for x ~ a , measurable on any finite interval in 

[a, oo) and if 

(1) 

f or every w > O • 

lim L(wx) = 1 
x + "° L(x) 

An exarnple for slowly varying functions is 

(2) L(x) 

where log2x =log log x and logkx =log logk-l x for k = 3,4, .•. and 

cl' c2 , ••• , en are real numbers. 
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Slowly varying fu.nctions play an important role in ma.thema.tics jn 

proving various l:iJnit theorems. In particular, they have important 

applications :in the theory of probability in obtaining various limiting 

distributions. 

As, early as 19CA- A_!Pringsbei"Il[l05]was concemed with monotone slowly 
E • Lat:Lcla.uI 97 l, ,.. / 

v-arying functions.~ee alsoAG. Polya [ 102 ], [103 ], G. Polya and~ 

" Szego [ 104 pp. 67-69], and R. Schmidt [ 107]. In 1930 J. Kararnata [ 92 ] 

found the most general form of a continuous slowly varying function. In 1949 

J. Korevaar, T. van Aardenne-Ehrenfest and N. G. de Bruijn [ 96 ] stud:ied 

positiVe, measurable functions L(x) satj.sfying (1) • 

We have the following representation theorem. 

'lheorem 1. If L(x) is a slowly va.,.ying function, then there ex~sts 

äorne positive constant a such that 

(3) L(x) = c(x)e 

x 
J. ·du) ·-·-du 
a u 

for x > a where c(x) and dx) are bounded measurable functions on the = 
" interval [a, 00 ) and satisfy the conditions 11.m c(x) = c where c is a 

x + CD 

positive constant and DJn E(x) = O • 
x +co 

This theorem was found :in 1930 by J. Ka.ra.mata [ 92 ] , [ 94 ] for 

continuous L(x) , in 1949 J. Korevaar, T. van Aardenne-Ehrenfest, and 

N. G. de Bruijn [96 ] proved it for the case when log L(x) is integrable 

on evecy corrrJact sub interval of [ a, oo) ar1d in 1959 N. G. de Br,uijn J 84 ] 

proved it for measurable L(x) • 
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Theorem 2. ;çr L(x) is_a slowly varying function, then (1) ~olds 

· urüfornûy for w e: [a1 , a2J where [a
1

, a2J~ any finite subinterval of 

(0) 00) • 

For continuous L(x) th.ts theorem has been proved by J. Karamata 

[92 ], [ 94] and for measurable L(x) by J. Korevaar, T. van Aardenne

. ·Ehi'eri.fest, and N, G. de Bruijn_ [ 96 ]. See also G. H. Hardy and W. W. 

Rogos·inski [ 90 ] , H. Delange [ 85 ] , W. Matuszewska [ 99 ] , [ 100], and 

" R. Bojanic and E. Seneta. [ 82 ] • 

:rt ;Ls interesting to mention the followlng result which was found in 
1 

196'! 1by C. C. Heyde [ 91 ]. See also B. A. Rogozin [ 106 J. 

Theorem 3. Let a1, a2, ••• , an,··· be a sequence of nonnega~ive 

numbers. If 

n -+ oo 
n 

__ where . .a. is a f:ini te nonnegati vè number, then 

(5) ~ an n a,. 1 
exp{- l - x } rv (1-x) L(-) 

n=l n 1-x 

as x -+ 1-0 where L(x) is a slowly varying function of x at x -+ 00 • 

· ·rn· (5) the left-hand side is asymptotically equal to the right-hand 

side,. t1"1at is, the ratio of the two sides tends to 1 as x -+ 1-..0 •. 
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The following theor21'11. was fow1d in 1959 by N. G. de Bn.üj~ [ 84 ] . 

TheorP..m 4. If L(x) is a slowly varying function, then there exists 

* a slowly varying fw1ction L (x) such that 

(6") * lim L (xL(x))L(x) = l 
x ·~ 00 

and 

c 7) * * lim L(xL (x))L (x) = 1 • 
x + 00 

Moreover, r,*(x) is as~ptotically uniquely dete:rrn;ined by L(x) 

1 * ilh severa1 cases we can easily construct a function L (x) occurring 
1 

in Theorem 4 by using the following procedure of A. Békéssy [ 79 ] . Let 

ki (x) = l/L(x) and define k2(x), k
3
(x), • .,. recwsively by the .. .form.ila 

* for·some · n as x-+ oo , then L (x) 'V kn(x) as 

x + ()() • 

. ·~ ."~ .. 
The notion of slowly varyjng functions is strongly related to the 

notion of regularly varying functions. See R. Schmidt [ 107 ] . 

A real function U(x) defined for x > a where a is some positive 

m.nnber is called a regularly varying funct:i.on at x -+ 00 if :it is positi ve 

~or x > a ., mea.slU~able on any finite :interval in [a, 00 ) and if 
= 

(9) i ,·J·n U(wx) = "'q 
~- U(x) "' 

x -+ 00 

for every w > O where q is a constant. 
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We can ea'3ily see that U(x) is a regular1y varying function if and 

only if it j_s of the fonn 

(10) 

Where L(x) is a slowly varying function. 

We ~ote that instead of (9) it is sufficient to require only that the 

lim.tt lim U(wx)/U(x) = V(w) exists for u.1 > 0 and V(w) ~ 0 • Since 
x -+ co 

V(w1w2) = V(w
1

)V(w2) for any w1 > 0 ar1d w2 > 0 , and since V(w) is 

measurab1e on (0, w) it follows by a result of G. Hàril.el [ 89 ] (see ahio 

B. Bll.Ullberg [ 81 ] ) that V ( w) = w q where q is sane real constant. 

lh conclusion we mentlon one problern which frequently occurs in the 

theory of probability. Let T(x) be a slowly varying function defined on 

theïnterval [a, co) where a > O • Let (X b.e a positive real nurnber'. 

- c;rh.e problern is to find a ftmction B(x) wh1ch satisfies the requirernents 

Urn B(x) = co and 
x + co 

(11) 

If we write 

(12) 

and 

.( 13) 

trien by (11) we obtai.n that 

l:im xT(B(x)) = 

x-+ co[B'(x)]a 
1 . 

L(x) = [T(x)Tl/a 

* __ B(xa) __ 
L (x) x , 
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(14) ( * ~* lim L xL (x11-, (x) == 1 • 
x -r 00 

Since obviously L(x) is a. slowly varying function, it fol1ows from 

* Theorem 4 that L (x) j_s also a slowly va.rying fU11.ction of x and is 

asymptotically uniquely deterrnined by L(x) • 

Let k1(x) = [T(x)]l/a and kn+l(x) = k1(xkn(x)) for n = 1,2, •.•• 

* If ~+l (x) -v Kn.Cx) for some n as x-+ 00 , then L (x) 'I.· kn(x) as 

X-roo • 

Fina1ly~by (13) it foll'?Y/S that 

(15) 

satisfies all the r-equirements, and furthermore B(x) ts asymptoticaJ.ly 

un:tquely detennined bY' (11). 
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9. Abelian and Ta.uberian rlheorems. The Abelian and Tauberian 

t.heorems for power series and for Ia.place-Stieltjes transforrns mentioned 

in this section have rnany useful applications in the theory of probability. 

'lhe Abelian theorems for power series are concerned with a sequence 

of real or complex munbers a0 , a1 , ... , an, . . • • Iet us de fine 

(1) f(z) = l anzn 
n=O 

a.s the generating function of the sequence {an} . 

(2) 

First, :in 1826 N. H. Abel [ 108 p. 311-1] proved the following theorem. 

;Theorem 1. 
1 
1 

If the series 

l a 
n=O n 

is convergent, then the power series (1) is convergent in the unit circle 

lzl < 1 and 

(3) lim f(z) = l ~ 
z +1-0 n=O 

whenever z approaches 1 through the real axis :in the unit circle Jzl < 1 . 

In 1875 O. Stolz [ 224 ] demonstrated that if (2) is convergent, then 

(3) holds whenever z approaches 1 through a straight line lying in the 

circle rz 1 < 1 . 

In 1920 G. H. Hardy_ and J. E .. Littlewood [ 155 ] remarked that if (2) 

is convergent, then (3) holds whenever z approaches 1 tbrough a Jordan 

curve which lies between two chords of the unit circle, meeting at z :.: 1 . 



A-75 

However, (4) does not necessarily hold even i.f z approaches 1 through 

a Jordan curve which lies in the unit circle and whi.ch possesses a 

continuously tu.."YTiing tangent at every point except z = 1 > but 

arg(l,-z) tends either to rr/2 or -rr/2 • 

If we apply Theorem 1 to the sequence aa, ~ - aa' a
2
- a1 ~ ... , then we 

Obtain the f ollowing version of Theorem 1 . 

(4) 

'lbeorem 2. If the limit 

liman= A 
n + oo 

exists 2 then (1) is convergent in the unit circle f zl < 1 , and 

(5) 1:lm (1-z)f(z) = A. • 
z -+l-0 

In 1880 G. Frob~!Ë:~ [ 13? ] demonstrated that in Theorem 2 the 

condition (4) could be replaced by the weaker conditi.on 

(6) 
a + a + ... + a 

lim _o 1 n =A. 
n + oo n 

In 1878 P. Appell [ 113] proved the following generalization of 

'Iheorem 2. 

:, 

'Iheorem 3. If the limit 

(7) 
a 

lim _n = __ A_ 
n + -oo._ n.a r (a+i) 

-·. ·. 

exis~r some a >-·l , then _ (1) is convergent in the unit circle 1!?1 < 1 
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and 

(8) 
a.tl 

lim (l-z) f(~) = A . 
z ·+ 1- 0 

In 1901 A. Pringsheim [ 211 ] proved that if in 'lheorem 3 we replace 

the condition (7) by the weaker condition 

(9) lim 
a + a + ... + a A 
o 1 n =---

n a. r( a.+ 1) n-+ oo 

f or a. >-1 , then we have 

a. 
(10) : 

1 

lim (1-z) f(z) = A . 
z-+ 1-0 i 

We note tbat 'llieorem 3 remains valid for complex a. with Re(a.) > -1 • 

· 1heorem 3 does not cover the case a = .:..1 ; hciwever, if 

(11) 11mna =B, n n -+ co 

then by a result of E. I.asker_ [ 194- ] we have 

(12) 11m f ( z i -= B • 
z -+ 1-0 log -1 -z 

We can generalize 'lheorem 3 in the follow:ing way. 

Theorem 4. 

(13) 

exists for some 

If the limit 

a 
lim--n-

n -+ 00 naL(n} 

a. >-1 where L(z) 

A =--r ( a.+1)-

is a slowly varying functi.on of z 
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at z + "", yhen (1) lzl < l 

(15) 

. (1-z)a+l f(z) __ 
lJm · L(l/(1-z)) - A • 

z +l·-0 

In 1901 E. I.asker [ 194] proved that 'Iheorem li is true if 

L(z) 
al a2 ar 

= (log z) · (log
2 

z) •.. (lo~ z) 

and ' --

where a 1, a2, ... , ar arbitra.ry real numbers. He also proved that if 

(16) 
na 

lim _D. = B 
n -'+' 00 L(n) 

where L(z) is given by (15) with a1 = a2 = ... = '\:.-l = -1 and '\: > -1 

(l ~-k < r) , then 

(17) 

In 1904 ~· Pringsheim [ 212] proved 'Iheorem ~ for increasing and 

decreasing slowly varying functions L(z) . 

~ adOpting Lasker's m=thod and by referring to Theorem 8.2 in the 

Appendix we can easily prove Theorem 4 in the general case. We shall 

onl,y sketch a proof. If' z + 1 through real munbers <l , then by (13) 

we have 

(18) 
00 co 

· .. A "()a A • 1 )au 
f(z) ·"' r(a+l)' n~a L n n z "' r(a+l) l L,u u z du 
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where a î.s some positive number. L€t us put z = (p-1)/p and u == pv 

in (18). If z + 1 , then p + 00 , a~d by (18) we have 

a+l 00 pv 
f( ) AL(p)p r L(p)) (1 - 1) ad 

z ~ r(a+l' J L(p ~ p v v ~ 
; a/p 

(19) 

'Ihis proves (14). We note that 'Iheorern 4 remains valid for complex °' 
with Re(a) > -1 • 

'Ihe Tauberian theorerns for power series are concerned with the converse 

of the Abelia.n theorems. 

(20) 

First, in 1897 A. 'làuber [ 236 ] proved the converse of Theorem 1 . 

'Iheorern 5. If the series 

00 

f(z) = L a zn 
n=O n 

is convergent f or lzl < 1 , if the limit 

(21) lirn f(z) 
z +1-0. 

exists as 2; + 1 through real mnnbers < 1 , and if 

(22) 

then 

(23) 

1 . 1 
1.ITl -

n + cxP 

00 

L a 
n=O n 

n 
l ~ = 0 , 

k=l 

is convergent and is equa..l to the lirni t ( 21) . 
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. The example a0 = 1, a1 = -·1, a2 = 1, a
3 

= -1: ... shows that the 

converse of' 'Iheorem 1 is false without making some additiona.l restrictions 

on the sequence {a } • 
n 

Actually A. Tau.ber proved that the condition..c::; 1n 

'Iheorem 5 are necessary and sufficient. If (23) is conyergent, then by 

'Iheorem 1 (20) is convergent for lzl < 1 ,and the limit (21) exists 

and by a theorem of L. Kronecker [ 187] (22) is satisfied too. 

If we apply 'Iheorem 5 to the sequence a0, a1- a0 , a2- a1 , ... , then 

we obtain the· f ollowing vers ion of 1Iheorem 5. 

'Iheorem 6. If the series 

is convergent for 1z1 < 1 , if the linlit 

(25) lim (1-z)f(z) = A 
z +1-0 

exists as z + 1 through real numbe~ < 1 , and if 

(26) 

then 

(27) 

(28) 

lim a = A • 
11 n + oo 

Obvioilsly (26) is satisfied if 

lim n(a - a 1) = O . n n-n ~ °' 
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In 1900 A. Pr~eim [ 210 ] proved that in 'Iheorem 6 the condition 

(26) can. be replaced by the condition that '11'-l ~ an for n = 1,2,... . 

In 1911 J ~ Lltt;)_.ewood [ 195] proved that in Theorem 6} ,(26) can 

be replaced by the condition tha.t 

(29) 

for n = 1,2, .•. where K is some positive constant. The condition (29) 

was suggested in 1910 by G.H. Hardy [ 144 p.308). 

In 1912 G. H. Hardy and J. E. Littlewood [ 151] rema.rked that in 

'Jl1eorem 6 the condition (26) can be repla(!ed by the hypothesis that 

a,. (n ~ 0,1,2, •.. ) 
.1 

are real and 

(30) n(a - a 
1

) > -K n n-

for· n = 1,2, ... where K is sorne positive constant. This was already 

observed in 1910 by E. Landau ( 191 ] • 

Por this last result a sirnple proof was given in 1930 by J. Karamata 

[ 172]. (See also E. C. Titchma.rsh [238 pp. 227-229].) For other proofs 

see H. Wielandt [ 242 ] and S. Izumi [ 169 ] . 

Further generalizations of 'Iheorem 6 have been given by E. Landau 

[ 192 ] and R. Sdunidt [ 222 ] . In 1925 R. Schmidt [222 ] proved that in 

'Iheorem 6 the condition (26) 

(n = 0,1,2, .•• ) ar>e real and 

can be replaced by the hypothesis that a n 

when n > m and m and n tend to infinity in such a way that m/n -+ 1 . 
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See also T. Vijayarag_ha:vaQ_[ 239 ]. 

In 1914 G. Hardy and J. E. ~itt~ewooq [ 153] proveà the following 

converse of Theorem 4. 

'Iheorem 7. Let us suppose that an (n = 0,1,2, •.. ) are real 

numbers, the series 

00 

(32) f(z) = l anzn 
n=O 

is conver~t for 1z1 < 1 , and the lirriit 

(33) lim 
z-+ 1-0 

(1-z)a+l f(z) 
L(l/(1-z)) = A 

exists as z -+ 1 through real mnnbers < 1 f or some 

is a slowly_m:ing function of z at z + ex> • 

If e.ither 

(34) a..:. a ·> O 
.n .. n-1 = 

f'or n = 1,-2,. • . and a > O , or 

(35) 

a > 0 ymer·e L(z) 

for n = 1,2, •.. , a > 0 and K is. a posi.tive constant, then 

(36) 
a 

1. n A 
_J.m =r(a+ï)• 

n -+ oon '1:, ( n ) 

In proving thi.s theorem G. H. Hardy and J·. E. Littlewood [ 153 ] 

assumed that the function L(z) · is of the· :form of (15). However, their 
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proof can easily be extended to the genera1 case. 

Abelian and Tauberian theorems have been proved for Dirichlet's 

series too. In his studies in the theory of nlUTlbers P. G. L. D:irichlet 

[ 125 ], [127 p. 252 and pp. 371-3'79] encountered the following t;y·pe 

of series 
(37) 

00 -À s 
µ(s) = l a e n 

n n=O 

where PrJ is an increas:ing sequence of nonnegati ve real numbers f or 

which lim Àn = 00 and s is a complex nurnber. If Àn = n , then µ(s) 
n -+ oo 

reduces to a power series in e-s • If À = log(n+l) , then (37) is n 

called an ordinary Dirichlet's series. For the theory of Dirichlet's 

series we refer to E. Landau [ 190 pp. 721-882] and G. H. Hardy and 

M:-'. Riesz [ 160 ] . 

By the'investigation of E. Landau [ 188 ], [ 190], J. E. Littlewood 

[ 195 ], and G. H. Hardy and J. E. Littlewood [153 ], ll54 ], [156], 

[159 ] and others we have several Abelian and Tauberian theore.rns for 

Dirichlet's series. 

Theorem 1 ha.s the fo1lowing extension for Dirichlet's series. 

rl'heorem 8. If the series 

00 

(38) l a 
n=O n 

is converge~!hen (37) is convergent in the half-plane Re(s) > 0 and 
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(39) lim µ(s) 
s ~+o 

= I a 
n=O n 

whenever s ~pproaches 0 through positive real numbers or through 

complex numbers lying jn the sector { s = rei~ : r > 0 , 1 ~ 1 < c' < ~ } • 

For the proof of this theorern see R. Dedekind ([ 127 p. 374]), 

E. Cahen [122 ] and E. Landau [190 pp. 737-742]. 

~he converse of Theorem 8 is not valid without making some restrictions 

on the sequence {an} . As an extension of Theorern 5 we have the following 

result. 

1 
1 

~1.heorem 9~ If the series (37) is convergent for Re(s) > 0 , if the 

lind..t lini µ(s) = A 
s ++ü 

exi.sts as s-+ 0 through positive real numbers, if 

lim À = «> ar1d if . n 
n -+ "" 

(40) 

then 

(41) 

is convergent and is e_gual to A. 

co 

l a 
n=O n 

This theore.m is due to E. Landau [ 188 ] . In 1911 J. E. Littlewood 

[ .195] proved that (1-tO) can be replaced by the conditions 

and 
À - À 

1 1 
n n-1 

an <K À 
( 1i2) 

n 

lJJTl• À />.. =. 1 ·· ·. n-1 n 
n -+ co 

for n = 1,2, ... where K is a positive constant. In 1914 G.H. HarC!;;[ and .J .L_ 

Littlewood [153 ] , [154 J proved that if {an} is a sequence of real numbers, thf:':1 
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in Theorem 9 the hypothesis (41) can be replaced by lim À 1/À = 1 and 
n- n n -+ oo 

(43) a > n 

À - À n n-1 - K----
À 
n 

for n = 1,2, ... where K is some positive constant. 

Further generalizations of Theorem 9 have been given by E. Landau 

[ 192] and R. Schmidt [ 222]. 

Theorem 4 and Theorem 7 have also analog extensions for Dirichlet's 

series. 

We can eonsider the Dirichlet' s series ( 37) as a particular La.place..;.. 

Stieltjes integral. If we define 
1 
1 

(44) 
__ {o for x < ~ 

m(x) 

a0 + a1 + .•• +an f or Àn < x < Àn+ 1 , ( n = O, l, 2, ... ) , 

then (37) can be expressed as 

(45) 
00 

µ(s) = f e-sx dm(x) 
-0 

Most of the Abelian and Tauberian theorems valid f or step functions 

m(x) can be extended to more general functions m(x) . 

In what follows we assum.e that m(x) is a real function defined on 

the interval [O, co) and is of bounded variation in every finite. interval. 

In this case the integral 

(46) 
00 

µ(s) = f e-sx dm(x) 
-0 

00 

-sx = s f e m(x)dx 
0 

is called the Laplace-Stielt.jes transform of m (x) • 
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For the Laplace-StieJ.tjes transform µ(s) we have the following 

Abelian and Tauberian theorems. 

rfüeorem 10. If 

(47) lim m(x) = A 
x -+ 00 

exists, then µ(s) is convergent for Re(s) > 0 and 

lim µ(s) = A 
s -+ +o 

whenever s àpproaches 0 through posi ti ve real numbers or throug..l) 

cornpJJex numbers lying in the sector {s = re1
<1> : r > O , 1cfi1 < c < ; } • 

This theorem is analogous to Theorem 1 and is an easy extension of ·· 

Theorem 8. More generally we have the .follow'ing theorem. 

Theorem ll. If 

(49). lim m(x) = _A __ 
a. r ( a.+ 1) x -+ 00 x 

exists for some a. > -1 , then p(s) is convergent for Re(s) > 0 and 

(50) lim sa.µ(s) = A 
s -+ +o 

whenever s approaches_ 0 through positive real nurnbersor through èomplex 

nurnbers lying in the sector { s = rei<t> : r > 0 , 1<t>1 < c < ; } • 

This theorem is an eas;r extension of Theorem 3. For its proof see 

G. H. Hardy and J. E. Littlewood [159 p.27], D. V. Widder [24-1 p. 182] 
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aid G. Doetsch [ 131 p. 456]. 

Theorem 4 has the follow:tng extension f or La place- St:i.eltj es trans-

forms. (See G. Doetsch [131 p. 460]. 

(51) 

Theorem 12. If 

l:im m(x) 
x -+ 00 xa L(x) 

A 
=----,---~ 

r(a+J) 

exists for some a > -1 , where L(x) is a slowly varying function of 

x at x + 00 then µ(s) '--

(52) liin 
s -+ +o 

is convergent in the domin Re(s) > 0 , and 

sa tlêl_ = A 
L(l/s) 

whenever s approaches O through positive real numbers or throuvJ1 comple.f.f. 

numbers 1yLng in the secto_r.:. {s = reiq, : r > 0 , 1q,1 < c < ~ } • 

specific 
If we make some restrict:i.ons on the function m(x) then the converse 

" of Theorerns 10, 11, and 12 is also true. In what follows we shall cons:i.der 

only the case when m(x) is a nonnegativeand nondecreasing funct:i.on of 

x . 

Theorem 13. If m(x) (O ~ x < 00 ) is a nonnegative and nondecrea.sü1g_ 

function of x , if µ(s) is convergent for Re(s) > 0 , and if for some 

(l > 0 

(53) 

whenever 

lim sa µ(s) = A 
s -+ +o 

s .§I?Eroaches 0 througl1 positive real numbers, then 
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(54) . , m(x) _ A 
lini -a-- - I' (a+ 1) 

x-'>-CX> :X. 

This theorem was proved in 1907 by ~ Landau [ 188 ] in the particular 

case where a = 0 • See also E. Landau [ 193 ]. In 1914 G. H. Hardy ar..d 

J. E. Littlewood [ 153 ] , [ 154] proved this theorem in the case where 

m(x) is given by ( 44) where a
0

, al"' a
2

, .•• are nonnegative real numbers 

and li~ À +l/À = 1 . n n n + .., 
In 1921 G. Doetsch [ 128 ] proved Theorem 13 for 

a = 1 • Brom the above mentioned results of Hardy and Littlewood in 1927 

E. C. Titchmarsh [ 237 ] draw the conclusion that Theorem 13 is generally 

true~ This was proved in 1929 by 0. Szász [229 ], [230] a'1d in 1930 by 
! 

" G. H. Hardy and .J. E. Littlewood [ 159 ] . O.__z)zasz [ 230] demonstrated 

also that-if we assume only that 

(·51)~) 
-· I 

lim inf [m(y) - m(x)J_~ 0 

when y > x and x and y tend to infinitY in such a way that y/x + 1 , 

then Theorem 13 remains valid unchangeably. For the proof of Theorem 13 
,. 

see also D. V. Widder [ 241 p. 192]. 

In 1931 J. Karamata [174 ] generalized Theorem 13. As a particular 

case of Karamata's theorem we have the following r·esult. See also G. H. 

Hardy [ 148 p. 166] and G. Doetsch [ 131p.511]. 

Theorem 14. If m(x) (0 .::_ x < 00 ) is a nonnegative and nondecreasing 

function of x , if µ (s) is convergent for Re(s) > 0 _, and if 
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(56) lim 
s + +o 

a ( ' S )l SJ _ 
1(1/s)- - A 

exj_sts as s approaches 0 through posj_tive real nurnbers for some a~O 

where L(x) is a slowly _v~ng function o.f_ x at x + oo , the~ 

(57) l:im m(x) A 
x + 00 xaL(x) = r(a+l) . 

In generalizing a result of E. Landau [190 p. 874] in 1930 s._~kehara 

[ 16 5 ] proved a useful Tauberj_an theorem which, according to ~ Wie~er 

[246 pp. lt4-45] and S. Bochner [ 117], can be forrmllated in the foll.owing 

way.-

Theorem 15. If m(x) (O < x < 00 ) is a nonnegative and nondecreasing 

function of x , if µ(s) J.s convergent for Re(s) > 1 and if there 

exists a constant A such that the function 

(58) A 
µ(s) - s - 1 

approaches a finite limit uniformly on every finite interval of the line 

Re(s) :: 1 as Re(s) + 1 + 0 , then 

(59) l:im m(x) = A x . 
x +· 00 e 

See alsa H. Heilbronn and E. Landau [ 162 ] , N. Wiener and H. _R. P~~t 

.[ 249], D. A._Raikov [213] and N. I. Achieser [109 p. 238]. 

In 1928 N. Wiener [244 J introduceda new method for proving Tauberian 

theorems. His fundamental theorem is as follows: 
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Theorem 16. r,et f(x) be a boun9-ed ITl~§-SUrable function, defined 

(60) 

for everx_real u . Let 

00 00 

(61) lim ff(u)K1 (u-x)du = A fK1 (u)du. 
-00 -00 x + 00 

Then if K
2

(x) J-s any function in 11 , 

00 00 

(62) lim f f(u)K2(u-x)du = A fK
2

(u)du . 
x + 00 -00 -00 

cfonversel:Y; · 1et K1 (x) be a function of 1
1 

, and let 

00 

(63) fK1 (x)dx f 0. 
_oo 

Let (61). iroply (62) whenever K
2

(x) belongs to 1
1 

and f(x) j_s bounded. 

Then (60) holds. 

See N. Wiene~ [246 p. 25]. For some extensions and applications .. 

ofrlheorem 16 see H. R._Pitt [ 201], [202 ], [203 ], [ 204], [206 ]. 

10. Houché'' s Theore.111 and Lagrange' s Expansion. 

Tn 1861 ~. Rouché [ 267 ] f ound a .very . useful theorern in the theory; .. 

of complex variables which we present here in a slightly more general form. 
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Tneorem 1. -~f f(z) and_ g(z) _?re regular functions _of z in a 

domain D (open connected set), continuous on the closure of D and 

satis!x. !g(z) 1 < 1 f(z) 1 on the boundary of D , then f(z) and f(z) + g(z) 

have the sarne number of zeros in D . 

For the proof of this theorem we refer to S. Saks and A. Zygmund [269 

p. 157] and E. C. Titchmarsh [272 pp. 116-117]. 

In 1768 iJ". L. Lagmnge [ 261 ] proved the following e:x-pansion. 

The<:?rem 2. Let g(z) be a regular function of z in the domain 

D and continuous on the closure of D . Let a be a point of D _?-nd 
1 

let ·w be such that the inequality 

(1) lwg(z) I < I z-a I 

is satisf'ied on the boundary of D . Then the eguation 

(2) r;; = a + wg(r;;) 

regarded as-an eguation in r;; , has exactly one root in D • If f(z) 

is a regular functi9n of z in D , then we have 

(3) f(r;;) = f(a) + °f vf1 dn-l{f' (a)[g(a)]n} • 
l n! dan-1 n=l 

For the proof of this theorem we refer to E. T. Whittaker and g. N. 

WatsoncZ? 132]. Some generalizations of this theorem were given in 1799 
-· /\ . 

by H. Biirnmm [ 262 ] and in 1900 by F. G. Teixeira [ 271 ] . See also 

C.A. Dixon [ 256], H. Bateman [250 ], and E. 'I1
• Whittaker and G. N. 

Watson [ 273 pp, 128-133]. 
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(4) 

Finally, we mention the follrnüng simple but useful theorem. 

If f (z) is re@:!lar for all finite values of z and 

lirn f(z) = O 
i z! +co zk 

f or some k > 0 , then f ( z) i_s a polynornial of degree < k • 

(2571, 
The above theorem was fmmd in 1892 by J. Hadamard [258 pp. 118-119]. 

"A 

See also E. C. Titchmarsch [ 2?2 pp. 85-86]. This theorem is a generalization 

of the following theorern: If a function is regular for all finite valuec 
1 

of z and is bounded, then it is constant. This latter theor·em was found 
i 

in i81i4 by A •. cauchy [ 254 ]. C. W. Borchardt [ 252 ] riamed it Liouville's 

theorem because he heard it in a lecture of J. Liouville in 1847. See also 

A. ëauc:t.1Y_ [ 255 ] . 

.. \' -
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